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Abrtraa We present a method t o  obtain a r e l a t i v i s t i c  v i r t u a l  o rb i t a l ,  
which makes use o f  a d iscrete basis set. We use t h i s  v i r t u a l  o r b i t a l  i n  
mult iconf igurat ional ca lcu la t ions wi th  mixtures o f  f i v e  conf igurat ions 
sp + c@ f o r  j = 1, i n  order to  obtain the hyperf ine e lect ron ic  constant 
(P-~)PV w i th  pv = 10, 01, 12, 02 (using the effect ive operator) o f  the3pl 
level  of calcium and the hyperfine (HFS) constant A ( ~ P , )  o f  barium. 

1. INTRODUCTION 

Optical spectra o f  a i ca i  ine-earth atoms are much more compl i- 

cated than expected: the two outermost electrons i n  c l o s e d  subshe l  1s 

are rather loosely bound, therefore they are s t rongly  a f fected by cor- 

, .  re la t ion.  , 

The Hartree-Fock (HF) method i s  not cabable t o  g i v e  correct 

resul t ~ ' ' ~  due t o  the quasi-degeneracy of the ns and (n-1 ) d  o r b  i t a l  s 

On the other hand the Mul t i  -Conf igurat ional Hartree-Fock (MCHF) method 

has been sucessful l y  appl ied i n  energy level determination
3
, i n  the in- 

terpretat ion o f  Strontium atom4 isotope sh i f t s ,  i n  r e f  ined evaluations 

o f  f i e l d  isotope s h i f t s  and i n  the hyperfine s t ruc tu re  o f  the calcium 

atom5. 

Our experience wi t h  MCHF c a l c u l a t i o n , ~ ~ ' ~  suggests that i n  order 

t o  achieve convergence i t  i s  essential to  s t a r t  w i th  a reasonable ap-' 

proximation f o r  the v i r h a t  o r  corretated o r b i  t a l  as  i n p u t  f o r  t h e  

Froese Fischerl s code6. Thi s approximation was obtained through the use 

o f  Labarthels code7. . .. 

The conf igurat ion mixing plays a very important r o l e  i n  thede- 

termination o f  atomic parameters. The r e l a t i v i s t i c  Desclauxls codes f o r  

the Mul t i con f  igurat ional  Dirac-Fock (MCDF) method i s  a soph i s t i ca.~ed 

ab- i n i t i o  program f o r  the evaluation o f  conf igurat ion m i x i n g  i n  t h e  

r e l a t i v i s t i c  sense (same nl , but d i f f e ren t  j l s ) .  

We can expect that  the same procedure, using v i r t u a l  o rb i ta l s ,  
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w i l l  be sucessful i n  t he  r e l a t i v i s t i c  case of c o n f  i g u r a t i o n  m i x i n g  

evaluat ions wi t h  d i f f e r e n t  nl . I n  order t o  achieve convergente i n  the 

MCDF method one nesds a reasonable i n i t i a l  approximation f o r  t he  re la -  

t í v i s t í c  v i r t u a l  o r b i t a l  which w i l l  be used as input  i n  Desclaux's code. 

The method f o r  the  obtent ion  o f  the v i r t u a l  o r b i  t a l  i s p r e -  

sented i n  sec. 2. 

The v i r t u a l  o r b i t a l  was obtained by us ing  t h e  p r i n c i p a l  con- 

f i g u r a t i o n  o r b i t a l s  taken f rsm Desclaux's code as f rozen o r b i t a l s .  

The appl i c a t i o n  oF the  method tswards the  e v a l  u a t  i o n  o f  t h e  

hyper f ine  s t r u c t u r e  i n  t he  calcium atom uses the  e f f e c t i v e  operator  and 

the pure r e l a t i v i s t i e  opera tor  i n  the baãium atom i s  shown i n  sec. 4. 

