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M m c t  A nonl  i near  t r a n s p o r t  theory  f o r  many-body systems a r b i  t r a r i l y  
away f rom e q u i l i b r i u m ,  based on t h e  n o n e q u i l i b r i u m  s t a t l s t i c a l  opera to r  
(NSO) method, i s  presented.  Nonl inear  t r a n s p o r t  equat ions f o r  a  bas is  
se t  o f  dynamical q u a n t i t i e s  a r e  d e r i v e d  u s i n g  two equ iva len t  t reatments 
t h a t  rnay be considered f a r  reaching g e n e r a l i z a t i o n s  o f  t h e  H i l b e r t -  
-Chapman-Enskog method and M o r i ' s  general i zed  Langevin equat ions method. 
The f i r s t  case i s  considered i n  some d e t a i l  and the  genera l  charac te r -  
i s t i c s  o f  t h e  theory  a re  d iscussed.  

Transpor t  phenomena i n  mat te r  have been t r e a t e d  f o r a  long t ime 

w i t h i n  thef rameworkof  Boltzmann t r a n s p o r t t h e o r y w h i c h  c o n s t i t u t e s  o n e o f  

the  landmarks i n  the  f i e l d  o f  s t a t i s t i c a l  mechanics, where i t  p rov ides  

deep conceptual ideas and a method f o r  the  mathematical hand l ing  o f  the 

problem. I n  t h e  area o f  s o l i d  s t a t e  theory  i t  y i e l d e d  a vas t  number o f  

r e s u l t s ,  however r e q u i r i n g  t o  be used i n  c o n j u n c t i o n  w i t h  a quasi-pan- 

t i c l e  (elementary e x c i t a t i o n s )  p i c t u r e l .  As i t  i s  w e l l  known, i n  so l  i d  

s t a t e  systems, a f t e r  the Born-Oppenheimer approx imat ion i s  a p p l i e d  l a t -  

t i c e  v i b r a t i o n s  can be descr ibed  i n  terms o f  a  phonon gas p l u s  ariharmonic 

i n t e r a c t  ionsl, and the  conduct ion  and va lence bands e l e c t r o n s  are treated 

on t h e  b a s i s  o f  Landau's Fermi l i q u i d  theory 2.  I n  Landau's t h e o r y  t h e  

system o f  s t r o n g l y  i n t e r a c t i n g  e l e c t r o n s  i s  rep laced by a systern o f  ni:w 

and more complex e n t i t i e s ,  t h e  q u a s i - p a r t i c l e s ,  u s i n g  a t r a n s f o r m a t i o n  

wh i c h  connects b o t h  represen ta t  i o n s 3.  Landau's theory was extended by 

S i  l i n 4  t o  encompass Coulomb e f f e c t s  produced by e l e c t r o n  charge &nsi  t y  

v a r i a t i o n s ,  and l a t e r  on i t  vas genera l i zed  t o  deal  w i t h  magnetic sys- 

tems5 and w i t h  e x c i t a t i o n s  r a p i d l y  v a r y i n g  i n  space6. B O I  t z m a n n-  l i k e  

equat ions f o r  t h e  d iagonal  and nondiagonal elements o f  the  q u a s i - p a r -  

t i c l e  d e n s i t y  m a t r i x  a r e  ob ta ined  from these a p p r o a c h e s 4 ' 5 ' 7 ' 8 .  

The o r i g i n a l  Boltzmann t r a n s p o r t  equat ion i s  d e r i v e d  u s i  ng  

severa1 r e s t r i c t  ions on the  c h a r a c t e r i s t  i c s  o f  the  s c a t t e r i n g  processe
q

;, 
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d r i v i n g  f o r c e s ,  and r e l a x a t i o n  e f f e c t s ;  a l l  t h r e e  a r e  supposed tobeweak  

i n  o r d e r  t o  make i t  p o s s i b l e  t o  use l i n e a r  app rox ima t ions  and l o n g  l i f e  

