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Abstract The Random Phase Approximat ion  (RPA) treatment o f  smal 1 -ampl i - 
tude nuclear v i b r a t  ions inc lud ing pa r t  i c l e- ho le  continua i s  handled i n  
terms o f  prev ious l  y developed techn iques t o  t r e a t  s ing l  e-part i c l e  reson- 
ances i n  a reac t ion  theo re t i ca l  framework. A hierarchy o f  i n te rp re tab le  
approxirnations i s  der ived and a simple working approximation isproposed 
which involves a numerical e f f o r t  no l a rge r  than tha t  involved i n  stan- 
dard, d i s c r e t e  RPA c a l c u l a t  ions. 

1. INTRODUCTION 

The random phase approximation (RPA), i n  one o r  another o f  i t s  

numerous guises, i s  the basic to01 involved i n  the microscopic descr ip-  

t i o n  o f  nuclear c o l l e c t i v e  exc i t a t i ons  which adnii  t p h e n o m e n o l o g i c a l  

cha rac te r i za t i on  i n  terms of small amplitude vibrations.Prominent among 

these are  the  g i a n t  resonances, i nvo l v ing  a v a r i e t y  o f  m u l t i p o l a r i t i e s  

a n d d e g r e e s o f  f r e e d o m ( e . g . s u r f a c e , d e n s i t y ,  spin,  i sosp in) .  Exci-  

t a t i o n  energies place them t y p i c a l l y  above p a r t i c l e  ernission thresholds, 

eventual l y  requ i r i ng  a reac t ion  theo re t i ca l  framework f o r  t h e i r  t r e a t L  

ment. The i nc lus ion  o f  continuum e f f e c t s  i n  microscopic s t ruc tu re  ca l -  

cu la t i ons  has i n  f a c t  been implemented severa1 times, bu t  always a t  the 

expense o f  cons iderab le  numerical e f f ~ r t " ~ .  

This paper aims a t  exp lor ing  techniques which might a l l o w  a 

r e l i a b l e  treatment o f  continuum e f f e c t s  i n  p a r t i c l e - h o l e  RPA typecalcu-  

l a t i o n s  a t  low cos t .  It i s  my purpose t o  argue t h a t ,  on the basis o f  

p rev ious ly  developed too l s  t o  handle s i n g l e - p a r t i c l e  resonances i n  com- 
3-6 

p lex  nuclear react ions ( i .e., inc lud ing d i r e c t ,  interrnediate and com- 

pound processes), r e l  i ab le  approximation schemes can be se t  up tha t  re-  

duce the continuum RPA problem t o  the leve1 o f  numerical cornplexity o f  

the more standard, d i sc re te  ca l cu la t i ons .  Fol lowing a g e n e r a l  formu- 

l a t i o n  i n  sec t ion  2, these approximations are  introduced and discussed 
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i n  sec t i on  3. Simple examples t o  i l l u s t r a t e  some o f  the nove1 features 

i n  the ca l cu la t i ons  a re  t rea ted i n  sec t i on  4, but  a de ta i l ed  numerical 

study o f  the approximations i s  deferred t o  a l a t t e r  pub l i ca t i on .  

The schemes developed here can be eventua l ly  b rough t to  bear on 

a much broader and r icher descr i p t  ion  o f  reac t  ion processes i nvo  1 v  i ng 

e x c i t a t i o n  o r  formation o f  p a r t i c l e - h o l e  modes. Such a descr ipt ion,pro-  

posed by ~ e r m a n ~ ,  a l lows i n  p a r t i c u l a r  the t rea tmento f  spreading widths, 
8 - 1 0  

cornpound phenomena, f l uc tua t  ion cross sect  ions, e tc .  . I w i 1 1 however 

r e f r a i n  from involvement w i t h  these more substant ia l  problems here, i f  

on ly  t o  b r i ng  enough emphasis on p a r t i c u l a r l y  simple ways o f  handl ing 

the pa r t i c l e- ho le  continuum. Further developments o f  the more general 

theory w i l l  be given elsewhere. 