2. THE METHOD 

The v i r t u a l  o r b i t a l  r ad ia l  func t ions  a r e  expanded asa  d i s c r e t e  

basi s o f  a n a l y t i c a l  f unc t i onsg .  The determinat ion  o f  these func t ions  i s  

not  t r i v i a l  s ince i n  B i r a c B s  represenbation the  v a r i a t l o w a l  methods can 

sol lapse i n  negat ave-energy eigenvalues". Therefare we shal P chsose a 

$as l s  set  wk i ch  removes t i iess negative elgenvalues. 

Drake and ~ o l d r n a n ~  used the d i s c r e t e  basis-ser: method i n  order 

t o  solve the D i rac  equat isn  by a v a r i a t i o n a l  method. They ca lsu la ted 

e l e c t r i c  d i p o l e  s s c i l l a t o r  st rengths f o r  m e - e l e c t r o n  system and have 

shown tha t  t h i s  method i s  capable o f  separat ing t h e  energies r e l a t e d  t o  

p o s i t i v e  - continuum and negat ive - continuum. I n  order  t o  determinethe 

v i r t u a l  o r b i t a l  we use here the  same idea by imposing t h a t  t he  other 

(core) wave-functions a re  known and f rozen.  

The r e l a t i v i s t i c  wave-function representa t ion  f o r  one e lec t ron  

i s ,  i n  general, g iven by 

where = 2 j  - R,  and G ( r )  and ~ ( r )  are  rea l  r a d i a l  f unc t i ons  ( la rgeand 

smal 1 components respect  i v e l  y )  . 
For convenience, we def ine  the  l a r g e  and small r a d i a l  func t ions  
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g(r) and f (r), both real and belonging to L ~ ,  so that the real two-com- 

ponent spinor 

satisfies the radial Dirac equation 

d H, = &oy ;ir + e u x  r K - C' oZ V(r) (in a.u.) 

The o's are the Pau 

tum number 

l i  spin matrices, and K is ,the Dii-ac quan-' 

1 = (i++ 

The trial functions I) can be written as 
(r) 

where a's and bls are variational parameters and h (r) is the orthonor- 
n 

mal set,over which the trial functions are expanded. We have used hn(r) 

functions: the Slater-type basis 

and the generalized Laguerre-type basis 

L  (x) are generalized Laguerre polynomials, A is a nonlinear parameter rn 
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which w i l l  be adjusted i n  order t o  minimize the  energy. 

A f t e r  orthonormal i z a t i o n  r e l a t i v e  t o  core  funct ions $ ( P )  can 

be w r i t t e n  as 

w i t h G . = a . g  andFi=bifi. 
z z i  

The v a r i a t i o n a l  method plays a prominent r o l e  i n  the construc- 

t ion o f  approximate eigenvalues and eigenfunct  ions i n  n o n r e l a t i v i s t i c  

quantum mechanics. I n  general i t  cannot be e x t e n d e d  t o  t h e  Dirac 

Hamiltonian because i t  i s  expected t o  y i e l d  an u n l i m i t e d  co l lapse t o  

negat i ve  energy eicjenval ues. Brake and ~oldrnan' have proved a general- 

imed Hyl l erraas-Undhei n theorem" f o r  the special  case o f  the Goulomb 

po ten t i a l  ( V ( P )  = 1 % ~ ) .  They -(ave a r igorous proof  f o r  the  p a r t i c u l a r  

case of j u s t  orne t e m  i n  equation ( 5 )  o 

sf the so lu t l sn  f o r  t he  Dirae-Foek equatlon was 

diseeissed by Desc iam et a2"'band ~ i n a " ,  and the  col lapse f o r  the 

negative energy s t a t e  was d i scussed by DattaHs. 

