
Revista Brasileira de Flsica, Vol. 16, n? 4 ,  1986 

A Comment on the Proof of Noether's Theorem is Smooth Manifolds 

QUINTINO A.G. DE SOUZA 

Instituto de Física, Universidade Estadual de Campinas, Caixa Postal 1170, Campinas, 13100, 
SP, Brasil 

and 

WALDYR A. RODRIGUES JR. 

Instituto de Matemática, Universidade Estadual de Campinas, Caixa Postal 6065, Campinas, 13100, 
SP, Brasil 

Recebido em 11 de março de 1986 

Abstract We g i v e  a p roo f  o f  Noether 's  theorem i n  a smooth manifold which 
does n o t  use t h e  hypo thes is  t h a t  t h e  one parameter fa rn i l y  o f  d i f feomor -  
phisms o f  M, ( h s ,  s 6  R ]  = C ,  which leaves the Lagrangian i n v a r i a n t ,  i s  
a  group. We a l s o  d iscuss  the  p h y s i c a l  meaning o f  the  r e s t r i c t i o n  t h a t  C 
i s  an one-paraneter group o f  d i f feomorphisms.  

1. INTRODUCTION 

L e t  M be a smooth* man i fo ld ,  TM the  tangent bundle o f  M, L : T h ?  

a smooth f u n c t i o n .  L e t  h : M+M be a di f feornorphism. We say t h a t  the 

p a i r  ( M , L )  i s  i n v a r i a n t  under h I f  

I n  eq. (1) h, i W + T M  i s  the  d e r i v a t i v e  rnapping o f  t h e  rnap h .  L e t  

I n v ( ~ )  be the  se t  o f  a11 dif feomorphisms o f  M s u c h  t h a t  f o r  e a c h  

h 6  l n v ( L )  e q . ( l )  ho lds  t r u e .  L e t  S c  l n v ( ~ ) .  We say t h a t  t h e p a i r  (MC) 

i s  i n v a r i a n t  under t h e  s e t  o f  d i f f e o m r p h i s m s  S i f  e q . ( l )  i s  v a l i d  f o r  

each element i n  S. Note t h a t  whereas lnv (L )  i s  a  group, the  s e t  S i s  

n o t  i n  genera l  a  group. I n  p a r t i c u l a r , l e t  C:R+ I n v ( L )  b e a  curve i n  the 

space o f  di f feomorphisrns, such t h a t  hs = C(sl) and h  = C ( s Z ) .  Th is  
1 8 2  

curve  w i l l  generate a one-parameter group o f  di f feomorphisrns uncler the 

o p e r a t i o n  o f  composi t ion i f f  

* I n  t h i s  paper smooth rneans d i f f e r e n t i a b l e  o f  c l a s s  2, w i t h  k such 
t h a t  the  statements made a r e  v a l i d .  
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( i )  hs i s  d i f f e r e n t i a b l e  

( i  i )  h,(x) = x Wx E M 

( i  i i )  hs V s , ,  s,  6 W 
s1+S2 

When ( i )  and ( i i )  a r e  s a t i s f i e d  b u t  ( i i i )  i s  not s a t i s f i e d  we 

ca l  l the  curve  C E { h  s  E R )  a one-parameter fami l y  of di f feomorphisms 
s '  

o f  M (OPFDM). 

The usual  p reser l ta t ion  o f  Noether 's  theoreml" admits t h a t  the 

cu rve  C c Inv(L)  generates a one-parameter group o f  d i f feomorphisms.  I n  

t h i s  paper we g i v e  i n  s e c t i o n  2 a p r o o f  o f  Noether 's  theorem where o n l y  

the  hypo thes is  t h a t  C i s  an OPFDM i s  used. I n  s e c t i o n  3 we d iscuss the 

phys ica l  meaning o f  t h e  group hypothesis ,  u s i n g  an example. We a r r i v e  

a t  the  conc lus ion  t h a t  the  more genera l  hypothesis  t h a t  C i s  a one-par- 

ameter group o f  d i f feomorphisms does n o t  g i v e  genuinely  new conserva t ion  

laws. 