2. SCATTERIRIG iN PARTICLEHOLE SPACE 

I w i l l  assume throughout t h i s  paper t h a t  everyth ing which i s  

o f  i n t e r e s t  takes place w i t h i n  a r e s t r i c t e d  subspace, c o n s i s t i  ng o f  

pa r t i c l e- ho le  exci  t a t i ons ,  o f  the e n t i r e  phase space oP the nuclear sys- 

tem under cons 

accordingly w r  

derat  ion.  Denot 

t e  re levant  nuc 

ng as 10> the normal ized ground s ta te ,  I 

ear states ( v >  simply as 

The $+, $ a re  fermion f i e l d  operatorç,  and arguments and in tegra t ions  

are supposed t o  inc lude (impl i c i  t y )  both space and spin- isospin var i- 

abl es. The def ined ke ts  I r; r:) are  i n  general not  orthonormal , bu t  con- 

ven ient ly  represent the p a r t i c l e - h o l e  subspace. The s t a t e s  / V > ,  o r  

equ iva lent ly  t h e i r  representat ives u (r:r;), a re  t o  obey the  pro jec ted v  
s ta t i ona ry  Schrodinger equation 

H being the nuclear Harniltonian. 

The general problem def ined by eqs. (2.1) and (2.2) can be re-  
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duced t o  the standard RPA leve1 o f  desc r i p t i on  by introducing f u r t h e r  

assumptions and approximations as f o l  lows. F i r s t ,  assume tha t  the 

ground s t a t e  i s  ann ih i l a ted  by the a d j o i n t  o f  the  e x c i t a t i o n  o p e r a t u r  

appearing i n  eq. (2.1), i .e .  

This assumpt iona l lowsone t o d r o p  the (1 - 10><01) pro jec tor  i n  eq. 

(2.1) .  Furthermore, se t  the energy sca le  so tha t  

Eq. (2.2) can thus be rewr i  t t e n  as 

The usual (continuum) RPA equations now emerge when the ingredients o f  

eq. (2.4) a re  evaluated i n  terrns o f  the ~ a r t r e e - ~ o c k  ground s t a t e  as an 

approximat ion. S ince nucl eons can be promoted t o  s ta tes  above nucl eon- 

-thresholds, eqs. (2.2) and (2.4) c o n s t i t u t e  i n  f a c t  a sca t te r i ng  pro- 

blem invo lv ing  i n  general severa1 coupled channels, and must there fore  

be supplemented by a se t  o f  appropr ia te  sca t te r i ng  boundary condi t ions,  

such as e.g. an asymptotic plane (or  Coulomb) wave i n  a g iven channel, 

c, and outgoing (or  incomming) waves i n  a l  l channels) . The correspond- 
(c )+  , (c ) - )  i n g s o l u t i o n s a r e t h e n d e n o t e d a s u v  ,uv . 

Typical  uses o f  these s ta tes  are  then as fo l lows.  F i r s t ,  they 

can be used t o  const ruc t  the RPA approximation t o  the p a r t i c l e - h o l e  re- 
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where the  pa r t  i c l e- ho le  t r a n s i  t i o n  ampl i tudes a re  g iven as 

Second, one may t r e a t  w i t h i n  the  same approximation d i r e c t  re -  

ac t i on  processes o f  the type 

i n  which a  pa r t i c l e- ho le  mode i s  d i r e c t l y  exc i ted  by i n e l a s t i c  scat- 

t e r i n g  o f  some probe a (e.g. i n e l a s t i c  e lec t ron  sca t te r i ng )  and sequen- 

t i a l l y  decays through one o f  the open channels c, leav ing a  residual  

s t a t e  Ifi. If then the i n e l a s t i c  sca t te r i ng  process i s  dea l t  w i t h  i n  

terms o f  the Born approximat ion (possib ly wi t h  appropr ia te l  y  d i s t o r t e d  

waves) , the t r a n s i  t ion ampl i tude corresponding t o  eq. (2.7) i s 9  

where M i s  a  one-body 
aa' 

nature o f  the  p a r t i c u l a r  

operator  ac t i ng  on 10> which depends on the 

d i r e c t  i n te rac t i on  which has taken place. The 

assumptions made above on the s t ruc tu re  o f  the exc i ted  s t a t e  Iv> are  

c e r t a i n l y  too s t r i ngen t  if a  r e a l i s t i c  desc r i p t i on  o f  the sequential 

decay o f  c o l l e c t i v e  exc i t a t i ons  based on pa r t i c l e- ho le  exc i t a t i ons  i s  

sought. As was noted, t h i s  shortcoming can be e1 iminated by  a1 l o w i n g  

f o r  the p a r t i c i p a t i o n  of other degrees of freedom i n  the reac t i on theo r -  

e t i c a l  formulat ion.  This w i l l  no t  be pursued here. 