- t i m e  q u a s i - p a r t  i c l e  s t a t e s .  Ex tens ions  o f  t h e  method requ i  r e  the  incor-  

p o r a t i o n  o f  t h e  p o s s i b i l i t y  t o  dea l  w i t h  dense systems, s t r o n g  s c a t -  

t e r i n g ,  h i g h  i n t e n s i t y  ex te rna1  f i e l d s ,  n o n- l o c a l  s c a t t e r i n g  processes,  

s t r o n g  r e l a x a t i o n  e f f e c t s ,  and quanta1 e f f e c t s  o f  d r i v i n g  f i e l d s .  These 

q u e s t i o n s  have been addressed by many a u t h o r s ,  and r e c e n t l y  a  l a r g e c o n -  

c e n t r a t i o n  o f  e f f o r t s  have been d i r e c t e d  towards the  a i m  o f  d e r i v i n g  

e f a b o r a t e  quantum t r a n s p o r t  t h e o r i e s .  An impor tan t  r e s u l t  was t h e  d e r i -  

;at ion o f  t h e  f l u c t u a t i o n - d i s s i p a t i o n  theorem9,  whi ch shows t h a t ,  f o r  

systems s l i g h t l y  d e v i a t e d  f r o m  thermodynamic equ i  i b r i u m ,  exac t  c l o s e d  

- f o r m  exp ress ions  f o r  t h e  response f u n c t i o n s  and t r a n s p o r t  c o e f f i c i e n t s  

can be o b t a i n e d  i n  t h e  fo rm o f  c o r r e l a t i o n  f u n c t i o n s  i n  e q u i l i h r i u n i .  

An a l t e r n a t i v e  d e r i v a t i o n  o f  t h e  f l u c t u a t i o n - d i s s i p a t i o n  t h e -  

orem can be o b t a i n e d  u s i n g  t h e  dougle-t ime thermodynamic Green f u n c t i o n  

a l g o r i t h m  dev i sed  by Bogol iubov and Tyabl i k o v ,  and d e s c r i  b e d  i n a n  

a l r e a d y  c l a s s i c  paper by ~ u b a r e v " .  T h i s  Green f u i c t i o n  a 1  g o r  i t h ~  i s  

v e r y  u s e f u l  t o  c a r r y  o u t  c a l c u l a t i o n s  o f  response f u n c t i o n s  and t r a n s -  

p o r t  c o e f f i c i e n t s .  'Jhe a c t u a l  c a l c u l a t i o n s  may be d i f f i c u l t  f o r t h e c a s e  

o f  i n t e r a c t i n g  many-body systems, b u t  t hey  a r e  f o r r n a l l y  c l o s e d  a t  t h i s  

l e v e l .  The method a l l o w s  one t o  o b t a i n  l i n e a r  and n o n l i n e a r  responses t o  

mechanical  p e r t u r b a t i o n s ,  b u t  í t  has i t s  own r e g i o n  o f  a p p l i c a b i l i t y  

expressed by t h e  cond i t  i o n  t h a t  t h e  thermal  p e r t u r b a t  ions a r i s  i n g  a long-  

s i d e  t h e  mechanica l  a c t i o n  can be n e g l e c t e d .  T h r e f o r e  a  c o m p l e t e l v  d i f -  

f e r e n t  s i t u a t i o n  appears  when one needs t o  dea l  w i t h  systems f a r  f rom 

e q u i l i b r i u m .  Systems s t r o n g l y  depar ted  f rom e q u i l i b r i u n  p r e s e n t  a  much 

h i g h e r  l e v e l  o f  c o m p l e x i t y  t han  systems t h a t  can be t r e a t e d  w i t h i n  t h e  

framework o f  t h e  f l u c t u a t i o n - d i s s i p a t i o n  approacb. T h i s  i s  so because 

o f  t h e  f a c t  t h a t  t r a n s p o r t  c o e f f i c i e n t s  become dependent on t h e  i n s t a n -  

taneous macroscop ic  s t a t e  o f  t h e  system, and n o n l i n e a r  t r a n s p o r t  e f f e c t s  

t a k e  p l a c e  d u r i n g  t h e  i r r e v e r s i b l e  e v o l u t i o n  o f  the system. 

N o n l i n e a r  t r a n s p o r t  phenomena i n  f a r  f rom e q u i l ~ b r i u m  sys tens  

i s  a  s u b j e c t  o f  impor tance i n  many a reas  bes ides  t h e  p h y s i c s  o f  con- 

densed m a t t e r ,  l i k e  phys i co- chemis t r y ,  b i o l o g y ,  e n g i n e e r i n g ,  and o t h e r s ,  

and consequen t l y  i s  r e c e i v i n g  nowadays a  g r e a t  dea l  o f  a t t e n t i o n .  The 
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o r i g i n  o f  n o n l i n e a r  t r a n s p o r t  theory  i s  connected w i t h  the  hand l ing  o f  

h igher  o r d e r  approx imat ions o f  the s o l u t i o n s  o f  Boltzmann equat ion v i a  

the  Hi l bert-Chapman-Enskog method' ' . At present  severa l  methods basecl on 

d i f f e r e n t  approaches a r e  used t o  d e r i v e  nonl inear  t r a n s p o r t  equat ions12. 