2. NOETHER'S THEOREM 

Theorem: I f  the  system ( M , L ) .  i s  i n v a r i a n t  under a OPFDM, C = h s € R  
! s' 

then t h e  Lagrangian system o f  equat ions corresponding t o  L has a f i r s t  

i n t e g r a l .  

Proof: (A) F i r s t  assume M = R'". L e t  xi : R~ -+ R be t h e  canonica l  coor-  

d i n a t e  func t ions ,  and l e t  4 : R + by t * $ ( t )  be a curve.  Def ine the 
i d i - . i  

mapping q = {ri o @ = q  , g = q , i = I , .  , .  , n l  - { q , 41 .  W r  i t e  - - 
L  = L  0 q.  Suppose now t h a t  the cu rve  4 i s  a s o l u t i o n  o f  t h e  E u l e r -  

-Lagrange equat ions,  which we w r i t e  as 

where $,/aq' means (aE/axz) o 4 ,  e t c .  

As L i s  supposed t o  be i n v a r i a n t  u n d e r  h  E C t h e  c u r v e  
S 

hs o $ : R + f i s  a l s o  a s o l u t i o n  o f  the  Euler-Lagrange equat ions f o r  

a11 s  E R. D e f i n e  
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and i = L o g. We have, f o r  f i xed  s, 

Since h E C, we can w r i t e  
S 

Eq. (4) impl ies t ha t  

Us i ng now eq. (3 )  i n t o  eq. (5) we have 

then 

and we get  

Eq. (7) must be va l  i d  f o r  a l  l s E R. I n  the p a r t i c u l a r  case- 

s = O,  i .e . ,  when hs = I d  we obta in  

i 
where = x o hs o 4 ,  i = I ,..., n. 

6 

This concludesthe f i r s t  pa r t  o f  the proof .  We must now showthat 

the same r e s u l t  i s  obtained when M i s  an  a r b i t r a r y  smooth mani fo ld.  

(0 )  Let then A = {(Uj.$j)ijêJ ( J E  N) a maximal a t l a s  o f  M. I t  
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f o l l o w s  t h a t  the  s e t  TA =  TU^, ? ) I j W  i s  an a t l a s  f o r  TM, w h e r e  

- 1 
T U j  = n (u.) and 7'$ : TU -+ U t  x f i s  the  t a n g e n t  map o f  t h e  

3 ,  j i j 
: U j  + U ' . c  R", and n : T M  + M  i s  the  canonica l  p r o j e s t i o n .  

3 

We now d e f i n e  E : + R as t h e  r e p r e s e n t a t i o n  o f  L i n  the 

a t l a s  TA, i e . ,  ( q ,  = ~ ( q , + ) ~ j  E J ,  S i n c e L  i r  i n v a r i a n t  under t h e  

a c t i o n  o f  the  OPFOM {hs, s  6 R}, E w i l l  be i n v a r i a n t  under the a c t i c n  

of t h e  OPFDH { h s ,  s € R )  where h : L?+$ i s  t h e  r e p r e s e n t a t i o n  o f  hs 
S 

- 1 
i n  t h e  a t l a s  A ,  i .e.,  hs = qk 0 hs O qj  (see f i g . 1 ) .  Indeed, we must 

have 

where Ths : TM + T M  i s  the tangent  mapping o f  h í"hS(q,j) = ( h s  (q), 
S' 

hs*(q)  . 
Since by hypothesis  L(q,j) = L ( ~ k ~ ( q , $ )  i t  follows that 

However , 

and then 
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(6) 

F i g . 1  - Haps used i n  the proof o f  Noether's Theorem. 
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Now t h e  f a c t  t h a t  t h e  f u n c t i o n  : RZn -+ R i s  i n v a r i a n t  under the  OPFDH, 

{ E s ,  s E R ]  impl i e s  as a l r e a d y  shown t h a t  the  q u a n t i t i e s  

To complete t h e  proof  we must show t h a t  the  r e s u l  t o b  t a  i n e d  

does n o t  depend on t h e  a t l a s  used t o  paramet r i ze  the man i fo ld .  But t h i s  

p o i n t  i s  indeed t r i v i a l ,  s i n c e  we assumed A t o  be a  maximal a t l a s .  

