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Abstraa The Jacobi-Csanak method [ ~ h e m . ~ h ~ s . ~ e t t e r s . 3 0 ,  367 (1975)l i s  
adapted t o  the c a l c u l a t i o n  o f  the d ipo le- d ipo le ,  d i p o l  e - q u a d r u p o l  e ,  
quadrupole-dipole, and quadrupole-quadrupole terms o f  the d ispers ion  en- 
ergy o f  an atom-1 inear molecule systern. The angle-dependent pa r t s  o f  
the Born amplitudes f o r  the l i n e a r  molecule a re  r e p r e s e n t e d  by  r e a l  
spher ical  harmonics. Our d ispers ion  energy i s  f i n i t e  a t  a11 distances 
and reproduces the  usual expression i n  the asymptotic region ( R >  4.7 8). 
I n  the intermediary reg ion (2.4 8 R < 4.7 8) our curves decrease much 

more s lowly than the corresponding curves o f  the usual dispersionenergy. 

I n  the l a s t  decades, the work on Van der Waals po ten t i a l s  was 

concentrated mainl y  i n  r a r e  gases atomsl. However, more recent ly ,  the 

study o f  systems i nvo l v ing  i n te rac t i ons  among small molecules has grown 

considerably. For He-HZ, i n  p a r t i c u l a r ,  several ab i n i t i o  ca l cu la t i ons  
2- 9 

i nvo lv ing  d iverse  techniques have been published . References 2-6 em- 

phasize the problemat ical  region o f  the Van der Waals minimum. Refer- 

entes 7 and 8 discusses the asymptotic region, wh i l e
g  

considers the re- 

pu l s i ve  p a r t  o f  the p o t e n t i a l .  

The i n t e r a c t i o n  between a sphe r i ca l l y  symmetric system and a 

r i g i d  l i n e a r  rnolecule depends on the d is tance R between the centers o f  

mass and on the angle 0 between 3 and the molecular ax is  (See f ig .  1 ) .  

The knowledge o f  the po ten t i a l  anisotropy i s  o f  g reat  importance f o r t h e  

understanding o f  some proper t ies  o f  several gases and l i q u i d  as we l l  as 

o f  c r y s t a l  s t ruc tures4.  Unfor tunately,  very l i t t l e  i s  known about the 

anisotropy o f  the i n t e r a c t  ion between an atom and a l inear molecule.This 

i s  mainly because i n  the experimental ana lys is  o f  systems such as He-H2 

Work pa r t i a1  1 y  supported by CAPES (Brazi  1 ian Government ~ g e n c y )  . 
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Fig.1 - I l l u s t r a t i o n  o f  the co- 
ordinates used i n  the  t e x t .  

it 

many measurements represent an average over the angle 0 .  However, the 

r e s u l t s  a l ready obtained show tha t  the t o t a l  po ten t i a l  presents a  weak 

anisotropy and tha t ,  when the molecule i s  t rea ted as a  r i g i d  r o t o r ,  the 

po ten t i a l  i s  we l l  describeq by an expansion i n  Legendre p lynomia ls  con- 

ta  i n i ng merel y  one angl e  dependent term4 

where V!') ( R )  i s  the spher ical  l y  synunetric term 

the rad ia l  dependence o f  the an i so t rop i c  term. 

Pa r t i cu la r1  y  f o r  the d ispers ion  potent  

expans ion 

I and (R) descr i  bes 

i a l ,  ~ e ~ e r ~  der ived the 

obta in ing  a150 accurate vaiues f o r  the parameters C69 C8, C1O and r6. 
However, f o r  rg the value presented i n  r e f .  7 i s  about 3.3 times m l l e r  

than more recent resul  t s  obtained wi t h  the inc lus ion  o f  termse". 

Since i n  eq. (2) V -+ -w when R + 0, t ha t  po ten t i a l  cannot be ap- 

p l i e d  f o r  i n te rac t i ng  systems separated by small distances. One way o f  

avoid ing t h i s  undesirable behaviour i s  t o  int roduce a  damping f a c t o r  

such t h a t  V becomes negl i g i b l e  f o r  small R ' O ' " .  On the o ther  hand, 

there  i s  a  possib ly more r a t i o n a l  a l t e r n a t i v e  t h a t  w i l l  be adapted to  

the case i n  the present work: the a n a l y t i c a l  t e c h n i q u e  o f  J a c o b i -  

-csanak12. 
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2. THE METHOD 

I n  a previous paper13 we have appl ied the  Jacobi-Csanak tech- 

nique12 t o  the study o f  the d ispers ion  i n t e r a c t i o n  between two closed 

shel 1 d i s t i n c t  atoms, separated by intermediate and long distances (corn- 

pared t o  t h e i r  1 inear dimensions). We have used the usual spher ical  har- 

monics t o  represent the angle-dependent p a r t  o f  the  Born amplitude, 

w r i t t e n  as (n E n,R,m) 

where the  rad-6~2 part n k ( q )  i s  g iven by eq. (7) o f  t h a t  paper13. 

