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~brtnct I n  t h i s  paper we present an i n teg ra t i on  of the n u l  1 geodesic 
equations i n  the Schwarzschild geometry, which i s  v a l i d  t o  f i r s t  order 
i n  G H / R C ~ .  We compare our s o l u t i o n  w i t h  others published i n  the l i t e r a -  
t u re  and a n a l  y s e  t h e i r  range o f  v a l i d i t y .  We a l so  c l a r i f y  some misun- 
derstandings. 

I n  the Schwarzschild f i e l d  the m e t r i c  i s  

ds
2 

= ~ ( r )  dt2 - A ( P )  dr2 - r2de2 - r2 s in 2 8 d$2 

where 

The time-1 i ke and nu1 l geodesic equations can be w r i  t t e n '  as 

where u = \/r, d p  = B d t ,  and E and J are constants.Also f o r  8 = n/2 
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ds2 = E d F 2  ( 4 )  

and we see t h a t  bradyons a r e  c h a r a c t e r i z e d  by E > O  and photons by E=O; 

when E = O eq. (3.a) becomes 

- d2u + U = 3 rn2  

d'+ 
and eq. (3.b) has t h e  phys ica l  meaning t h a t  the general 

i s  v a l i d  a l s o  f o r  luxons. 

Observe t h a t  the  cons tan t  J can be c a l c u l a t e d  

p o i n t  o f  the  o r b i t .  Indeed, i f  Po f ( R O , I T / ~ )  i s  the  c r i  

t h e  o r b i t  we have f rom eq. (3.d) 

( 5 )  

i zed za?~ of areas 

from the c r i t i c a l  

t i c a l  p o i n t  o f  

For weak f i e l d s  we g e t ,  t o  f i r s t  o rder  i n  -/Ro, 

The i n v e r t i b i l i t y  of eq.(6)  i n  a  weak f i e l d  imp l ies  t h a t  the  

o r b i t  has o n l y  one c r i t i c a l  p o i n t  ( f o r  the  f u n c t i o n  r u d i o l  c c o r d i r ~ t e  

r e Z a t i u e  t h e  c e n t e r )  . Recal l i n g  t h a t  ~ ( r )  > O we get  frorn eq. ( 3  .d)  w i  t h  

E = O,  

which impl 

J~ < r 2 / ~ ( r )  ( 8 

i e s  t h a t  P ,  i s  a  p o i n t  o f  minimum. T h i s  r e s u l t  i s  inagreemen 

w i t h  our  i n t u i t i o n  t h a t  l i g h t  must f o l l o w  an o r b i t  t h a t  looks l i k e  a  

hyperbola i n  a  weak S c h w a r z s c h i l d f i e l d ,  s i m i l a r  t o  the  t r a j e c t o r y  o f  a  

p a r t i c l e  w i t h  speed g r e a t e r t h a n  the escape speed. A lso  our  i n t u i t i o n  

says t h a t  the  shape o f  the  o r b i t  must by symrnetric w i t h  respect  t o  the 

s t r a i g h t  1 i n e  through t h e  cen te r  o f  the  coord ina te  systern t o  F , .  Th is  

i s  indeed t r u e ,  as can be see f rom the  f o l l o w i n g  argument: eq. (5)  g ives  

us the o r b i  t o f  the  I i ixon,  r = r ( + )  = L(+)]-' once we g i v e  the i n i  t i a !  

c o n d i t i o n s  
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and bo th  the  i n i  t i a 1  c o n d i t i o n s  as w e l l  as eq. (5) a r e  i n v a r i a n t  by the 

s u b s t i t u t i o n  $ -+ -$. Then r ( $ )  = r ( - @ ) .  

The c l a s s i c a l  equa t ion  f o r  the  o r b i t  o f  a  l i g h t  r a y  i s  

Wi th  the  i n i t i a l  c o n d i t i o n s  g i v e n  by eq. (9)  we have the s o l -  

u t  i o n  

s i n  0 
Uo = - 

R 0 

We see t h a t  eq. (5) d i f f e r s  f rom eq. (10) by the f a c t o r  3mu2 and, 

s i n c e  u = l /R  < l /Ro ,  we can s o l v e  eq. (5) by i t e r a t i o n .  For the  f i r s t  

i t e r a t i o n ,  

d2u 

I g n o r i n g  terms o f  second and h i g h e r  o rders  i n  (mu) and us ing  

eq.(9) ,  we ge t  

A lso  ignor  

(1  3) 

E ~ . ( I ~ )  wa 

mu. 

ng terms o f  second o r d e r  i n  (mu) , we have f rom eq. 