3. THE PHVSICAL MEANING OF THE GROUP PROPERTY FOR THE WFDM, (h, s E Ri 

I t  may seem s t range  t o  the  reader t h a t  we d i d  n o t  use a t  any 

p o i n t  o f  the  p roo f  o f  Noe ther ' s  t h e o r e m  the f a c t  t h a t  t h e  OPFDM 

{ h s ,  s E R )  m u s t  b e  a  g r o u p .  As i s  now c l e a r  a i 1  we need i n  the 

p roo f  i s  t h a t  the  f a m i l y  o f  d i f feomorphisms can be parametr ized by the 

s e t  o f  r e a l  numbers. We then g e t  the f o l l o w i n g  quest ion.  

What mot i v a t e s  t h e  usual  assurnpt i o n  t h a t  { h  s E R) i s  an one- 
s '  

-parameter group o f  d i f feomorphisms? The answer, as w i l l  be made c l e a r  

by an elementary example, i s  t h a t  we do n o t  o b t a i n  r e s u l t s  w i t h  m o r e  

g e n e r a l i t y  by imposing L t o  be i n v a r i a n t  under a  OPFOM. To c o n v i n c e  

ourse lves  t h a t  t h i s  i s  indeed the  case consider  the  Lagrangian L:TR'+.F, 

by 

-i 

where m i s  a  r e a l  (and pos i  t i v e )  parameter and .L. = (z,~). AS i s  w e l l  

known, L represents the Lagrangian o f  a  f r e e  p a r t i c l e  i n  t w o  d  imen-  

s ions .  A  s e t  o f  n a t u r a l  conserva t ion  laws f o r  t h i s  system i s  t h e  o n e  

e s t a b l  i s h i n g  t h e  constancy o f  the  l i n e a r  momenta i n  the  d i  r e c t  i o n  o f  

the  c o o r d i n a t e  axes 
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aL px = 7 = ry = cons tan t  
ax 

= - =  ~ = constant  
p~ a i  

Eqs. (12) a r e  consequences o f  the  invar iance  o f  the Lagrangian 

under t r a n s l a t i o n s  a long t h e  x and y d i r e c t i o n s .  More f o r m a l l y ,  t h e f a c l :  

t h a t  L i s  i n v a r i a n t  under the  one-parameter group o f  di f feomorphisms 

i . e . ,  L (ha(x ,y ) ,  h;(x,9)) = ~(x,y),(i,;)) imp l ies  t h a t  t h e  q u a n t i  t y  

aL áh" . - - =  m i s  a constant  o f  mot ion.  Analogously, s i n c e  the Lagrangian 
a2 da 
i s  i n v a r i a n t  under the  one-parameter group o f  di f feomorphisms 

dhB 6 i r  conserved d u r i n g  the  m t i o n  o f  the  p a r t i c l e .  the  q u a n t i t y  -r - = 
a I  d~ 

Now, from Noether 's  theorem we can g e t  the r e s u l t  t h a t  t h e  

p r o j e c t i o n  o f  the  rnomentum v e c t o r  i s  cons tan t  a long an a r b i t r a r y  d i r e c -  

t i o n  i n  the  p lane .  Indeed, i t  i s  enough t o  observe t h a t  the  Lagrangian 

i s  i n v a r i a n t  under the  one-parameter g r o u p  o f  di f feomorphisms 