I n  t h i s  work we make an extension o f  the Jacobi-Csanak method 

i n  order t o  apply i t  t o  the  study o f  the d ispers ion  i n t e r a c t i o n  between 

an atom and a l i n e a r  molecule. I n  a molecule, the  e l e c t r i c  charge d i s-  

t r i b u t i o n  does not  have spher ical  symmetry and then eq. ( 3 )  has t o  be 

proper ly m d i f i e d .  To do t h i s ,  Is important t o  note t h a t  the  rea l  sphe- 

r i c a l  harmonics form an adequate basls f o r  the desc r i p t i on  o f  the  group 

o f  symmetry operat ions i n  molecules having a unique p r i nc ipa l  a x i  sl'. 

Then, we introduce these func t ions  t o  represent the angular par ts  o f t h e  

Born amplitudes f o r  1 inear molecules. They a re  def ined i n  terms o f  the 

usual spher ical  harmonics as15 

and 

Thus, by chosing the coordinate system as shown i n  f i g .  1 ,  and 

us inq  f o r  the Born amplitudes i n  systems 1 and 2, respect ive ly ,  the  fac- 
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t o r  i z a t  ion  o f  eq. (3 )  and 

we can w r i t e  the d ispers ion  po ten t i a l  as 

(8) 
I n  eq. (7) ,  WnR i s  the e x c i t a t i o n  energy f o r  t h e  t r a n s i t i o n  

from the ground t o  the (nR) exc i ted  s t a t e  o f  each p a r t  o f  the  systern. 

By i n s e r t i n g  eqs. (4a) and (4b) i n  eq. (6) and using we l l  known 

method from angular momentum analysis17,  we get  
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(R, L, L ;  O O 0) 

(10) 

I n  eqs. (9) and ( ] O ) ,  R' i s  an even integer,  ( j ,  j, J;ml m , M) 
and 

are  the usual Clebsch-Gordam coe f f  i c i e n t s  and 6 - j  Wigner syrnbol s respec- 

t i ve1  y, and Pe, (cos 0 )  = YetO (2) i s  a Legendre polynomial o f  

degree R'. 

3. CALCULATION 

Ler  us now use eqs. 

i n te rac t i on  between an atom 

- di  pol e, d i  pole-quadrupol e, 

c o n t r i  but  ions. We can w r i  t e  

form 

(9) and (10) f o r  the study o f  the d ispers ion  

and a l i n e a r  molecule, í n c l u d i n g  d i p o l e -  

quadrupol e-dipol  e and quadrupol e-quadrupol e 

the d ispers ion  p o t e n t i a l  as a sum i n  the 

and then we can ca l cu la te  each one o f  these con t r i bu t i ons  as a sum o f  

terms t h a t  a re  labeled as V 
R,,R2 m2 

(2) . 
We use the approximation t h a t  the  radial mrt o f  the b r n  am- 

p l  i tude F ( q )  can be replaced by the leading term o f  the corresponding nR 
Csanak-Taylor ser ies"  . 
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A. Dipole- dipole c o n t r i b u t i o n  

I n  t h i s  case, R, = R, = 1 .  Then 

and the r a d k t  part o f  the  Born ampl i tude takes the form 

where ( i n  atomic u n i t s )  

I being the i o n i z a t i o n  energy o f  the  k - t h  system and W being one o f  
k k 

i t s  e x c i t a t i o n  energies. 

cor respond i ng 

I n  eq. (13) D a re  parameters which a r e  d i r e c t l y  re la ted  to the 
nk 

o s c i l l a t o r  s t rength  f by13. 
nkl" 

C 

By consider ing some angular-momentum proper t ies  o f  the coef-  

f i ec ien ts  i n  eq. (g), i n s e r t i n g  there  the actual  values o f  t he  Clebsch- 

-Gordan coe f f  i c i e n t s  and Wigner 6 - j  ~ ~ m b o l s ' ~ ' ~ ~ ,  and using eqs. (8) ,(13) 

and (15) we get  

where the $:(R) are  i n teg ra l s  def ined by eg. (16) o f  reference 13, and 

p2(cos 8) i s  a Legendre polynomial o f  degree two. 