3. RESONANCEHOLE STATES PLUS BACKGROUND 

Rather than t a c k l i n g  d i r e c t l y ,  once again, t h e  p r o b l e m  o f  

f inding so lu t ions  t o  eq. (2.4) i n  terms o f  some techniquel or represen- 

t a t i on 2,  I w i l l  i n  t h i s  sec t ion  f i r s t  anatyse the physics involved there  

i n  terms o f  a  number o f  coupled but  d i s t i n c t  processes, i n  the expec- 
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t a t i o n  t h a t  t he  re lavant  p a r t  o f  the  pa r t i c l e- ho le  ampl i t ude  u ( r l r 2 )  

f o r  eqs. (2.5) o r  (2.8) can be substant ia l  l y  c i rcumscr i  bed. The way t o  

get  hold o f  these processes i s  f i r s t  t o  s p l i t  the pa r t i c l e- ho le  phase- 

-space (spanned by the s ta tes  vectors Irlr,)) i n  two o r t hogona l par 

accord i ng t o  

where R and p are  orthogonal p ro jec t i on  operators, so tha t ,  i n  pa r t i cu -  

lar,,plXv) = O .  Themain content  of the decomposition (3.1) then hinges 

on the  specif i c a t i o n  o f  the d i sc re te  se t  o f  s t a t e  vectors IXV) spanning 

the R subspace. This i s  done as fo l lows.  

Previous experience w i t h  the c a l c u l a t i o n  o f  t r a n s i t i o n  ampli-  

tudes f o r  complex nuclear react ions invo lv ing  t h e  p a r t i c i p a t i o n  o f  

s i n g l e  p a r t i c l e  resonances has demonstrated t h a t  the l a t t e r  can be pro- 

f i t a b l y  analysed i n  terms o f  a normalized s ta te ,  which contains the es- 

sentia1 behavior of the resonant wavefunction i ns ide  the nucieus,coupled 

t o  a continuous spectrum o f  s i n g l e  p a r t i c l e  sca t te r i ng  eigenstateswhich 

w i l l  be re fe r red  t o  as the  background. These are  sca t te r i ng  s o l u t i o n s o f  

the  one-body ~ c h r o d i n ~ e r  equation pro jec ted onto the  orthogonal subspace 

t o  the selected normal ized  tat te^^^. The energy dependence o f  the cor -  

responding phase-shi f ts  i s  smooth, i n  the sense o f  lack ing  the resonant 

behavior; and the amplitude of the associated r a d i a l  w a v e f u n c t  i o n s  i n  

the interna1 reg ion i s  s t rong ly  reduced. This a t  once suggests tha t , fo r  

the problem a t  hand, the d i s c r e t e  s ta tes  IAu ) be chosen as the reson- 

ance-hol e s ta tes  

where v ( r )  stands f o r  a s i n g l e - p a r t i c l e  occupied s t a t e  i n  10>and vA(rl)  
Fi 

are  normal i zed  s i  ngl e - p a r t i c l  e s ta tes  correspondi ng t o  bound unoccupied 

s i n g l e - p a r t i c l e  s ta tes  o r  t o  s ta tes  conta in ing  the  essent ia l  b e h a v i o r  

o f  the  re levant  s i n g l e - p a r t i c l e  resonances i ns ide  the nucleus, i n  the  

same sense as above. With t h i s  choice, g iven the  f a c t  t h a t  re levant  two 
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-body ma t r i x  elements w i l l  necessar i ly  contain ho le  s t a t e s  and w i l l  

there fore  be sens i t i ve  t o  the behavior o f  u(r t r , )  ins ide the nucleus, 

one may expect t ha t  c o n t r i  but ions re la ted to  the p component (see eq. 

(3.1 ) )  be o f  minor importante when evaluat ing eqs. (2.5) o r  (2.8). 

I n  order t o  streaml ine  the nota t ion  I now rewri  t e  eq.  ( 2 . 2 )  

simpl y as 

[ E ~  - H] Iv> = o (3.3) 

ãnd, using ]V> = R ( v > + ~ ~ v > ,  c a s t  i t  i n  t h e  f o r m  o f  t h e  c o u p l e d  

~ q u a t  ions 

Cormal so lu t ions o f  t he  second equation are  

which, subst i tu ted back i n  the f i r s t  equation, 

R 1 v> 

y i e l d  

H RP Ix+> . (3.6) 

+ 
The s t a t e  I X  > i s  a sca t te r i ng  so lu t i on  o f  

w i t h  the subscr ip t  

v01 ves the compl ex 

C denoting the inc ident  channel . Since eq. (3.6) in-  

e f f e c t i v e  hamil tonian 

i n  the d i s c r e t e  resonance-h01 e subspace, the component Rlv>can be w r i  t t e n  

i n  terms o f  the biorthogonal se t  o f  s ta tes  J R ~ > ,  IR > s a t i s f y i n g l 2  
n 
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which, together wi  t h  eq. (3.5), completes the formal so lu t i on  o f  eq. (3.3). 

