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Abstract We presen t  here a  summary o f  arguments concern ing t he  two-pion 
-exchange three- nucleon p o t e n t  ia1 s  (mE-~NP) , d e r i v e d  by means o f  c h i  r a l  
symmetry. Th is  s e t s  e a r l i e r  developments i n t o  a s i n g l e  frarnework,avoid- 
i i i g  con fus ion  among readers.  We a l s o  d e r i v e  tensor  forms o f  "ir~rE-JNP, es- 
p e c i a l l y  an i r r e d u c i b l e  tensor  r e p r e s e n t a t l o n  o f  those f o r c e s  i n  such a  
way t h a t  s p i n - i s o s p i n  terms a r e  n o t  mixed w i t h  those o f  c o n f  i g u r a t  i o n  
space. Th is  form f a c i l i t a t e s  c a l c u l a t i o n s  and emphasizes t h e  u n d e r l y i n g  
phys i cs .  

1. INTRODUCTION 

I t i s  now w e l l  recognizedl  t h a t  t h e  f i n e  f e a t u r e s  o f  t r i n u c l e o n  

systems cannot be e n t i r e l y  descr ibed  by t h e  t w o  n u c l e o n  i n t e r a c t i o n  

a lone.  Th is  conc lus ion  a r i s e s  f rom v a r i o u s  works' done i n  recen t  years,  

based on d i f f e r e n t  c a l c u l a t i o n  techniques and r e a l  i s t  i c  t w o - n u c l  e o n  

p o t e n t i a l s .  St rong c i r c u m s t a n t i a l  ev idence e x i s t s  f o r  t h r e e - n u c l e o n  
1 - 5 

p o t e n t i a l s  ( ~ N P )  i n  t h e  t r i n u c l e o n s .  Recent works c o n j e c t u r e  t h a t  the 

i n c l u s  i o n  o f  t h e  two-pion-exchange ( m E )  component o f  t h i  s  f o r c e  should 

account f o r  a  s u b s t a n t i a l  p a r t  o f  t h e  d iscrepancy i n  t h e  data.  T h i s  mtE 

component i s  so f a r  t h e  bes t  s t u d i e d  and i t  g i v e s  a  s i g n i f i c a n t  c o n t r i -  

b u t i o n  t o  t h e  three-nucleon b i n d i n g  energyl , which i s  g r e a t e r  f o r  t h e  

são ~ a u l o - ~ e c i f e '  and LJrbana4" forces,  and s m a l l e r  f o r  t h e  T u c s o n -  

- ~ e l b o u r n e ~  f o r c e .  On t h e  o t h e r  hand, most o f  these c a l c u l a t i o n s  f i n d l  

a  smal l  e f f e c t  on the  charge form f a c t o r s ,  p o s s i b l y  coming f rom t h e  use 

o f  p e r t u r b a t i o n  theory 6.  A t  p resen t  t e c h n i c a l  problems i n  t h e  theory,  

combined w i t h  a  l a c k  o f  exper imenta l  da ta  as w e l l  as d i f f i c u l t i e s  i n  

T h i s  work was p a r t i a l l y  suppor ted by Conselho Nacional de Desenvolv i-  

mento C i e n t  íf i c o  e  Tecnol6g i c o  ( C N P ~ )  . 
*On s a b b a t i c a l  l eave  a t  Department o f  Phys ics,  McMaster U n i v e r s i t y ,  

Hami l ton,  O n t a r i o ,  Canada L8S 4MI. 
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more r i g o r o u s  c a l c u l a t i o n s  recommend a deeper s  

The f i n a l  f ~ r m s ' - ~  o f  t h e  m r E  d e r i v e d  
1 0 , 1 1 , 7 , 9  

t h e  s u b j e c t  o f  some con t roversy  , which 

tudy o f  t h e  problem. 