Now, d e f i n i  ng the f requency-dependent po lar  i zab i  1 i t i e s  as7 
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and in t roduc ing the d ispers ion  c o e f f i c i e n t s  o f  the i n te rac t i on  be tween  

an atom and a 1 inear molecule by the expression 

eq. (16) takes the form 

+ [- 2 z~:(R) z Z 2 ( ~ )  + ( Z : ~ ( R ) ) ~ ] P ~ ( C O S  e)} , (19) 

Y 3  

where the func t ions  Z;:(R) and z::(R) are  given respect ive ly  by eqs. (AS) 

and (AI 0 )  o f  reference 13. 

Analogously we ob ta in  

I n  eqs. (19) and (20) above the coe f f  i c i e n t s  C a re  given by eq. 
R1 7R2m2 

(18). 

B .  Dipole-quadrupole con t r i bu t i on  

I n  t h i s  case R, = I, R, = 2 and ane  has t o  c a l c u l a t e  the 

equat ion  

v d , q  ( 3 )  = v,,,,(% + v,,,, ( 2 )  + v 1 7 2 2 t 3 )  (21 

wi t h  the term V, ,,, being ca lcu la ted from eq. (9) and the terms V, ,,, and 

V b e i n g c a l c u l a t e d f r o m e q . ( l O ) .  
1,22  

For the rad ia l  pa r t  o f  the Born ampl i tudes we are  going t o  use 
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eq. (13) for dipole transi tions and 

for quadrupole transi tions. I n  eq. (22), the G,, are parameters directly 
K 

related to the corresponding values of the osci lattor strength through13 
4 

Again, considering some angular-momentum properties of the co- 

efficients and taking the numerical values of the Clebsch-Gordan coef- 

f icients and Wigner 6 - j  symbols (as we did in subsection A), and using 

eqs. (81, (131, (221, (15) and (231, we get 

where z:: (R) and 23: (R) are given respectively by eqs. (A1 1) and (A121 

of reference 13. 

Finally, using eqs. (17) and (18) we get 



In  eqs. (26) and (27) the dispersion coeff  ic ients  Cl,21 and C1 ,22 are 

obtained from eq. (18). 

C. Quadrupol e-dipole cont r ibut ion 

For t h i s  cont r ibut ion we take k1  = 2 and Rz = 1 t o  calculate' 

where the terms V, ,,, and V, ., , are obtained from eqs. (9) and (1 0 )  re- 

spectively. ~ o r k i n g  i n  the same way as we d i d  i n  the previous case, we 

+ 2C2 1 0  
V (R) = - A a i 6  

2,10  2025 a i 2  { [ (Z~ : (R ) )~  + 1 .5  ( z ~ : ( R ) ) ~ ]  
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and 

The d ispers ion  c o e f f i c i e n t s  i n  eqs. (29) and (30) a r e  both given by eq. 

(18) and the funct ions Z:i(R) and Z:~(R) a re  given respect ive ly ,  by eqs. 

(A13) and (A141 o f  reference 13. 

D. Quadrupole-quadrupole c o n t r i b u t i o n  

For t h i s  con t r i bu t i on  we have R ,  = R2 = 2, and we ca l cu la te  a l l  

terms on the r ight- hand s ide  o f  the  expression 

from eqs. (9) and (10). 

The same procedure we have used i n  sub-sections A and B gives 

U s  
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and 

i n  t h e  t h r e e  equat ions above, t h e  d i s p e r s i o n  c o e f f i c i e n t s  C,,,, 

C 2 , 2 1  and C,,,, a r e  c a l c u l a t e d  frorn eq. (181, and t h e  f u n c t i o n s  z::(R), 

2:; (R) and 2:; (R) a r e  found i n  eqs. (A1 51, ( ~ 1 6 )  and (A17) o f  re fe rence  

13. 

E. D ispers ion  energy i n  the  asympto t i c  reg ion .  D ispers ion  c o e f f i c i e n t s  

For s u f f i c i e n t l y  l a r g e  va lues o f  R, we can i n t r o d u c e  t h e l i m i t s  

g iven  by eq. (A181 o f  r e f e r e n c e  13 i n t o  eqs. (191, (20) ,  (25),  (26) ,  (27), 
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(29) , (30), (32), (33) and (34). From t h i  s ,  we obta i n: 

C Z  1 0  1 - -A- + 5 P~(CO. O)] = W2,,, VwJ R R m 3 R8 

and 
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where we use the l e t t e r  W instead o f  V to ind icate  t h a t  we a r e  taking 

the asymptotic p a r t  o f  the p o t e n t i a l .  

