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Abstract The equations o f  motion o f  a sp inn ing nucleon i n te rae t i ng  w i t k  
a sca lar  massless f i e l d  are  der ived from energy-momentum c o n s e r v a t i o n  
and charge conscrvat ion fo l l ow ing  the  moment methsd o f  Papapetrou. 

1. INTRODUCTION 

The equation oF motion of a p a r t i e l e ,  whieh w i  1 1  be  c a l  l ed 

nucleon, i n t e r a c t i n g  w i t h  a sca lar  f i e l d  has been d e r i v e d  by H a r i s h -  

-ehandra1 using the  method t h a t  ~ i r a c ~  developed f o r  the  e l  e c t r o n ,  by 

c a l c u l a t i n g  the  f l u x  pf thc energy-mornentum tensor and o f  the angular 

rnornenturn tensor across a tube conta in ing  the  wor ld  l i n e  sf the p a r t i c l e .  

As I n  the  case o f  Dirac, s i m p l i c i t y  argurnents were use$ t o  j u s t i f y  t h s  

e o n t r i b u t i o n  sf the basis elements o f  the  tube. 1n t h l s  paper we w i l l  

de r i ve  the  equation o f  m o t i m  by the method of moments o f  the energy- 

-momentum tenssr.  The method of msrnents was iwtrsduced by  ~ o c k ~  and 

elaboraEed by ~ a p a ~ e t r o u l "  t o  descr i  be the  rnot i sn  oP a pa r t i e ll e w i th 

sp in  i n  a g r a v i t a t i o n a l  f í e l d .  This method was recen t l y  use$ t o  ob ta in  

the equat ions o f  m o t i o n s f  a non-abelian charged spín p a r t i c l e  i n  a 

Yang-Mil ls f i e l d 5 .  

Besides the f a c t  t h a t  the equations o f  motion can be obtained 

i n  a s t ra igh t fo rward  and slmple way, t he  methsd o f  moments al lows o n e t o  

o b t a i n  t he  expression o f  the energy-momentum tensor and o f t h e n u c l e o n i c  

cu r ren t  o f  t he  p a r t i c l e  and o f  t h e i r  moments. 

2. THE EQUATION OF MOTION 

The energy-momentum tensor o f  t he  sca la r  massless f i e l d  0 i s  

wel 1 -known6 
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where we use the  no ta t i on  P = &$/a% = aa@. 
\ 

C a l l i n g P = d g / d v t h e  r e s t d e n s i t y  of nucleonic c h a r g e ,  dg i 

being the  quan t i t y  o f  nucleonic charge i n  the  element o f  volume d7 i n  

the  charge r e s t  frame, the equat ion obeyed by the  0 f i e l d  i s  

Note t h a t  as i s  a Lorentz sca la r  t he  app rop r i a te  densi t y  i s  the  scalar, 

a c t u a l l y  i nva r i an t  scalar ,  i. The dens i t y  p o f  the  moving element w i t h  
-f 

v e l o c i t y  v i s ,  i n  the system o f  u n i t s  c=l 

where u0 i s  the t ime component o f  the f o u r - v e l o c i t y .  

Using eq. (2) we can ca l  c u l a t e  t h e  divergence o f  eq. (1) wi t h  the  

resul  t 

a, GB = - E ma . (4)  

Now we introduce the  nucleonic energy-momenturn tensor !LaB by 

requ i r i n g  energy-momentum conservat ion o f  the  p a r t i c l e  p l  us f i e l d  sys- 

tem, whi ch has t'he covar iant  express ion  

B From eq. (4) we see t h a t  !7@ s a t i s f  ies the f o l  lowing e q u a t  i o n :  

This equation i s  our s t a r t i n g  p o i n t  t o  ob ta in  t he  equations of 

mot ion o f  the p a r t i c l e  and o f  !@ i t s e l f .  The o n l y  t h ing  tha t  we demand 
B . . i s  t h a t  be symmetric as GB i s .  