recen t 1 y  have become 

has mot i va ted  an e f f o r t  

towards a b e t t e r  understanding o f  t h e  problem. One o f  t h e  impor tan t  

i m p l i c a t i o n s  o f  a  c r i t i c a 1  assessmen: o f  t h e  mE-3NP i s  t h a t  t h e  ex- 

press ions o r i g i n a l  1 y  d e r i v e d  by t h e  ~ u c s o n - ~ e l  bourne3 and by t h e  São 

~ a u l o - ~ e c i f e ~  groups have t o  be modi f  i e d  i n  o r d e r  t o  be used i n  re -  

a l i s t i c  c a l c u l a t i o n s .  I n  t h i s  a r t i c l e  we d iscuss  very  b r i e f l y  t h e  most 

impor tant  p o i n t s  t h a t  have l e d  t o  t h e  form o f  t h e  p o t e n t i a l  t o  be adop- 

ted  i n  t h i s  work. 

One purpose o f  t h i s  paper i s  t o  p resen t  a  summary o f  arguments 

concern ing t h e  c o n s t r u c t i o n  o f  a  mE-3NP i n  a way t o  s e t  e a r l i e r  devel -  

opments i n t o  a s i n g l e  framework, thereby a v o i d i n g  c o n f u s  i o n  among 

readers.  Another purpose i s  t o  w r i t e  t h a t  p o t e n t i a l  i n  tensor  forms. An 

I r r e d u c i b l  e  Tensor Operator  (ITO) r e p r e s e n t a t  i o n  i s  der  i ved  as wel l .  The 

m o t i v a t i o n s  f o r  t h i s  e f f o r t  a r e  mani fo ld .  C a l c u l a t i o n s  o f  t h e  complete 

TTE-3NP e f f e c t  on  t r i n u c l e o n  systems have l a r g e l y  depended on p e r t u r -  
1 3 - 1  5 

b a t i o n  theory  o r  v a r i a t i o n a l  methods16. However f o r  o b s e r v a b l  es  

v e r y  s e n s i t i v e  t o  t h e  wavefunct ion, such as charge form f a c t o r s ,  v e r y  

p r e c i s e  c a l c u l a t i o n s  o f  t h e  wavefunct ion a r e  needed. I n  t h i s  way, m E -  

-3NP as such should be considered on t h e  same f o o t i n g  as thetwo-nucleon 

p o t e n t i a l ,  V, (which con ta ins  tensor  p a r t s  o f  rank O a n d  2 )  i n  t h e  

Schrodinger equat ion.  That means t h a t  t h e  TTE-3NP sho ld  be t r e a t e d  non 

- p e r t u r b a t i v e l y 6 .  For p r a c t i c a l  and p h y s i c a l  purposes i t  i s  important t o  

w r i t e  TTE-3NP i n  t h e  ITO form, s i n c e  i t  a l l o w s  us t o  ana lyze  t h e i r v a r i -  

ous c o n t r i b u t i o n  terms, as i n  t h e  corresponding two-nucleon p o t e n t i a l .  

The tensor  p a r t s  o f  TTE-3NP deserve p a r t i c u l a r  a t t e n t i o n ,  e s p e c i a l l y  

those o f  rank 2, s i n c e  they can s i g n i f i c a n t l y  c o n t r i b u t e  t o  observables, 

i n  p a r t i c u l a r  t o  t h e  b i n d i n g  energyl. 

I n  s e c t i o n  2 we g i v e  a s i n g l e  r e d e f i n e d  v e r s i o n  o f  TTE-3NP; i n  

s e c t i o n  3 we d e r i v e  t h e  tensor  forms o f  t h a t  p o t e n t i a l .  F i n a l l y  i n  sec- 

t i o n  4 we g i v e  t h e  conc lus ions .  