The physical content o f  the  var ious pieces o f  t h i s  s o l u t i o n  

can now be analysed as follows,. F i r s t ,  the background c o n t i n u u m  com- 
+ 

ponent . Ixc> corresponds i n  general t o  the projected coupled c h a n n e l  s 

problem (3.7). The channels correspond . t o  the v a r  i o u s  a 1 1 owed ho 1 e 

s ta tes  associated w i t h  an unbound p a r t i c l e .  That component w i l l  thus i n  

general conta in  a11 o f  the al lowed hole states.  To the extent  t ha t  the 

unbound p a r t i c l e  does not  s i g n i f i c a n t l y  leak i n t o  the nuclear vo lume,  

the dorninant ho le  w i l l  be the one associated w i t h  the inc ident  channel, 

and ignor ing channel coupl ing may be usefu l  as an a p p r o x i m a t i o n  (see 

f i g .  1 ) . The second term o f  eq. (3.51, on the o ther  hand, can be viewed 

Fig.1 - Par t ic le- ho le  sca t te r i ng  w i t h i n  the 
background subspace. The f i r s t  con t r i bu t i on  
involves e l a s t i c  scat ter ing  o f  the p a r t i c l e  
i n  the presence o f  a spectator hole, and the 
second indicates channel coupl ing processes. 

as a v i r t u a l  leakage to . the  background continuum o f  the f l u x  trapped i n  

resonance-hole subspace (c f .  r e f .  (6)) .  This term contains, i n  pa r t i cu la r ,  

the coupl ing H between the resonance-h01 e space and the backg  r o u  nd 
PR 

continuum. As indicated i n  the var ious poss ib le  cont r ibu t ions shown i n  

f i g .  2, t h i s  coupl ing takes place e i t h e r  through a (dominant) one-body 

(mean field) mechanism5 o r  through a pa r t i c l e- ho le  (two-body) in terac-  

t i on .  F i n a l l y ,  the i n te rac t i on  between the resonance-hole and the back- 

ground cont inuum subspaces a1 so gives. r i se  t o  the compl ex, energy-de- 

pendent e f f e c t i v e  i n te rac t i on  w i t h i n  the resonance-hole subspace  ap-  

pearing i n  the second term on the r i g h t  hand s ide  o f  eq. (3.8). Th i s  

term can be analysed i n  terms of the  severa1 cont r ibu t ions shows i n  f ig.  

3, which invo lve  d iverse cont r ibu t ions o f  one-body o r  two-body coup- 

l i ngs ,  and e l a s t i c  sca t te r i ng  o r  channel coupl ing cont r ibu t ions w i t h i n  

the p-space. 
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Fig.2 - Virtual background space component emanating 
from the resonance-hole component. The first two com- 
tributions involve one-body coupling between resonance 
-hole and background spaces, the last two involve two 
-body coupl ing. The second and fourth contr i but ions 
contain channel coupling effects. 

Fig.3 - Contributions to the effective resonance-hole interaction, se- 
cond term on, the right-hand side of eq. (3.8). The middle part of each 
contribution involves one of the possibilities of propagation inp-space 
and coupling to the resonance-hole space goes either through one- or 
two-body processes. Symbols are as in figs. 1 and 2. 

3.1 - Approximation Scheme 
On the basis of the preceding analysis a simple approximation 

to the evaluation of eqs. (2.5) or (2.8) suggests itself, to which a 

number of corrections can furthermore be devised and calcul ated if 

needed. For def initeness, I will refer to eq. (2.5) in what follows. 

The approximation consists, first, in neglecting thebackground 

cornponent (3.5) when evaluating the transition amplitudes 

<O/$+(ri)$(r,) I V ( ~ ) + > .  This is based on the fact that the amplitude as- 

sociated with the background particle is small inside the nucleus. Sec- 

ond, when obtaining the resonance-hole ampl itudes In>, I%> (see eq. 

(3.1011, the first contribution in fig. 3 should dominate, and consti- 

tutes the minimal addition to the dynamical ingredients contained inthe 
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HRR term o f  eq. (3 .8) .  This con t r i bu t i on ,  i n  f ac t ,  takes i n t o  account 

the (one-body) coupl ing o f  the resonance t o  the back-ground continuum, 

g i v i n g  r i s e  t o  the dominant con t r i bu t i on  t o  the p a r t i c l e  escape width.  