Some o f  them a r e  b u i l t  upon t h e  g e n e r a l i z a t i o n  o f  ideas o r i g i n a t e d  i n  

t h e  theory  o f  t h e  Brownian m t i o n 1 3 ,  and o t h e r s  on the  ex tens ion  o f  the 

Gibbs ensemble a l g o r i t h m  t o  n o n e q u i l i b r i u m  s i t u a t i o n s  complemented w i t h  
1 4 - 1 9  

p r o j e c t i o n  techniques . The t r a n s p o r t  equat ions ob ta ined  f o l l o w i n g  

the  l a t t e r  approach a r e  considered a  f a r - r e a c h i n g  g e n e r a l i z a t i o n  o f  t h e  
12b 

Hi lbert-Chapman-Enskog p o i n t  o f  view . 
We d iscuss  i n  the  present  a r t i c l e  the  d e r i v a t i o n  o f  n o n l i n e a r  

t r a n s p o r t  equat ions w i t h i n  the  framework o f  the  n o n e q u i l i b r i u m  s t a t i c t i -  
1 4 - 1 9  

ca l  o p e r a t o r  method, r e f e r r e d  t o  as NSO i n  what f o l l o w s  . The theor -  

e t i c a l  aspects  invo lved  i n  t h e  t reatment  o f  many-body systems s t r o n g l y  

depar ted from e q u i l i b r i u m  were d iscussed i n  a  p rev ious  a r t i c l e  pub l i shed  

i n  t h i s  j o u r n a l l g ,  f rom now on r e f e r r e d  t o  as I .  The a p p l i c a t i o n  o f  the  

method t o  t h e  s tudy o f  the  i r r e v e r s i b l e  thermdynamics and o p t i c a l  re -  

sponses o f  semiconductors probed by u l t r a f a s t  l a s e r  spectroscopy i s d o n e  

i n  re fe rence  2 0 .  I n  t h i s  a r t i c l e ,  a  sequence o f  I ,  we present.  i n  sec- 

t i o n  2 the d e t a i l s  o f  how t o  o b t a i n  the  se t  o f  n o n l  i n e a r  t r a n s p o r t  

equat ions which descr ibe  t h e  i r r e v e r s i b l e  processes t h a t  d e v e l o p  i n  

n o n e q u i l i b r i u m  many-body systems whose e v o l u t i o n  i s  descr ibed us ing  the 

NSO method. The charac te r  i s t  i c s  o f  these equat ions and a  p r a c t  i a 1  method 

o f  c a l c u l a t i o n  a r e  f u l l y  descr ibed.  The r e s u l t s  o f  s e c t i o n 2 a r e  a p p l i e d  

t o  t h e  s tudy o f  m o b i l i t y  and d i f f u s i o n  o f  c a r r i e r s  i n  a  h i g h l y  e x c i t e d  

plasma i n  p o l a r  semiconductors, t o  be presented i n  a  f u t u r e  a r t i c l e .  

2. NONLINEAR GENERALIZED TRANSPORT EOUATIONS 

At present  t h e r e  e x i s t  severa l  methods t o d e s c r i b e  macroscopic 

processes t h a t  occur  i n  systems wi t h  a  l a r g e  number o f  degrees o f  f ree-  
dom12>21 . One o f  them, t h e  NSO, i s  a  s t a t i s t i c a l  rnethod based ori the use 

o f  d i s t r i b u t i o n  f u n c t i o n s  der i ved  by t h e  ensemble method i n i  t i a t e d  by 

Gibbs f o r  systerns i n  e q u i l i b r i u m .  For n o n e q u i l i b r i u m  systems arensemble 

i s  b u i l t  as a  se t  o f  r e p l i c a s  o f  t h e  phys ica l  system d i s t r i b u t e d  w i t h  a  

g i v e n  a  p r i o r i  p r o b a b i l  i t y  over a l l  t h e  m ic roscop ic  s t a t e s  s a t  i s f y  i n g  
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the const ra in ts  and i n i t i a l  especi f  i ca t ions  . I n  t h i s  method the 

evo lu t ion  of the system i s  described by general ized t ransport  equations 

which are  the equations o f  motion f o r  dynamical var iab les  averaged over 

the nonequi l ibr ium ensemble. 