2. THE REDEFINED THREENUCLEON POTENTIAL 

The mE-3NP o r i g i n a l l y  d e r i v e d  i n  re fe rences  2 and 3 i s  here  
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denoted by W and has t h e  f o l  lowíng generic form 

+ C.P., (2.1) 

where the subscr ipts s and p i nd i ca te  p a r t i a 1  waves i n  the intermediate 

pion-nucleon amplitude, C.P. ind ica tes  c y c l i c  permutations o f  the i n d i -  

ces ( i , j , k )  = (1,2,3), and Uo( r )  i s  a Yukawa func t i on  modi f ied by 

TNN form f a c t o r  

the 

( I n  reference (81, U ,  has no zero subscr ip t ) .  

The coe f f  i c i e n t s  C C and C' a re  known2 '' i n  terms o f  the 
s' P P 

ITN sca t te r i ng  amplitude and t h e i r  numerical values a r e  C = 0.92 MeV,C 
s P 

=-i.% MeV, C' =-0.67 MeV. 
P 

The terms propor t iona l  t o  C and C' a re  the same as those o f  
P P 

reference 2. The term w i t h  c o e f f i c i e n t  S, on the other hand, has t o  be 

modi f ied by i n s e r t i n g  the  operator  

j u s t  be fore  U o ( r  .)V ( r .  ) .  This mod i f i ca t i on  i s  needed, as pointed 
kz  0 ~k 

out  i n  r e f .  10, i n  order t o  make the a - c o n t r i b u t i o n  t o  the  intermediate 

TN sca t te r i ng  amplitude compatible w i t h  t h e  A d l e r  c o n s i s t e n c y  con-  

d i  t ion12. 
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A f t e r  having introduced the f a c t o r  ($2-p2) i n t o  the po ten t i a l  W, 

i t  has t o  be redefined before being used i n  r e a l i s t i c  ca lcu la t ions .  An 

i n te res t i ng  c h a r a c t e r i s t i c  o f  t h i s  r e d e f i n i t i o n s  o f  W i s  t ha t  i t  pres- 
6 - 8  

cr ibes  the exclusion o f  f ac to rs  ($2-p2) . 
Our f i n a l  form f o r  the mE-3NP i s  obtained by e l im ina t i ng  a11 

contact  i n te rac t i ons  and t h e i r  de r i va t i ves  from the po ten t i a l  o b t a  i ned 

by means o f  c h i r a l  symmetry7. l h e  mot iva t ion  f o r  t h i s  procedure can be 

summarized as fo l lows.  I n  the absence o f  form fac tors ,  t h e  p o t e n t i a l  

contains 6- funct ions,  a r i s i n g  from the de r i va t i ves  o f  the Yukawa func- 

t ions ,  and descr ib ing  a  contact  i n t e r a c t i o n  between two o f  the nucleons. 

Form fac tors ,  on the o ther  hand, a re  re la ted  t o  the d i s t r i b u t  i o n  o f  

hadronic matter  w i t h i n  the nucleons. Hence, when they are  i n t r o d u c e d  

i n t o  the p o t e n t i a l ,  the 6- funct ions t u r n  i n t o  terms tha t  descr ibecontact  

i n te rac t i ons  between extended nucleons. These terms cannot be associated 

w i t h  the propagation o f  pions and do not  correspond t o  a  mE-3NP.lnstead, 

they could be c a l l e d  a  T?E-3NP, s ince the parameter o f  the form f a c t o r  

does not  l e t  us know the type o f  p a r t i c l  es being exchanged. 

Hence, f o l l ow ing  the above prescr ip t ions ,  the redef ined vers ion  

o f  the po ten t i a l ,  indicated by a  care t  on W, i s  g iven by 
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where V ,  i s  g iven by eq. (2.2) and 

-+ 3 
r r 

,-os = ki' , 
k r r  k i  j k  

and 

The expression f o r  i ( k )  i s  the same as tha t  o f  eq.(67) o f  r e f . 2 ,  

f o r  an unfor tunate  m isp r i n t  i n  the  s ign  o f  the term propor t iona l  

i n  t ha t  equation. 