r a n t s  t h a t  eq.(13) i s  c o r r e c t  t o  the f i r s t  o rder  i n  

We now analyse a  p o s s i b l e  misunderstanding which a p p e a r s  i n  

some text- books2.  There eqs. (3) a r e  w r i  t t e n  as 
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We f i r s t  observe tha t  the use o f  s as the parameter ineq. ( l5 .a)  

i s  irnproper s ince f o r  luxons i t  i s  ds2 = O .  Also eqs.(3) depend on two 

i n teg ra t  ion constants E and J whi l e  eqs. (15) depend onl  y on the constant 

h ,  and the on ly  way t9 make them compatible i s  t o  w r i t e  (using eq. (4) )  

For the case o f  luxons E = O and i t  i s  necessary t o  put  h = rn, 

which i s  indeed what R ind ler  d i d  when he ca lcu la ted the bending o f l i g h t  

by the sun. With h = a, eq.(lS.a) becomes 

and eg. (15.b) makes no sense. Also, i n  R ind le r8s  book2, f o r  example, 

instead o f  eq. (13) he found the so lu t  ion 

r s i n  $ 3m m u + - - -  COS 20 
2 ~ 2 ,  2 4  

A1 though eq. (18) g ives the same resul  t as eq. (13) f o r  the par- 

t i c u l a r  problem o f  the bending o f  l i g h t  i n  the sun's f i e l d ,  we observe 

tha t  

and R ind le r ' s  formula, contrary t o  eq. ( l í ) ,  leads t o  an e r r o r  o f  f i r s t  

order i n  ( m / ~  ) when we ca lcu la te  the c r i t i c a 1  po in t  o f  the o r b i t .  
O 

Wewould l i k e  t o  comnent a l so  i n  the so-cal led r a d a r  e c h o  

delay fomru2u1. Observe tha t  using E = O and dp2 = ~ d t ~  i n  eq. (3.d) we 

and using the value o f  J i n  eq.(7) we have 
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which gives, t o  f i r s t  order i n  m/R,, 

I n teg ra t i on  o f  eq. (22) i n  the (R,,r) i n te rva l  gives 

+ + [Pq,11/2 
t(r,R,) = Jr'-R:' + Zm log  

H R 0  
( 2 3 )  

Eq. (23), the radar-echo detay f o m l a  can be used t o  ca lcu la te  

the t ime fo r  a  luxon t o  t r a n s i t  from the c r i t i c a 1  po in t  o f  the o r b i t  t o  

the p o i n t  w i t h  coordinate r on the o r b i t .  Observe tha t  f o r  po in ts  near 

R, eq. (23) cannot be used. I ndeed (d t /d r )  -+ m when r + R,. 

This po in t  i s  important when we want t o  calculate,  f o r  example, 

the time o f  f l i g h t  o f  a  laser beam i n  a  Michelson-Morley interferometer, 

w i t h  one o f  the arms i n  the v e r t i c a l  d i rec t i on ,  i n  the g r a v i t a t i o r i a l  

f i e l d  o f  the ~ a r t h ~ .  

We end t h i s  paper w i t h  the observat ion tha t  an analogous e r r o r  

can happen i n  the case o f  the ca l cu la t i on  o f  phases. Indeed, i f  we d i v-  

ide eq . ( l )  w i t h  ds2 = O (and 0 = n/2) by (& I2  and use eq.(3.b) we get  

and t o  f i r s  t order i n  m/Ro we get  

I n teg ra t i on  o f  eq. (25) i n  the (R , r )  i n t e r v a l  gives 

$(r)  - $(R,,) = cos (26) 

This equation, l i ke  eq.(22), can on ly  be used f o r  v a l u e s  o f  



Revista Brasileira de Física, Vol. 16, no 4, 1986 

Eq.(25) d i f f e r s  from eq. (8.5.7) o f  Weinberg's b o o k l ,  where 

the re  i s  a sen-' term ins tead  o f  t h e  cos - I  term. Weinberg's i n t e g r a t i o n  

i s  o b v i o u s l y  wrong,although, f o r  the  s p e c i f i c  problem where he used eq. 

('8.5.7), the  f i 
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Resumo 

Neste t r a b a l h o  apresentamos uma in tegração das equações degeo- 
dés ica nu la  na geometr ia de Schwarzschi ld que é v á l i d a  em p r i m e i r a  o r -  
dem de GM/RC* .  Comparamos nossa solução com o u t r a s  publ i cadas na 1 i t e r a -  
t u r a  e analisamos o seu l i m i t e  de a p l i c a b i l i d a d e .  Também e s c l a r e c e m o s  
alguns mal-entendidos. 