We sha l l  consider our system as an extended body p c u p y  i ng a 

volume V, which w i l l  tend t o  zero  a t  the 'end o f  the ca lcu la t ions  t o  de- 
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s c r i b e  OUP po in t  p a r t i c l e .  FoBlowing Papapeérou we s tarè  by i n t e g r a t l o n  

eq. ( 6 )  over V to  obta i n  

By Gauss's theorem the three-divergence t e m  can be eonveréed 

i n t o  ai surfaee term, which i s  zero Jmst o u t s l d s  the  system, and we ob- 

t a i n  t he  resul  t 

Now, we chosse a referente p o i n t  xu i ns ide  the system, which 
01 

can be i t s  center o f  rnass as w i l  P be diseussed l a t e r .  Cai l ing 6 t he  
C1 C1 

d i s  tance o f  úe to  X we have 

úe" = xa a 6 2  . 

Phls choice i s  being inade a t  q u a l  times, ehat as, 

oxQ = 0. 

Next , we expand @'(:c) i ri eq. ( ) around 2' to obbain 

We sha l l  work f i r s t  t o  ze ro th  order  i n  6zU. To tha t  order eq. 

) becomes , a f t e r  us i ng eq. (3 )  , 

a 
where @ i s  now caleulated a t  p o i n t  f ,  

i s  t h e  momentum of  our system and 



Revista Brasileira de Física, Vol. 17, no 1, 1987 

its nucleonic charge. Of course this quantity is a constant as follows 

by integrating the equation of continuity for the nucleonic chargeover 

the volume V. We have 

By Gaussls theorem 

a To obtain more information on p we consider the divergence of 

xBph. Wi th eq. (6) we obtain . 

ah(xByah) = T@ + .%ma . (1 6) 

Integration over the volume of our system gives 

i xB P 0 d v  = / T" dV + i i xB @a dV . dt (17) 

Us ing eqs. (8) and (9) we obta in 

~ x B  ao d B ao B a -iT dV+,i6x T d V = i T a B d ~ + / i  ôx m dV. (18) dt 

B To zeroth order in 63: this equation becomes' 

where 

Putting a = O in eq.(19) we obtain with eq.(12) 

Substituting this equation into equation (11) we have 
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(31 C1 
Now we cont rac t  t h i s  equat ion w i t h  u . Noting tha t  uau = 1 ,  

uadua/ds = O and %aa@ = d@/dsís, we o b t a i  n 

From t h i s  we ob ta in  a constant  o f  motion 

which we ident  

we f i n a l y  obta 

2 - g@ = constant  = m 
u 0  

i f y  w i t h  the mass o f  our p a r t i c l e .  Retqrnlng t o  eq. ( 2 2 )  

i n  the expl i c i t  form o f  t he  p a r t i c l e  equation o f  mot ion 

This i s  the known equat ion f o r  a p a r t i c l e  i n te rac t i ng  w i t h  a 

sca la r  f i e l d ,  which can be der ived. f rom the lagrangian L = - (m + g@) x 

x ( u 0 ) - ' .  As i t  was rnentloned before, tlas moment method a l so  gives t h e  

form o f  the  energy-momentum tenssr o f  t he  p a r t i c l e .  Frsm eqs. (12), ( 1  

(21 ) and (24) we have 

B 1 a B P 2PL dkv = - (m + g@)u u 
u o  

This i s  the  integraéed form o f  t he  energy-momentum o f  our  par-  

t i c l e .  

From t h i s  we ob ta in  

where o i s  the r e s t  mass dens i t y  o f  the  p a r t i c l e  and p i t s  charge den- 

s i t y  

3. THE EQUATIONS OF MOTION FOR A SPINNING PARTICLE 

A f t e r  i l l u s t r a t i n g  the  procedure f o r  a spinless p o i n t  p a r t i c l e  

we tMrn t o  the  case sf a sp inn ing p a r t i c l e  w i t h  a nucleonic d i p o l e  mo- 
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ment. For t h í s  we s u b s t i t u t e  eq. (10) i n t o  eqs.(8) and (18) and we keep 

terms t o  f i r s t  o rder  i n  63". From the f i r s t  equat ion we ob ta in  . 

where 

i s  the  nucleonic d i p o l e  moment of our system. 