( 2 . 6 )  

except 

t o  C' 
P 

3. TENSOR OPERATOR FORMS OF M E  THREE-NUCLEON FORCE 

s t ra igh t fo rward  algebra 

Cs +(i) :(Ali w ( k ) = - - T  . s 3 

I n  order t o  ob ta in  tensor forrns o f  the three-nucleon fo rce  we 

take eq.(2.3) as the s t a r t i n g  po in t .  A very convenient form o f  eq. (2.3) 

i s  obtained by recombining t h e i r  d i f f e r e n t  terms. We obtain,  a f t e r  some 

, a tensor form o f  eq. (2 .3 )  : 

- -  
, i (rki) i~~ ( r .  ) ~ ~ o s  ek ;(i) .$(i) + S .  . ( ~ ~ ~ , r ~ ~ ) ] ,  

J k 2.7 
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+", $Fki(iki 9ik~)sjk(5jk~Fjk)-sjk(ijk~ijk)ski(iki 9 

( 3 . 3 )  
where the tensor S.. f o r  two u n i t  vectors u and 6 i s  def ined as 

ZJ 

The above equations are  "ot w r i t t e n  i n  an ITO format. We should 

a l so  no t i ce  tha t  spins are  mixed w i t h  terms i n  conf igura t ion  space. Our 

f i n a l  ob jec t i ve  i s  t o  w r i t e  eq. (2.3) i n  the ITO form i n  such a way tha t  

spin- isospin terms are  no t  mixed w i t h  those o f  conf igura t ion  space.That 

w i l  l make the ca l cu la t i on  o f  the mat r ix  elements o f  W much simpler and 

d i r e c t ;  o n l  y t e r m s  a1 1 owed by the t r i a n g l e  se lec t i on  r u l e  o f  the  

tensor ranks o f  the  conf i gu ra t  ion space operators involved wi l l be picked 

UP. 

I n  eq. (2.3), terms appear which are  o f  the  types 

and 

Using eq. ( A . 5 )  the f i r s t  two equations above can be w r i t t e n  as 
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( $ 4  T +ti) ,o +ti) . 
ki 

(3.5)' 
The t h i r d  term can a lso  be wr i t t en  as 

= i 6  T,(T,(~(~)) ,T$iki ,ijk)) . T ~ ( T ~ ( B ( ~ ) ~ ( ~ ) ) , T ~ ~ ~ ~ ~ ~ ) )  
b 0  

(3.6) 
where we have used eq. (A.3). 

Hence we can obta in  

With eqs. (3.4)-(3.7) i n  mind we can obtain the ITO form of  $(k) 

G(k) = <(k) + G (k) + i?' (k) , (3.8) 
P P 

where 



Revista Brasileira de Física, Vol. 17, n? 2, 1987 

and finally 

2% 
A 

W' (k) = - 
P 3 

A A 

x (ji)-V (ji)] + 6 T (T ,$(i)) . T ~ ( ~ ~ ~ , Q ~ )  
O o 2 2 2 1 

A A x p  2 2 (ji)-V a o (jií] + 8 T~ (T~ (Z(k),;(i)) ,$)I .T~ (rki,rri) 

,g(k)) T,( T , ( F ~ ~ ~ ~ ~ ) , T , ( F ~ ~  ,Fjk) ) x (ji) -uo o (iifl + 347p1 (;(o 

-<i, ,$j,) ,g<k> A A + To (T1b 
A A 

1 .To (Tl (rki,rjk) ,Tl (rki,rjk)) 

- Tl (Tl ( W  ,#j)) ,z(k)) .Tl (T, (Gk< ,Fjk) ,Tl (Pki,Fjk)) 