Recently 6ran14 haâ analysed the eigenvalues w l t h  d i v i s i o w  

i n t o  N posi t ive-energy and N negative-energy ehoices f o r  a N basls set, 

and the appearance o f  a s o r t  o f  Hyllerrass-Undhein theorem f o r  the po- 
+ 

s i t i v e  eigenvaiues E i. 
With the  cond i t i on  

we have 

For two bases i n  hydrogenl 

(8) gives 

i ke atoms the  l e f  t-hand s ide  o f  eq. 
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wi th  

and 

A.. = r y .g. dr 
za 3 

Alj = r f'f. dr 
-L a 

d C!. = I fi ,gj 
za 

I n  the present paper we are not interested i n  h y d r o g e n - l i k e  

atoms, but i n  a determination o f  the excited s t a t e  v i r t u a l  ' o r b i t a l  f o r  

complex atoms. Therefore we have t o  include the Coulomb term l/rij ( i n  
G . eq.(4)) between the basis functions ( F z )  and t h e  c o r e  o r b i t a l  

Z fa 
The c o n t r i b u t i o n  of the Coulomb terms i s  given as a func- 

t i on  o f  the Slater  integrais. These are defined by 
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k k 
where F and G a r e  r e s p e c t i v e l y  t h e  d i r e c t  and t h e  exchange i n t e r a c t i s n  

between e l e c t r o n  p a i r s .  Wi th  t h e  S l a t e r  i n t e g r a l ã  b e t w e e n  t h e  b a s  i s  
G 

f u n c t i o n ã  ($) and t h e  c o r e  o r b i t a l s  ( g o )  we can p u t  e q .  ( 1  0 a )  i n  t h e  
i f o  

form 

and 
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f o r  two bases 

Equation ( 3 )  i s  an expression f o r  hydrogenl i ke atoms, bu t  (9) 

and (1 1) g i v e  t h e  new equation 

which i s  t he  equat ion f o r  the  v i r t u a l  o r b i t a l .  

The non l inear  parameter X i s  adjusted through a numerical op- 

t imiza t  ion method, known as nonl inear s implesl 5 .  This  method has been 

used t o  f i t  parametr ic  po ten t i a l s  i n  n o n - r e l a t i v i s t i c 1 6  and r e l a t  i v -  

i s t i c l '  cen t ra l  f i e l d  ca lcu la t jons ,  and t o  ob ta in  a n o n - r e l a t i v i s t i c  

v i r t u a l  o r b i t a l 1 8 .  We choose t o  use the Sim,plex m e t h o d  becauae t h e  

choice o f  i n i t i a l  va lue  i s  no t  essent ia l  i n  t h i s  case. 

Our co r re la ted  o r b i t a l  output  i s  no t  much d i f f e r e n t  from the 

one obtained w i t h  Desclaux's code, but  the  r a t i o  between l a rge  andsmall 

components i n  t h e  r + O  1 i m i  t obtained by us i s  no t  s a t i s f a c t o r y .  Due t o  

the energy, the  func t ions  t o  be optimized have low s e n s i b i l  i t y  on G(r)  

and ~ ( r )  near t h e  o r i g i n .  On the other hand, energy depends mainly on 

the l a r g e  component ~ ( r ) .  I f  we want a b e t t e r  r a t i o ,  we have t o  impose 

( )  q, C ( Y + ~  

whi ch  comes f rom the  s,eri es expans ions 

( r )  
= po rY (1  + plr  + . . .) 
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and 

3. RELATIVISTIC HYPERFINE STRUCTURE 

I t  i s  poss ib le  t o  ca leu la te  the r e l a t i v l s t i c  e f fecé  i n  hyper- 

f i n e  s t ruc tu re  i n  two ways: 

a) using the  completely r e l a t i v i s t  i c  operator 

b) using the  e f f e c t  i ve  operator 

The hami 1 ton ian f o r  the  completely r e l a t i v i s t i c  magnetic d i p o l e  
+ 