From eq. (18) we obtain,  a f t e r  m u l t i p l  i c a t i o n  by uO, 

Subt rac t ing  from t h i s  equation the one o b t a  i ned by i n t e r -  . 

changing a and 8 we ob ta in  the equation 

where 

i s  the  sp in  tensor o f  t he  p a r t i c l e .  

Eqs. (29) and (32) a re  the equations o f  mot ion o f  a nucleon 

w i t h  sp in  and d i p o l e  moment. They co inc ide w i t h  t h o s e  o b t a i n e d  by 

Harish-Chandra by the method o f  Dirac. These equations a re  approximate 

equations o f  motion f o r  an extended system and a re  exact  f o r  a p o i n t  

p a r t i c l e  w i t h  s p i n  and d ipo le  moment, def ined as the l i m i t  o f  the ex- 
B tended syçtem when the  volume o r  6xa tend t o  zero, wi  t h  p and !? going 

t o  i n f  i n i t y  i n  such a way tha t  the i n teg ra l s  (12) and (13) r e m a i n  f i -  

n i t e ,  j u s t  as one def ines the usual e l e c t r i c  charge mul t ipo les .  
a Considering t h a t  g and D are given we have four teen quant i t ies 

t o  be determined, t h a t  i s  pa, u" and saB. As eqk. (29) and (32) add t o  

on ly  ten. equations we s t i i l  need four  more equations t o  so lve  f o r  the 

unknown q u a n t i t i e s .  These ex t ra  subsidiary equations a r e  re la ted  t o  the  

choice o f  the  ,pa r t i cu la r  po in t  X f o r  the extended system. One p o s s i -  
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a 0 
b i l i t y  i s  t o  choose S = O i n  the  systernOs r e s t  frame. Frsrn eq. (331 
t h i s  cheice gives the f o l l o w i n g  expression for the referente p o i n t  

a 
As we see the  choice S" = 0 i s  equivalent  t o  t he  choice o f  X 

as the center o f  energy o f  t he  extended system. Dn an a r b i t r a r y  systern 

the choice sa0 = O i n  the 

This gives the fou r  a d d i t i '  

probl em. 

r e s t  system becomes 

onal equatisns tha t  we need . t o  spec i f y s u r  

As we s h a l l  see now, we can a lso  determine the energy-rnomentum 

tensos and the neicleonic c u r r e n t  and t h e i r  mrnents. Using eq.(33) wesee 

tha t  eq. ( 3 1 )  can be w r i t t e n  as  

I n teg ra t i on  o f  t h i s  equat ion over the system g ives  

a 
Using eqs. (91, (17) and (18) we ob ta in  t o  order  6x , 

Now we add t o  t h i s  equat ion the one r e s u l t  

change o f  a and A and sub t rac t  the  one comming from 

f3 and A .  The r e s u l t  i s  

ing  f rom the 7n te r -  

t he  interchange o f  
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d h d f  BX dXB 2 1 ~ x ~ l h " d V  = = S  + a t S  + F ~ ( 6 x " $ 0 +  6 x ' ~ ~ ) d ~ .  (40) 

Put t ing B = O i n  t h i s  equation and reca l l i ng  that  6s' = O  we 

obta in  

Using t h i s  equation i n  (36) we ob ta in  

This i s  the integrated form o f  the energy-momentum tensor o f  

the system. 