I t  i s  perhaps worthwhi le t o  enlarge somewhat o n  t h i s  l a s t  

po in t .  The second term on the r i g h t  o f  eq. (3.8) admits the spectra l  

representat ion 

where the continuum eigenstates o f  H a re  de l t a- func t i on  normalized 
PP 

i n  energy. This expression, which involves a11 the c o n t r i b u t i o n s  il- 

lus t ra ted  i n  f i g .  3 ,  can be s p l i t  i n t o  a  hermitean pa r t ,  g iven as the 

s ingu lar  i n teg ra l  evaluated w i t h  the p r i n c i p a l  value p resc r i p t i on  a t  

E = E, and an anti-herrnitean de l ta- func t ion  p a r t  

Ignor ing both channel coupl ing e f f e c t s ' b u i l t  i n t o  lX+> and p a r t i c l e -  
C 

-hole i n te rac t i ons  i n  H t h i s  expression reduces i n  f a c t  t o  the s ing le  
Rp 

- p a r t i c l e  escape wid th  o f  the resonant p a r t i c l e  f o r  the appropr i a t e  

value o f  the energy E. This i s  c l e a r l y  an energy-dependent quan t i t y  as 

usual i n  t h i s  approach, bu t  i t  i s  a l so  such tha t  i t s  energy dependence 

i s  slow on the  energy scale o f  the w id th  i t;elf4-6. I n  t h i s  way, re-  

t a i n i n g  j u s t  the f i r s t  c o n t r i b u t i o n  i n  f i g .  3 amounts t o  e f f e c t i v e l y  

replacing rea l  by complex p a r t i c l e - h o l e  energies i n  the otherwise d i s -  

c r e t e  nuclear s t r u c t u r e  .problem formulated i n  eqs. (3 .9) .  The imagina 

par ts  a re  then j u s t  the s i n g l e - p a r t i c l e  resonance escape widths. 

I n  terms of the so lu t i ons  o f  t h i s  problem the basic approx 

mation cons is ts  thus i n  w r i t i n g  
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This contains the t r a n s i t i o n  dens i t ies  associated w i  t h  t h e  complex 

states IR > weighted w i t h  (complex) pole amplitudes. The m a t r  i x  e1 - 
+ 

ements <Knl~Ix,(~)> are themselves re la ted t o  the escape ampl i tudes o f  

the complex nuclear s t ruc tu re  eigenstates. Wi th in  the adopted approxi- 

mations, they involve j u s t  the f i r s t  con t r i bu t i on  shown i n  f i g .  2 and 

thus, given the r e s u l t  o f  the s t ruc tu re  ca lcu la t ions,  reduce t o  l i n e a r  

combinat ions o f  the var ious resonance-h01 e wid th  ampl i tudes . 
F ina l l y ,  i t  i s  worth s t ress ing tha t  the techniques t o a c t u a l l y  

evaluate the continuum amplitudes involved here have been used before 

i n  d i f f e r e n t  though re la ted  contexts. They involve nothing but  simple 

modi f ica t ions o f  standard po ten t i a l  sca t te r i ng  ca lcu la t ions f o r  g iven 

par t ia1  waves and a re  r e v i w e d  f o r  completeness i n  the appendix. Pro- 

cesses l i k e  those involved i n  higher cont r ibu t ions shown i n  f i g s .  2and 

3 have a lso  been evaluated before, so than an actual  check o f  t h e i r  

quan t i t a t i ve  importance i s  w i t h i n  reach. The nuclear s t ruc tu re  problem, 

as formulated i n  eq. ( 3 . 9 ) ,  on the o ther  hand, involves no more than a 

complex ex tent ion  o f  rea l ,  but  already non-hermitean, RPA ca lcu la t ions 

i n  a d i sc re te  pa r t i c l e- ho le  space. 

4. COMPLEX PARTICLE IRES0NANCE)HOLE MODES 

Res t r i c t i ng  onesel f  t o  the basic approximation d i scussed  i n  

sect ion 3 ~ 1  impl ies having t o  solve the complex eigenvalue problem o f  

eq. (3.91, i n  which the complex, energy dependent p a r t  o f  the e f f e c t i v e  

hami l tonian ffRR (eq. (3.8)) i s  approximated by j u s t  the f i r s t  c o n t r i -  

bu t ion  shown i n  f i g .  3 .  The P u r t h e r  reduct ion o f  t h i s  problem t o  the 

standard RPA form i s  s t ra ight forward.  Since the relavant phase-space i s  

d iscre te ,  i t  i s  convenient t o  represent i t  i n  terms o f  the d i sc re te  

set  o f  states lorf3) def ined as 

+ 
where 1 O> i s the ground-state, and the a as  aa 

are  fermion creat ion  and 

ann ih i l a t i on  operators associated w i t h  the relevant bound ornormal ized 

resonanceorb i ta ls  a. Thus ( c f .  eq. (2.1)) 
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 IR^> = 1 R(") 1 OLB) ( i -  10x0 
aB OLB 