The problem o f  the determinat ion o f  the 

averages o f  dynamical quan t i t i es  over the nonequil 

tackled i n  e i t h e r  o f  two ways, (a) f o l l ow ing  the t 

Kubo, Hor i ,  Tomita and others i n  which an appropri 

t ime-dependence o f  

i b r  ium ensembl e can be 

reatment proposed by 

a te  i n i t i a l  d i s t r i -  

but ion  i s  def ined and one looks f o r  the dynamic equation o f t h e q u a n t i t y  

i t s e l f  ( t he  general ized Langevin equation method)", o r  (b) one looks 

f o r  so lu t ions  f o r  the time-dependence o f  the d i s t r i b u t i o n  funct ion (Green 

-Zwanzigls approach). The nonequil ib r ium s t a t i s t i c a l  o p e r a  t o r  me thod  

belongs t o  case  ( b )  and i t  seems t o  o f f e r  a f o r m a l  i sm i n  the 

theory o f  i r r e v e r s i b l e  processes adequate t o  deal w i t h  a la rge c lass  o f  

experimental s i t ua t i ons .  It provides a macroscopic desc r i p t i on  f o r  sys- 

tems away from thermal equ i l i b r i um whose evolut ion,  f o r  not too short  

time scales, i s  described by a s t a t i s t i c a l  operatar which includes non- 

- l i nea r ,  non- local and re ta rda t i on  (memory) e f f e c t s .  

2.A - The Nonequil ibrium S t a t i s t i c a l  Operator Hethod: Fundamentals 

The NSO method i s  based on Bogoliubov's asser t ion  t h a t  i f  

e x i s t s  a re laxa t i on  time f o r  microinformat ion,  ? a f t e r  which the 
LI ' 

system loses the memory o f  the de ta i l ed  i n i t i a l  d i s t r i b u t i o n  (Cf. I )  , f o r  

t > > t  a randomization (damping o f  microinformat ion) should occur, and 
IJ 

a reduced number o f  variatr les (e.g. a few reduced densi ty matrices o f  a 

many-body system) are  enough t o  descr ibe the s ta te  o f  the system i n  a 

macroscopic wayZ2. The i n i t i a l  d i s t r i b u t i o n ,  i .e.  the one that describes 

the evo lu t ion  o f  the system imnediately a f t e r  i t  has been s t rong ly  de- 

parted from equi l ibr ium, depends on the coordinates o f  a l i  the degrees 

o f  freedom o f  the system and i t s  subsequent cont rac t ion  i s  connected 

w i t h  the separation from the t o t a l  hami l tonian o f  strong in terac t ions  

w i t h  c e r t a i n  symnetries, which are  those re la ted  t o  the f a s t  re lax ing  

processes2 '. 
Hence, fo r  not  too short  times, i . e .  t  >> T c o r r e l a t  i o n s  v '  

w i t h  l i f e t imes  smaller than T" can be ignored and the s ta te  o f  the sys- 
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tem can be descr ibed by a reduced s e t  o f  macroscopic v a r  i ab l es ( o r  

macrovariables f o r  short )  , say Q l ( t ) ,  Qz(t ) ,  . . . , Q,(t), which are the 

average values o f  the dynamical quan t i t i es  P l ,  ..., Pn over the non- 

-equ i l ib r ium ensemble. Further one def ines the set  o f  in tens ive  v a r i -  

ables F, ( t )  , . . . ,F (t) thermodynamical l y conjugate t o  the macrovari - n 
ables Q, i n  a sense t o  be made more precise l a t e r  on (see a l so  I 1. The 

P. Is  may be chosen as dens i t i es  of dynamical quan t i t i es  and there fore  
3 -+ 

the extensive, Q . ( r , t ) ,  and intensive,  F . (s , t ) ,  s ta te  var iab les  become 
J J 

a func t i on  o f  pos i t i on  as we l l  as o f  time. 