in te rac t i on  between the nuclear moment uN and the e lec t ron  i s  

where 
+ 

-+ a = j ; 0.) 
B are the PauPi matãices and 

+ 
( P )  = PN x 3 

-+ + 
FiN = lJN q-/I 

i n  rhe  fo l l ow ing  way 

where i s  the magnetic nuclear moment i n  nuclear magnetons, I i s  the  N 
nuclear spin, BN i s  t he  nuclear Born magneton, and e i s t h e  e lec t ron  

charge. The reduced m a t r i x  e lenent o f  { i s  
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The in t roduct  ion o f  the e f f ec t i ve  operator formal i sm by Sanders 

and ~ e c k "  i n  the ca lcu la t ion  o f  hyperf ine structure made poss ib le  (a t  

tha t  time), not on ly  r e l a t i v i s t i c  evaluations o f  n-electron spectra, bu t -  

a lso comparison between calculated and experimental values o f  ene rgy  

levels,  which are general ly i n  LS-coupling. 

The e f f ec t i ve  operator involving non- re la t i v i s t i c  s ta tes I > 

w i l l  have the sare mat r in  elements f o r  # i n  the r e l a t i v i s t i c  s t a t e  I ). 

where 

w (M are  double tensor operators o f  rank one def ined by the reduced 

matr ix  element20 
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In general thr conflguration mixing is negligible.The diagonal 

terms are 

We can write <T(l)> in the non relativistic form 

- 3 where the quantity > can be expanded in a linear combination of in- nK. 
tegrals 1: GF ~ - '  d r  19"'. 

In the csmpletely relativistic scheme we calculated the meg- 

i nctlc hypei-f ine structure constãnt A ( 3 P i )  for the isotope 1 3 5 ~ a  in Pive 

configurations sp + dp for j = 1 .  Let 
I 

where 

1 and 

The reduced matrix elements are given by eq. (1.51, anda.'s are 
2 

the configuration state amplitude functions calculated with Desclaux's 

code. The wave function is given by 
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I) - 0.8631 168, 6p i  1) + 0.4671 1 6sf 6p: 1) - 0.1127 / 6p, 5di 1) 
5 2 2 2 

F r o m e q s . ( 2 1 ) a n d ( 2 2 ) w e h a v e f o r A 3  t h e d i a g o n a l  c o n t c i b u t i o n  
P l '  

725.56 MHzand the non-diagonal contr ibut ion.-11.93 MHz, g i v i n g  t h e  

t o t a l  of 713.65 MHz. The e x p e r i m e n t a l  w l u e  by zu P u t l i t z 2 '  i s  A3 
p1 

=1090MHz,Therefore our r e s u l t  i s  66% o f  the  experimental value. I f  we 

use onl  y the sp conf igura t ions,  t he  wave funct ions i s  g iven by 

$ = 0.8344 16s 6p l  1) + 0.5510 16.~1 p3 1) 4 z 2 n 

a n d w e o b t a i n A 3  =679.19MHz,which i s 6 2 % o f  z u P u t l i t z ' s  value, 
( P i )  

showing tha t  o r b i t a l  d mix ing i s  not  enough. 

tn the pure ly  r e l a t i v i s t i c  case, the magnetic hype r f i ne  s t ruc -  

t u r e  operator does not  have severa1 terms, as i n  the n o n - r e l a t i v i s t i c  

case. To obta in  the sp in  p o l a r i z a t i o n  e f f e c t ,  we ca lcu la ted t h e  s p i n  

po la r i za t i on  Hartree-Fock (SPHF) i n  the non r e l a t i v i s t i c  6s 6pconf igur -  

a t ion ,  and we found t h a t  sp in- po la r i za t i on  increased the rnagnetic hiper- 

f i n e  s t ruc tu re  term a l o  (Fermi l s  contact)  by 23%. 