A A A *'i' ,B") 1 ,;ck) ( T ~  (rki ,rjk) ,T (rki ,rik) ) + T2 (Tl (0 1 

A A 

,$(j)) ,z(~)) .y1 ( T ~  ( G ~ ~  , G ~ ~ )  , T ~  (rki,rjk) - T1 (T2 (0 
+(i) ,$i)) +(k) + T2 (T2 (0 

A A 

, .T2 (T2 (rki ,3k) 7, (c& ,Gjk) 
+(i) ,z(j)) ,:(k)) .T3 (T2 (rki ,T (pki,~jk)n~22 ($1 . - T3 (T2 (0 

1 
( 3 . 1 1 )  
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N o t i c e  t h a t  

( E a c h  s i n g l e  l a t i n  index ( { , j ,k )  i n  t h e  argument o f  t h e  l e f t - h a n d  s i d e  

equa t ion  U means one m i s s i n g  index i n  t h e  corresponding s u b s c r i p t s  o f  
aB 

r i n  t h e  r i g h t - h a n d  s i d e  equat ions;  e.9. i+-+jk, j - k i ) .  
A 

We can see f rom t h e  above equat ions t h a t  W i s  now w r  i t t e n  i n  

t h e  ITO form (besides hav ing  t h e  con f  i g u r a t  i o n  space o p e r a t o r s  f a c t o r e d  

o u t  f rom t h e  s p i n- i s o s p i n  p a r t ) .  

4. CONCLUSIONS 

We have presented here  a  summary o f  arguments c o n c e r  n  i ng  t h e  

d e r i v a t i o n  o f  a  s i n g l e  express ion  o f  m E - 3 N P ,  s  i n c e  o r i g i n a l  l y  t w o  

SI i g t h l y  d i f f e r e n t  forms appeared i n  t h e  1 i t e r a t u r e ,  known as t h e  São 

~ a u l o - ~ e c i f e *  ( a l s o  known as t h e  B r a z i  l i a n  p o t e n t i a l )  and t h e  Tucson- 

- ~ e l b o u r n e ~  p o t e n t i a l s .  The B r a z i l  i a n  p o t e n t i a l  u s e d  a n  e f  f e c t  i v e  

Lagrangian approach w h i l e  t h e  Tucson-Melbourne p o t e n t i a l  u s e d  c u r  r e n  t 

a lgebra ,  b o t h  based on c h i r a l  symmetry. I t  i s  shown t h a t  b o t h  approaches 

produce e s s e n t i a l l y  t h e  same r e s u l t s .  As f a r  as t h e  case o f  extended nu- 

c leons  i s  concerned, we have argued t h a t  t h e  express ions d e r i v e d  by t h e  

above g r ~ u ~ s ~ ' ~  need t o  be modi f  i e d  i n  o r d e r  t o  be used i n  r e a l  i s  t i c 

c a l c u l a t  

s t r o n g l y  

i ncompa t 

p o t e n t i a  

i s  assoc 

ons. The problem w i t h  the& p o t e n t i a l s  i s  t h a t  t h e y  become 

d i s t o r t e d  when form f a c t o r s  a r e  p resen t .  These d i s t o r s i o n s  a r e  

b l e  w i t h  o u r  e x p e c t a t i o n  t h a t  form f a c t o r s  should rnodi  f y  t h e  

f o r  p o i n t - l i k e  nucleons a t  s h o r t  d i s tances .  Th is  odd behaviour  

a t e d  w i t h  terms i n  t h e  p o t e n t i a l  t h a t  can be i n t e r p r e t e d  as 

contact i n t e r a c t i o n s  between extended nucleons.  We have argued t h a t  t h e  

e l i m i n a t i o n  o f  those c o n t a c t  terms f rom the  p o t e n t i a l  makes i t  much b e t -  

t e r  behaved. There fo re  we have r e d e f i n e d  t h e  TVE-3NP as t h e  p o t e n t i a l a s -  

s o c i a t e d  o n l y  w i t h  t h e  p ropaga t ion  o f  p ions  descr ibed  by an Yukawa func-  

t i o n  r e g u l a r i z e d  a t  t h e  o r i g i n .  Th is  r e d e f i n e d  v e r s i o n  o f  t h e  p o t e n t i a l  

i s  g i v e n  by eq.(2.3).  