A s i m i l a r  expansion can o f  course be w r i t t e n  f o r  a d j o i n t  s ta tes  I<>. 
The subsequent steps a re  i den t i ca l  t o  those involved i n  t h e  

reduct ion o f  eq. (2.2) t o  the form (2.4) : requ i re  t ha t  the ground-state 

( O >  be ann ih i  l a ted  by the  a d j o i n t  B o f  the e x c i t a t i o n  operator  B+ de- 
n n 

f i ned  i n  eq. (4.2); se t  the  energy scale so t h a t  H I O >  = O. This y i e l d s  

which i s  t o  be evaluated by us ing  the Hartree-Fock ground s t a t e  as an 

approximat ion t o  1 O>. 

Apart from the complex, energy dependent p a r t  o f  HRR, eq. (4;3) 

can be cast  i n t o  the  usual RPA form 

where R(") r tands f o r  the column vector  formed w i t h  the componentr R h )  

and 

G a ~  ; y6 = ( P ~ - P ~ ) ~ ~ ~  'B6 ; (4.5) 

and 

Here pa denotes the occupation number (1 -pr 0) associated wi t h  the o r -  

b i  ta1 a, i s  the corresponding Hartree-Fock-I i k e  s i ng 1 e p a r  t i c1 e 

energy and the bracket i s  the antisymmetrized two-body ma t r i x  element 

o f  the res idua l  two-body force.  To the  approximation proposed here, the 

rema i n  ing  term o f  HRR j u s t  adds energy-dependent s h i f t s  and escape 

widths ( f o r  unbound s ta tes)  t o  the rea l  s i n g l e - p a r t i c l e  e n e r g i e s  E 
a' 

The s t r u c t u r e  o f  eq. (h.'+), and i n  p a r t i c u l a r  the diagonal character of 

E, eq. (4.6), remains there fore  unchanged except f o r  t h e  now complex 

(non-hermi t iari) nature o f  E. Furthermore, the smooth energy dependence 
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which comes f rom coupl ing  t o  t he  background continuum (p-space) can be 

neglected w i t h i n  energy i n t e r v a l s  o f  t he  o rder  o f  t he  w id ths ,  so t h a t  

eq. (4.4) eventual  l y  amounts t o  a standard, d i s c r e t e  RPA problem w i t h  

complex s i n g l e - p a r t i c l e  energ ies.  Taking i n t o  account t h a t  t he  matr ices 

G and E commute ( they  a r e  simul taneously  d iagona l ) ,  toge ther  w i  t h  t he  
4n)  i h e r m i t i c i t y  o f  G and M, t he  a d j o i n t  problem d e f i n i n g  t he  s t a tes  R 

4.1 - Simple A n a l y t i c a l  Examples 

("1 R'"' a r e  use- Some sa l  i e n t  f ea tu res  o f  t he  complex modes R , 
f u l l y  i l l u s t r a t e d  i n  s i t u a t i o n s  i n v o l v i n g  mat r i ces  o f  sma l  1 d i m e n -  

s i o n a l i t y  which, i n  p a r t i c u l a r , a l l o w  s imp le  a n a l y t i c a l  s o l u t i o n s  o f  

eqs. (4.4) and (4.8) .  The s imp les t  case i s  t h a t  i n v o l v i n g  one s i n g l e  

resonance-hole p a i r ,  f o r  which the  RPA mat r i ces  a r e  two by two ( f ig .4 ) .  

Eq. (4.4) becomes i n  t h i s  case 

-E2 ---------- THREÇHOLD Fig.4 - Simplest  two-leve1 systern. The upper 

-.-.-.-. -- s t a t e  i s  i n  t he  continuum, so t h a t  E~ i s  com- 
FERMI LEVEL pl exa 

E4 

E2-E1-K21 151 122 <2215l1 l >  Ri, ( 1 1  B R,, 

) = [ - < l l l 5 ) 2 2 >  - ~ ~ + ~ ~ - < 1 1 , 5 ) 2 1 > ]  (RZL) E 1-B* v] [Rli) 

so t h a t  t he  complex e igenvalues a r e  g iven  as 

Apart  f rom no rma l i za t i on  t he  corresponding e igenvectors a r e  
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r e l a t i v e  phasing o f  IR( ')> and o f  IR(' )> i n  t h i s  case. 