Then, i t  fol lows from eqs. ( l2) , (21)  , (28)  and (311, respect ive ly :  

where 

where 

and 

where 



Revista Brasileira de Física, Vol. 17, 110.2, 1987 

where 

and 

I n  t a b l e  1 we p resen t  t h e  d i s p e r s i o n  c o e f f i c i e n t s  w h i  c h  we 

used i n  our  numer ica l  c a l c u l a t i o n  f o r  t h e  He-H2 system. From t h i s  t a b l e  

and f rom eqs. (36) and (38) we can expect  t h a t  t h e  c o n t r i b u t i o n  o f  terms 

i n  Ps(cos 8 ) shou ld  b e  v e r y  smal l f o r  l a r g e  va lues  o f  R. I n  f a c t ,  o u r  

numer ica l  r e s u l t s  have shown t h a t  t h i s  happens even f o r  i n t e r m e d i a t e  

d is tances  ( i n  comparison t o  t h e  sum o f  t h e  l i n e a r  dimensions o f  theatom 

and o f  t h e  molecule) .  Th is  f a c t  enables us t o  n e g l e c t  t h e  c o n t r i b u t i o n  

coming frorn t h e  terms i n  P4(cos  8 )  and we can w r i  t e  our  f i n a l  r e s u l  t i n  

the  form: 

where Vo(R) i s  t h e  s p h e r i c a l l y  symmetric term and V2(R) i s  a f u n c t i o n  

t h a t  desc r ibes  the  r a d i a l  dependence o f  t h e  a n i s o t r o p i c  term. Moreover, 

we can w r i t e  t h e  asympto t i c  p a r t  o f  V($), which c o i n c i d e s  w i  t h  t h e  

usual d i s p e r s i o n  energy, i n  t h e  form 

where 

and 
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Table 1 - H ~ - H ~  d i s p e r s i o n  c o e f f i c i e n t s  ( i n  atornic u n i t s ) .  
The c a l c u l a t i o n  used t h e  d a t a  f rom ~ e ~ e r ~ .  

F. Appl i c a t i o n :  numer ica l  r e s u l  t s  f o r  the  He-H, system 

We used our  rnethod t o  c a l c u l a t e  t h e  d i s p e r s i o n  energy i n  t h e  

Hel ium atom-Hydrogen molecule systern. The r e s u l  t s  we g o t  f o r  v,(R) ,w,(R) 

V,@) and w,(R) a r e  shown i n  f i g s  2 and 3. I n  f i g u r e s  4 and 5 we show 

o u r  r e s u l  t s  f o r  ~ ( 2 )  and V(?) as g i v e n  by eqs. (39) and (40) r e s p e c -  
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t i v e l y  and taken a t  angles 0 = O 0  ( I  inear geometry) and 0 = 90' (per- 

pendicular geometry). 

For the Hel ium atom we taken a1 = 2.48535 a.u., r e f e r r i n g  t o  

the auerage e t cc i t a twn  energy cal  cul  ated by V i c t o r  e t  a ~ ~ l , a i  = 1.67508 

a.u., corresponding t o  the 1 'S -+ 3lP t rans i  t i o n  and ai = 1.84102 a.u., 

corresponding t o  the  1 'S -i 2lP t rans i  t i o n .  For the Hydrogen molecule 

we used a, = 1 .54888 a. u. , correspond i ng t o  the average e x e i t a t w n  en- 

ergy22 and a, = 1.53284 a.u. corresponding t o  the X + C t r a n s i t i o n .  

4. ANALYSIS OF THE RESULTS 

a) Natural l y , one should expect t h a t  the atom-mlecule '  interac- 

t i o n  include the atom-atom i n t e r a c t i o n  as a p a r t i c u l a r  case. To v e r i f y  

tha t ,  we can imagine an approximation i n  which we n e g l e c t  t h e  an i -  

sotropy o f  the intra-molecular  po ten t i a l .  Then t h e  d i s p e r s  i o n  energy 

would be independent o f  the magnetic quantum number rn and we could 

take C1 = - = C  = C  = C  C = C  
,11 C 1 , 1 0  - 5 , 1 *  C1,22 1,21 1 , 2 0  1 ,2> 2,11 2 s 1 0  

= C2,1 and C,, 22= CZ, 2 1  = 172,202  C2,2' 
I n  t h i s  way, we can 

reobta in  eqs. (21), (26), (27) and (28) o f  reference 13 by subst i  tut ing,  

respect ive ly ,  the fo l l ow ing  equations o f  the present work: 

- (19) and (20) i n t o  (12) 

- (25), (26) and (27) i n t o  (21) 

- (29) and (30) i n t o  (28) 

- (321, (33) and (34) i n t o  (31). 

b) The r a t i o  V,/V2 o f  the coe f f  i c i e n t s  i n  the expansion o f  eq. 