We then g e t  t h a t  the q u a n t i t y  ma + myb i s  conserved. Now, l e t  

us cons ider ,  o n l y  an OPFDM ins tead  o f  a group. Put 

where f and g a r e  a r b i t r a r y  C '  f u n c t i o n s .  I t  i s  t r i v i a l  t o  show t h i t  the 

Lagrangian, eq. (1 1) i s  i n v a r i a n t  under the  transíations def  ined by 

eq. (14) and Noether 's  theorem g ives  as conserved quan t i  t y  
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i . e . ,  t h e  p r o j e c t i o n  o f  the  l i n e a r  momentum i s  conserved i n  the  d i r e c -  

t i o n  o f  the  v e c t o r  (g, $$ . 
Now, f o r  each a = a, ( f i x e d )  the re  e x i  s t s  a o n e -  p a r a m e t e r  

group o f  d i f feomorphisms t h a t  reproduce the  above r e s u l t .  Indeed, i t  i s  

enough i n  eq. (13) t o  pu t  a = 9 and b = 691 
d a .  

da a,. I t f o l  !ows t h a t  we 

a 
do n o t  o b t a i n  r e a l  nove1 t i e s  a1 lowing f o r  the se t  { h  , a E R a more 

general s t r u c t u r e  as an OPFDM. 

We end t h i s  paper w i t h  two more comnents: 

(a) The admiss ion o f  a  more genera l  s t r u c t u r e  than t h a t  o f  an 

OPFDM i s  n o t  p o s s i b l e  i n  more genera l  p h y s i c a l  aDpl i c a t i o n s .  We mus t 

keep i n  mind t h a t  i n  the  mathematical implementat ion o f  a n y  t h e o r y ,  

phys ica l  q u a n t i t i e s  a r e  more conven ien t l y  descr ibed  b y  g e o m e t r i c a l  

o b j e c t s  d e f i n e d  on the  man i fo ld ,  which can be c h a r a c t e r i z e d  b y  t h e i  r  

t rans fo rmat ion  p r o p e r t i e s  i n  r e l a t i o n  t o  the  g r o u p  o f  d i f f e o n o r f i s m s  

o f  the  m a n i f o l d .  

(b) We must a l s o  observe t h a t  i n  t h i s  paper we work o n l y  wi t h  

one-parameter f a m i l i e s  and groups o f  d i f feomor f i sms.  The t reatment ,  can 

indeed, be genera l i zed  t o  t h e  case where we have an r- parameter  se t  o f  

d i f f e o m o r f  isms o f  t h e  rnani fo ld .  We should then s u b s t i  t u t e  an z r g l z r i r ?  

r -d imensional  L i e  group, w i t h  r g r e a t e r  than one, f o r  the s e t R  o f  r e a l  

nurnbers which parameter$ t h e  s e t  o f  d i f f e o r m o r f i s m s .  I n  t h i s  way, us ing  

the sane procedure as before,  we s h a l l  a r r i v e  ar a s e t  o f  conserva t ion  

laws which we s h a l l  conclude t o  be t h e  same as í o r ,  a t  the  w o r s t , a  l i n -  

ear combinat ion o f )  t h e  r conserva t ion  laws we should o b t a i n  by t a k i n g  

r one-dimensional L i e  groups which r e p r o d u c e  ( l o c a l  l y )  the r - d  i m e n-  

s i o n a l  one. 

We a r e  g r a t e f u l l  t o  CNPq f o r  research g ran ts .  
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Resumo 

Damos uma prova do teorema de Noether em uma var iedade l i s a  M, 
a qual não usa a h ipó tese  de que a f a m í l i a  a um parâmetro de difeomor- 
f.ismos de M, { h s ,  s € R )  = C, que de ixa  a Lagrangeana i n v a r i a n t e ,  se ja  um 
grupo. Também d iscu t imos  o s i g n i f i c a d o  f i s i c o  da r e s t r i ç ã o  de que C se- 
j a  um grupo de d i feomor f  ismos a um parâmetro. 