We would 1  i k e  t o  p o i n t  o u t  thcbt i?, t h e  rede f  ined p o t e n t i a l  , i s  

n o t  t h e  outcome o f  i n d i s p u t a b l e  formal  d e r i v a t i o n s .  Ins tead , i t  i s  c l o s e l y  
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assoc ia ted  w i t h  a  p a r t i c u l a r  way o f  

a l l owed by t h e  mathernatical f o r m u l a t  

I n  t h i s  paper we have a l s o  g  

i n t e r p r e t i n g  a  p h y s  i c a  1 p i c t u r e  

ion.  

i ven  two tensor  forms f o r  t h e  r e -  

d e f i n e d  p o t e n t i a l ,  c. The f i r s t  one i s  g i v e n  by eqs. ( . I ) - ( . )  and 

t h e  second one, eqs. (3 .8) - (3.111,  i s  w r l t t e n  i n  t h e  ITO form i n  such 

a  way t h a t  t h e  s p i n- i s o s p i n  terms a r e  n o t  rnixed w i t h  those o f  c o n f i g u r -  

a t i o n  space. Both ve rs ions  a r e  ve ry  u s e f u l  i n  p r a c t i c a l  c a l c u l a t i o n s .  

The ITO v e r s i o n ,  i n  p a r t i c u l a r ,  i s  ex t reme ly  s u i t a b l e  f 6 r  t h e  hyper- 

s p h e r i c a l  harmonic (HH) approach9 '20 .  Thus i n  t h e  e v a l u a t i o n  o f  m a t r i x  

elernents i n  the  HH approach we can app ly  t h e  w i g n e r - ~ c k a r t ' ~  theorern 

i n  a  s t r a i g h t f o r w a r d  way. 

The separat  i o n  o f  c i n  d i f f e r e q t  tensor  ranks,  he lps  to compare 

t h e  r a l a t i v e  importance o f  m E - 3 N P  w i t h  t h e  corresponding two-nucleon 

i n t e r a c t i o n ,  V. I n  a  separate paper8 we have s t u d i e d  i t  e x t e n s i v e l y .  

APPENDIX A: USEFUL EXPRESSIONS FOR ITO 

The tensor  d i r e c t  p roduc t  o f  two s p h e r i c a l  tensor  o p e r a t o r s  T 

and T ( fo rm ing  an ITO o f  rank  k )  i s  d e f  ined17 as 
l 

2 

The s c a l a r  p roduc t  o r  c o n t r a c t i o n  o f  two commuting tensor  o p e r a t o r s  i s  

d e f  ined as 

where one can e a s i l y  see t h a t  

I n  a  s i m i l a r  way one can show" t h a t  
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Also very usefu l  a re  the e ~ ~ r e s s i o n s ' ~  

1 
k' 

where [yk ,T I] = 0 ,  and 
2 k 3  

-+ 
where a, and c a re  vectors.  
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Apresentamos um resumo dos resultados referentes aos potenc ia is  
de t r ê s  nucleons (mE-~NP) , obt idos  atravEs da s ime t r i a  c h i r a l  . Estes 
resultados colocam dent ro  de um esquema Único os resul tados anteriormen- 
t e  obt idos,  evitando confusa0 para os 1 e i  to res .  Ta_mbém derivamos formas 
tenso r i a i s  de ITT-3NP,especialmenteuma representaçao tensor ia l  i r r e d u t i -  
ve l  das forças de 3 corpos, de modo t a l  que termos de sp in- isosp in  não 
sao misturados com os do espaço de configuraçao. Esta forma f a c i l i t a  os 
cá lcu los  e dá destaque a f i s i c a  subjacente. 