The j j  - LS coupl ing gives 

Therefore the  3~ leve1 i s  almost pure LS coupl ing, a1  l o w i  ng 

one t o  make the n o n - r e l a t i v i s t i c  ca l cu la t i on .  With the sp in-po lar iza t ion  

we have 

Af t e r  

which 

the a z a r e  evaluated, we have i fo r  A(3p) the value 880.53 NHz, 

shows that  sp in  p o l a r i z a t i o n  i s  very important. 
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ver i f y  that  f i v e  conf igurat ion resu l t s  are be t te r  than using two con- 

f igurat  ions (66% and 62% o f  the experimental val ues r e s ~ e c t  ive ly)  . On 

the other hand non- re la t i v i s t i c  HF i n  the 6s 6p 3~ con f  i g u r a t  i on gave 

81% of the  experimental value where 23% i s  due t o  the spin po lar izat ion 

(SPHF calculus) i n  the a'' term. 
65 

~ e s c l a u x ~ ~  has made the same ca lcu la t ions with spinpolar izat ion 

( r e l a t i v i s t i c )  and ve r i f i ed  that  it i s  o f  the same o r d e r  o f  t h e  non-  

- r e l a t i v i s t i c  calculations. This would improve our resul ts,  though not 

s i gn i f i can t l y .  A poss i b i l i t y  i s  t o  include, i n  addi t ion t o  t h e  s p i n  

po lar izat ion,  the o r b i t a l  po la r i za t ion  and the corre la t ion (b i - exc i - 
ta t ion ) .  But t h i s  would be very d i f f i c u l t  due t o  the large number ofcon- 

f i gu ra t ions  since r e l a t i v i s t i c  wave funct iòns have, f o r  the same nR,the 
1 

o r b i t a l s  n R I T  (R > 0 ) .  

Observing table 1  we v e r i f y  that  i n  the determination o f  t h e  

SHF e lect ron ic  constant i n  Ca we have general ly bet ter  MCDF values than 

DF values. We can alço not ice that  the mult iconf igurat ional n o n - r e l a -  

t i v i s t i c  MCHF and LSHF values f o r  the  Fermi term <r-3>" without sp in  

po la r i za t ion  have about the same values as given by MCDF. Considering 

spin po lar izat ion,  the non- re la t i v i s t i c  mul t i c o n f  i g u r a t  ional  calcu- 

l a t i ons  are close t o  the experimental values. 

In  the o r b i t a l  term <r-3>01 we v e r i f y  that  the three multicon- 
-2 o 2  

f i gu ra t iona l  methods give nearly the same values, and the <r > value 

obtained through MCDF i s  j u s t  a  l i t t l e  smaller than t h o s e  o b t a i n e d  

through MCHF and LSHF methods. We can a1 so ver i f y  that  i n  t h e  d i po l  e-  
-3>12 -spin term <r f o r  the non- re la t i v i s t i c  calculat ion, t h e  o r b i  t a l  

po la r i za t ion  cont r ibut ion i s  not as important as the spin po lar izat ion 

f o r  Fermi term. Therefore, without r e l a t i v i s t i c  corrections, the values 

obtained through MCHF and LSHF methods are j u s t  a  1 i t t l e  smal 1  e r  than 

those obta ined through MCDF. But,  a f  t e r  r e l a t  i v i s t  i c  corrections, we ob- 

tained through MCHF the same MCDF resu l t  and an LSHF resu l t  closer t o  

the experimental value. 

I 

6. CONCLUSION . 

By using a d iscrete basis set  t o  obta in  the . re la t iv i 's t ic  v i r -  

tual  o r b i t a l  i t  becornes possible t o  use r e l a t i v i s t i c  mul t i c o n f  i g u r -  
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Resumo 

Apresentamos um método para obter orbi tais virtuais relativís- 
ticos, construído a partir de um conjunto de bases discretas. Utiliza- 
mos estes orbitais em um cálculo multi-configuracional com cinco confi- 
gurações sp+dp para- j=l , na obtenção da constante hiperf ina eletrônica: 
(P-~)~', com pv = 10,0h,12 e 02, utilizando operadores efetivos para o 
nível 3 ~ 1  do cálcio e a constante 'hiperf ina A(~P~) do bário. 