I n  I we devised an approach f o r  the constructionofnonequi1ib- 

riurn s t a t i s t i c a l  operators which describe the i r r e v e r s i b l e  evo lu t ion  o f  

many-body systems from an i n i t i a l  macroscopic s t a t e  def ined by a coarse 

-grained s t a t i s t i c a l  operator p which i s  a func t iona l  o f  the basis 
cg' 

set  o f  quan t i t i es  P and parameters F The logar i thm o f  the coarse i- 
-grained s t a t i s t i c a l  operator, log  P i s  the p ro jec t i on  o f  the logar- 

cg' 
i thm o f  the complete NSO over the subspace def ined by the quan t i t i es 

P ' 9 .  Next, from the fami ly  o f  possib le NSO1s def ined by our method we 
j 

s ing le  out  the one due t o  Zubarevl' which i s  g iven by 

where E (>  0) goes t o  zero a f t e r  the t race operat ion i n  the ca l cu la t i on  

o f  averages has been performed ( c f .  I ) .  I n  equation (1) the f i r s t  term 

i n  the argument o f  p stands f o r  the time dependence o f  p a r a m e t e r s  
cg 

F . ( t ) ,  whereas the second denotes the evo lu t ion  o f  the q u a n t i t i e s  P 
3 j 

under the a c t i o n  o f  the Hamiltonian H. 

The coarse-grained s t a t i s t i c a l  d i s t r i b u t i o n  representing the 

e f f e c t  o f  idea l ized reservo i rs  f i x i n g  the i n i t i a l  cond i t ion  f o r  the sys- 

tem a f t e r  the randomization process has occurred i s  given, as shown i n  

1 ,  by n 

Here $ ( t ) ,  which ensures the normal izat ion o f  the coarse-grained s ta t -  

i s t i c a l  operator i s  a func t iona l  o f  the thermodynarnic var iab les  F j ( t ) ,  

and plays the r o l e  o f  a Massieu-Planck func t ion  i n  nonequi l ibr ium s t a t -  
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i s t i c a l  thermodynamics ( c f .  Appendix 1 i n  I ) .  

Equat ion ( I )  d e f i n e s  the  o p e r a t i o n  o f  s e l e c t i n g  the  subgroup 

o f  re ta rded  s o l u t i o n s  corresponding t o  the  i n i t i a l  va lue  p r o b l e r n  o f  

L i o u v i l l e ' s  equat ion.  T h i s  i s  guaranteed by the  presence o f  an i n f i n i -  

tes imal  source which breaks t h e  t ime- reversa l  symnetry o f  L i o u v i l l e ' s  

equat ion,  i . e .  

Hence, i r r e v e r s i b i l i t y  i s  assoc ia ted  w i t h  t h i s  syrnmetry b reak ing  a n d t h e  

average o f  a  phys ica l  q u a n t i t y  A over  t h e  ensernble de f ined  by d i s t r i -  

b u t i o n  (1) i s  a  quasi-average i n  Bogol i ubov 's  sense2' 

Invar iance  under t irne-reversal t rans fo rmat  ions i s  n o t  sa t i s f  i e d  f o r  

these quasi-averages because o f  the  removal o f  t h e  c o r  r e s p o n d  i ng de- 

generacy i n  L i o u v i l l e ' s  e q u a t i o n l g .  

Except f o r  the n o r m a l i z a t i o n  c o n d i t i o n ,  t h e  parameters F1 a r e  

s t i l l  undetermined. An add 

P i n  the  form 
cg 

-+ -+ 
&.(r$) = < ~ . ( r )  1 
3 3 

j = 1,2, ..., n, which leads 

J 
t i o n a l  c o n d i t i o n  i s  inposed on d i s t r i b u t i o n  

a g e n e r a l i z a t i o n  o f  t h e  concept o f  thermodynarnic parameters t o  the non- 

- e q u i l i b r i u m  s t a t e .  The n o n- e q u i l i b r i u m  t h e r m d y n m i c  parameters L; a r e  

s a i d  t o  be thermodynamical ly con juga te  t o  the  macrovar iab les & .  i n  the 
J 

sense e s t a b l i s h e d  by eq. ( 6 ) .  Th is  d e f i n i t i o n  o f  the  thermodynarnic par -  

ameters has been used, f o r  d i f f e r e n t  n o n- e q u i l i b r i u m  d i s t r i b u t i o n s ,  by 
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1 4 - 1 9 , 2 5  
severa1 au thors  . I t  should be noted t h a t  t h e r e  e x i s t s  t h e  ques- 

t i o n  connected w i t h  t h e  measurement o f  these parameters i n  the  non- 

e q u i l i b r i u m  s t a t e .  I f  one o f  t h e  q u a n t i t i e s  P i s  t h e  hami l ton ian ,  t h e  

conjugate parameter F p l a y s  t h e  r o l e  o f  an inverse  ternperature; i n  an 