Using eqs. (41) i n  (40) we also ob ta in  the integrated f i r s t  mo- 

ment o f  the energy-momentum tensor 

Now we tu rn  to  the nucleonic current.  With eq. (14) we have the 

ident i  t y  

a , (xa~"  = . (44) 

In tegrat ion o f  t h i s  equation over the v01 ume o f  o u r  sys tem 

gives 

Using eqs. (9),and (13) we obta in  

Therefore 
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which is the integrated form of thâ current. Besides the canvectionterrn 

w e  also have a contribution from the dipole moment. 

4.. E0,UATIONS OF MQTION FOR CONSTANT SPIN ANO DIPOLE MOMENT 

Let us now see in what physical circurnstances we can s i r n p l i f y  

the equations of motim.  

First we note that as D O  = O  we have 

since this is walid in the particle rest frame. Also, as d~'/ds = O, we 

a 1 so have 

where the dot designateaá d/ds.  

) and (49) i e  follewç that 

From eq. ( 3 5 )  we have 

Contractíng eq+(32) w i t h  ug and using eqs. ( 4  ) and (51) we hawe 

the relation 

a We shall now try to obtain (zcap ) .  Contracting eq.(52) w i t h  Ua 
and using eq. (50) together wi th the antisymmetric character of S we 

aB" 
obtain 

Contraction o f  eq. (29) with u gives 
01 
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Adding these last two equations we obtain 

As we shall see now, the right-hand side of this equation is 

zero if we postulate that both the spin and the dipole moment of the 

particle have constant-magnitudes, that is 

3"' saB = constant (56) 

, D" D~ = constant . (57) 

~ontractin~ eq. (32) wi th S and using eqs. (35) and (56) we 
a 

have SaB DB ma = O and, therefore, as @ is arbi trary 

From this we have 

Now contract eq. (32) with D~%. Using eq. (59) and the antysim- 
B metric nature of 5@ together wi th eqs. (48), (49) and (57) we obtain 

the relation 

From here it follows that 

In this. way eq.(55) gives us the following constant of motion: 

B B u pB - g@ - D o B  = constant = m (62) 

which we identify with the mass of particle. 
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From t k i s  we obta in  

a  
U ~ P  ' = r n + g @ + ~ @ ~  

Subs t i t u t i ng  t h i s  result i n t o  eq.(52) we o b t a i n  

From eqs. (35) and (58) we see t h a t  sp in  tensor i s  perpendicular 

to  both the  Four-veloei ty and the d i p o l e  mrnent, t h a t  i s ,  we can w r i t e  

the r e l a t i o n  

s " ~  = I E 
aBXv 

* (65) 

Contract ing t h i s  equation w i t h  i t s e l f  and using eq.(48) we ob- 

t a i n  

A saBsaB =-2 1' D D A  

Th  i s s hows tha t  I i s  a constant and t h a t  the  magnitude o f  

the s p i n  and the d ipo le  moment a r e  re la ted  t o  each s ther .  

5 )  coincide W P  t k  t he  expoessisn given by NarlsR 
1 

-Chand r a  who uses eq. (65) t o  prove eq. (64) . 
Substi t u t i n g  eq. ( 6 5 )  i n t o  (64) we o b t a i n  

Using t h i s  r e s u l t  i n  eq. (29) we o b t a i n  

Subst i t u t e  now eqs. ( 6 5 )  

equal i t y  

.@EBAV~ U U R 
a v o  

and (67) i n t o  eq. (32). A f t e r  using the 

- uB u  h = E 
uBXv 

X V P  

wich can be v e r i f i e d  by cont rac t ion  o f  the  r ight- hand s ide  w i t h  E 
aBf O' 

we o b t a i n  
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Eqs. (68) and (69), which contain two a rb i  t r a r y  constantsmand 

I, are the equations o f  motíon of the nucleon w i t h  spin and dipole mo- 

ment constant i n  magnitude. 
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As equações de movimento de um nucleon com spin em interação 
com um campo escalar sem massa são obtidas a p a r t i r  da conservação da 
energia-momentum e da carga, pelo método dos momentos de Papapetrou. 