Given the proper l  y normal ized and phased compl ex eigenstates 

i t  i s  s t ra igh t fo rward  t o  w r i t e  the  sought approximation e.g. t o  the 

response func t i on ,eq .  (2.5), b y u s i n g e q s .  (3.10)and (3.11). Nore 

that ,  f o r  the  p a r t i c u l a r  case i n  hand, each o f  the  two terms i n  eq. 

(2.5) w i l l  i n  t u r n  conta in  f ou r  terms as o r i g i n a t e d  frorn a double sum 

over complex modes. Furthermore, cross terms i n  t h i s  double sum w i l l  

depend c r u c i a l l y  on the r e l a t i v e  phasing o f  the a d j o i n t p a i r s o f s t a t e s .  

A second example which can be t r i v i a l l y  worked o u t  i s  t h a t  

which involves two p a r t i c l e  (resonance)-hole states,  backward m a t r i x  

elements being neglected, so t h a t  the RPA reduces t o  the  Tamm-Dancoff 

Approximation. I n  t h i s  case one i s  l e d  t o  a secular determinant o f  the  

form 

w i t h  A I  and A 2  comp 

va 1 ues 

lex,  i n  general. This leads t o  the  comp l e x  eigen- 

and t o  the (non-normal ized) eigenvectors 

The a d j o i n t  vectors can be l i kew ise  found as 

Again orthogona 

i z a t i o n  impl ies 

case o f  rea l  A ,  

5. CONCLUSION 

l i t y  p roper t ies  can be e x p i i c i t l y  checked and normal- 

co r rec t  r e l a t i v e  phasing o f  a d j o i n t  p a i r s . T h e l i m i t i n g  

and A, i s  e n t i r e l y  transparent. 

I have proposed an approach t o  the treatrnent o f  small ampli-  

tude v ib ra t i ons  occur r ing  above p a r t i c l e  emission thresholds i n  terms 



Revista Brasileira de Física, Vol. 17, nP 2, 1987 

o f  the RPA which a l lows f o r  a h ierarchy of meaningful approximations. 

The s implest  approximation involves a computational e f f o r t  equivalent  

t o  t ha t  i n  a standard, d i s c r e t e  RPA ca l cu la t i on .  I t  can be checked not  

on ly  by comparing r e s u l t s  w i t h  the more expensive ca lcu la t ions  bu ta l so  

i n t e r n a l l y ,  through the  eva luat ion  o f  cor rec t ions .  Severa1 o f  the cor-  

rec t ions  which have been mentioned invo lve  i n  f a c t  a l so  a very modest 

numerical e f f o r t .  

A de ta i l ed  study o f  the  approximation was excluded from the 

scope o f  t h i s  work, i n  which on ly  simple, a n a l y t i c a l  i l l u s t r a t i o n s  o f  

the features o f  complex RPA modes, and t h e i r  i m p l i c a t i o n s  f o r  the 

s t ruc tu re  o f  the  approximate response funct ions,  were touched upon. 

F i n a l l y ,  the general reac t ion- theore t ica l  framework which ser- 

ved as s t a r t i n g  po in t  can be f u r t h e r  explored, espec ia l l y  i n  the sense 

o f  making e x p l i c i t  the con t r i bu t i ons  o f  h igher conf igura t ion .  

I acknowledge a discussion w i t h  Arthur Kerman i n  which, among 

fanc ie r  top ics ,  he communicated t o  me h i s  thoughts on more mundane 

subjects such as p ro jec t i on  techniques leading t o  the RPA and BCS ap- 

proximations. One o f  these i s  the basic technique involved i n  the pre- 

sent formulat ion.  

This appendix summarizes, f o r  completeness, some useful  tech- 

niques f o r  the numerical c a l c u l a t i o n  o f  q u a n t i t i e s  invo lv ing  the pro- 

jec ted background continuum. For simpl i c i  t y ,  channel coupl ing e f f e c t s  

w i l l  be ignored except f o r  the remark fo l l ow ing  eq. (A .6 ) .  I n  f a c t ,  

much o f  the appeal o f  t he  present fo rmula t ion  as a computational to01 

would be d iss ipa ted should a f u l l - f l e d g e d  treatment o f  channel coupling 

prove essent ia l .  

The f i r s t  problem t o  be discussed i s  t h e  s o l u t i o n  o f  eq. 

( 3 . 7 ) ' ~ ~ .  Here the p ro jec to r  p w i l l  be expl i c i t l y  implemented as 
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where the ( u  > c o n s t i t u t e  an orthonormal se t  o f  s  
n 

spanning the resonance states.  To the extent  t ha t  

ignored, the ho le  s t a t e  i s  passive and eq. (3.7) 

i n g l e - p a r t i c l e  s ta tes  

channel coupl ing i s  

i s  a  one-body problm. 