(39) has a t yp i ca l  value o f  about I O ' ,  as can be seen from f igures  2 and 

3 

c) I n  the long distance region our ca l cu la t i ons  f o r  V. and V2 

reproduce the corresponding values Wo and W2 f o r  the usual d ispers ion  

energy given by eq. (40) .  This can be seen by looking a t  t h e  region 

R 3 4.7 8 i n  f i gs .  2 and 3.  For t h i s  same region o f  R, these f i g u r e s  

show t h a t  the func t ions  v,(R) and V, (R) a re  roughly independent o f  the 

parameters a, and a,. 
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Fig.2 - (a) Values o f  Vo(R) 
fo r  0.1 = 2.48535 a. u. and 
a, = 1.54888 a.u.; ( b )  Values 
of V O ( R )  for  ai =1.67508a.u. 
and a2 = 1.54888 a.u.; ( c )  
Va 1 ues o f  W, (R) . 

F i g . 3  - ( d )  Values o f  V2(R) 
for a i  = 2.48535 a.u. and 
a;? = 1.54888 a.u.; ( e )  Values 
o f  v,(R) for  ai =i .67508 a.u. 
and a2 = 1.54888 a.u.; ( f )  
Va l ues o f  W, (R) . 
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d)  I n  t h e  i n t e r m e d i a t e  r e g i o n  (2.4 8 & R  < 4.7 a ) ,  f i g s .  2,3,4 

and 5 show t h a t  o u r  curves decrease i n  v a l u e  f a r  more s l o w l y  than t h e  

corresponding curves f o r  t h e  usual  d i s p e r s i o n  energ ies.  M o r e o v e r  , i n  

t h i s  r e g i o n  these f i g u r e s  show t h a t  t h e  dependence o f  o u r  r e s u l t s  on the  

parameters al and a2 i s  no longer  n e g l i g i b l e .  Th is  dependence on  a, and 

a, grows c o n t i n u o u s l y  f o r  decreasing va lues o f  R. 

e) For the  reg ions  we have considered i n  t h i s  work, we n o t e  

t h a t  f o r  every v a l u e  of  R t h e  r a t i o  v(6=0° 

about u n i t y .  T h i s  f a c t  i s  repeated f o r  any 

8. Th is  means t h a t  t h e  asymmetry f o r  t h e  d 

system i s  n o t  h i g h .  

) /v(8=9O0) i s  a number t h a t  i 5  

pa i  r o f  v a l  ues o f  t h e  angl  e 

i s p e r s i o n  energy o f  t h e  He-H2 

The au thor  i s  g r a t e f u l  t o  L u i z  Eugênio Machado, Fernando Jorge 

da  ~a i x ã o  a n d  G i  I da  Da1 c a n a l  e Meneses, who a c t i v e l y  p a r t i c i p a t e d  i n  

t h e v a r i o u s  s teps o f  tRis. research.  Specia l  thanks a r e  d u e  t o  R a q u e l  

Regis Azevedo de Carvalho and Manoe l i to  M a r t i n s  de Souza f o r  t h e i r  h e l p  

i n  t h e  l a s t  s tage o f  t h e  work. 
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f o r  8 = O , al = 1.84102 a.u. and a2 = 1 .  53284 
a. u. ; (b) The same as (a) b u t  f o r  a i  = 1 . 67528 
a.u. and a2 = 1.53284 a.u.; ( c )  Values o f  W(R) 
as g i v e n  by eq. (40) f o r  8 = 0'. 
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Resumo 

O método de Jacobi-Csanak [chem.phys .~etters 30, 367 (1975)] é 
adaptado ao cálculo dos termos dipolo-dipolo, dipolo-quadrupo10,quadru- 
polo-dipolo e quadrupolo-quadrupolo da energia de dispersão em um siste- 
ma átomo-molécula linear. As partes angulares das amplitudes de Born re- 
ferentes 5 molécula l inear são representadas por harmônicos es f ér i cos 
reais. Nossa energia de disp ta para todas as distâncias e na 
região assintõtica (R > 4,7 a energia de dispersão usua 1 . 

são usual . 
Na região intermediária (2,4 8) nossos gráficos decrescem 
bem mais lentamente que as correspondentes curvas da energia de disper- 