Denoting as H the e f f e c t i v e  one-body hami l tonian (k 

mean one-body p o t e n t i a l )  eq. ( 3 . 7 )  reads 

net  i c  energy p l  us 

x> = 0 (A. 1) 

w i t h  the subs id ia ry  cond i t i on  tha t  IX> i s  i n  p-space, i .e., <u,(x>=O 

f o r  a l l  n. Thus eq. (A.1) reduces t o  

w i t h  an = < u , ~ ~ ~ ~ > .  A formal s o l u t i o n  o f  (A.2) ( w i t h  o u t g o i  ng wave 

sca t te r  ing boundary condi t ions f o r  d e f i n i  teness) i s  

+ 
where I x O >  i s  a  s o l u t i o n  o f  (A.2) w i t h  the an = O.  From (A.3) one gets 

+ 
which shows tha t ,  f o r  general  an1s, the over laps <u I X  > are  l i n e a r  n 
func t  ions o f  the a ' S .  The procedure t o  be f o l  lowed i n  order  t o  o b t a i n  

+ 
the co r rec t  ] X  > i s  thus: 

+ 
a) Solve eq. (A.2) s e t t i n g  a1 1 an = O t o  ge t  ( X  >. Form over- 

o 
laps o f  t h i s  w i t h  each lu > t o  get  the A,, eq. ( ~ . 4 ) .  

n 
b) Solve eq. ( ~ . 2 )  s e t t i n g  one o f  the  anl=l (other an1s s e t  t o  

zero).  The overlaps w i t h  the lu > w i l l  now determine the Bnni, eq. n 
(A.4). 

c )  The appropr ia te  onls, g iven as an = <u,~HIx >, a r e  now 

so lu t ions  o f  the l i n e a r  system 
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+ 
The desired function I X  >will be a linear combination of the solutions 
obtained in step b) with the coefficients found from (~.5). 

This procedure is a straightforward extension to many states 

(u > of that programmed for a single resonance in subroutine T A B O O ' ~ ,  
n 

which has been used in refs. (5) and (6). I t should be stressed that 

the solution of the inhomogetieous one-body equation (A.2) is in no way 

more involved or time-consuming than the solution of the corresponding 

homogeneous equation; and also that the escape width ampl i tudes 
+ 

<uVlHIx > are directly obta ined as solutions of the l inear system 

(~.5), without any further numerical integrations. lhe corresponding 

single-particle widths are just 

Tn - ~ T I < U ~ I H ~ ~ + > ~ '  ( A . 6 )  

+ where the states I X  > have been 6-function normal ized in energy. 

With a simple extension of this procedure it i s  also pos- 

sible to estimate amplitudes involving two-body coupling to resonance 

-hole states (third contribution from the left in fig. 2) as well as to 

estimate channel coupling effects through the evaluation of two-step 

contributions. In the former case the equation to be solved is5 

[%a ~p = 1 lun>& + lu> (A.7) 
n 

where the B again are chosen to guarantee that I<> lies in p-space, 
n 

i..e., <u I < >  = 0, and the genuzne source term lu> is 
n 

lu> = 1 Ip><phiIv"lhpi> 
P 

where p' and h' stand for the resonance and hole states within R-space, 

h is the final hoje state and v" is the (anti~~mmetrized) two-body poten- 
tia1 . When eq. (A.7) is solved wi th pure outgoing wave boundary con- 

ditions, it yields in fact 

(cf. eq. (3.5)). 

Likewise, two-step channel coupling amplitudes can be esti- 

mated by solving again an inhomogeneous equation of the form (A.7) in 
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which the  source term i s  obtained from the a c t i o n  o f  the two-body fo rce  

on a continuum-hole s t a t e  (see second con t r i bu t i on ,  f i g .  1) .  
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Resumo 

A chamada Random Phase Approximation (RPA) para o tratamento 
de vibrações nucleares de pequena ampl i tude, e inc lu indo exci  taçÕes de 
pa r t  ícula-buraco com espectro continuo, é formulada no contexto de téc- 
nicas desenvolvidas anteriormente para t r a t a r  ressonâncias de p a r t i c u l  a 
independente num quadro de- teor i a  de reaçoes. Obtém-se. uma h i erarqu i a  
in terpre táve l  de aproximaçoes e propõe-se uma aproximação de t rabalho 
simples, que exige um esforço numérico comparável àquele envolv ido em 
cálculos padrão na RPA, com espectros d iscre tos .  