e q u i l i b r i u m  measurement a p r o p e r l y  c a l i b r a t e d  thermometer w i l l  always 

y i e l d  t h e  c o r r e c t  va lue  o f  t h e  thermodynamic temperature. Th is  i s  no 

longer  t r u e  i n  a n o n e q u i l i b r i u m  s i t u a t i o n .  However, t h e r e  i s  no d i f f i -  

c u l t y  i n  p r i n c i p l e  s i n c e  one can measure t h e  q u a n t i t y  Q and then i n v e r t  
j 

eq. ( 6 )  t o  o b t a i n  t h e  con juga te  n o n e q u i l i b r i u m  thermodynamic parameter 

F A l t e r n a t i v e l y  one may d e v i s e  a way t o  determine the  va lues o f  t h e F  
i' i 

through i n d i r e c t  measurernents, f o r  example t h e  u l t r a f a s t  l a s e r  spec- 

t roscopy experiments descr ibed  i n  re fe rence  20. 

The NSO formal ism prov ides  a s ta t i s t i co - rnechan ica l  founda t ion  

f o r  n o n e q u i l i b r i u m  thermodynamics once a thermodynamic f u n c t i o n  of s t a t e  

i s  de f ined .  T h i s  i s  done i n t r o d u c i n g  a coarse-gra ined en t ropy  i n  theform 

i .e .  g e n e r a l i z i n g  t h e  s t a t i s t i c a l  e n t r o p y  f o r  e q u i l i b r i u m  b u t  i n  t h e  

a u x i l i a r y  f i e l d s  F . ( r , t )  and w i t h  i n s t a n t  averages as g iven  by eqs . (5 ) .  
3 

Using t h i s  d e f i n i t i o n  i t  can be proved t h a t  Zubarev's s t a t i s t i c a l  method 

i s  compat ib le  w i t h  Genera l ized ~ h e r m o d ~ n a m i c s ~ ~ .  Using eq. ( 7 )  we can 

w r i t e  t h e  rec ip roca1  o f  eq. ( 6 ) ,  

which d e f i n e s  the  i n t e n s i v e  s t a t e  v a r i a b l e s  F as t h e  d i f f e r e n t  i a 1  

c o e f f i c i e n t s  o f  t h e  coarse- gra ined entropy.  I n  o u r  f o l l o w i n g  analys iswe 

d rop  t h e  dependence o f  t h e  s t a t e  v a r i a b l e s  on p o s i t i o n .  

2.8 - The Genera l ized Transpor t  Equations 

Next we cons ider  the  t ime e v o l u t i o n  o f  the  nonequi l  i b r i u m  sys- 

tem, i .e .  we proceed t o  d e r i v e  the  equat ions o f  mot ion  f o r  t h e  n o n -  

e q u i l i b r i u m  thermodynamic v a r i a b l e s ,  o r  genera l i zed  t r a n s p o r t  equations. 

By t i m e - d i f f e r e n t i a t i o n  o f  bo th  s ides  o f  equa t ion  ( 5 )  we o b t a i n  
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Alternati .v<ely i t  i s  possib le t o  w r i t e  equations o f  evo lu t ion  

f o r  the in tens ive  s ta te  var iab les  F .  using the f a c t  tha t  
J 

where 

C ( t )  i s  the c o r r e l a t i o n  matr ix ,  

i , j  = 1,2, ...,n, and where 

1 

du e - u S ( t , O )  * euS( t ,  O )  

i s  a general ized Kubo-transform o f  operator A, and 

i s  the coarse-grained entropy operator  ( c f .  I ) .  
-+ 

Def i n  ing a n-d imens ional  space o f  vectors ~ ( t )  =(Q, , Q 2 , .  . .,Qn), 
+ 

and the space composed by the thermodynami cal  l y conjugate vectors ~ ( t )  E 

(F,,F ,,..., F ) ,  we can w r i t e  i n  compact form 
n 

and 
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i s a vector  o f  general ized forces <P/ t>. I t shou l d be noted tha t, whenever 

convenient, one can w r i t e  the equations o f  evo lu t ion  ( 1 2 )  i n  a mixed 

representat ion invo lv ing  pa r t  o f  var iab les  Q, and pa r t  o f  v a r  i a b l  es  F, 

say Q, , Q, , . . . ,Qs (s<n) and Fs+l , . . . ,F . n 
We recal  l ( c f .  I )  t ha t  Zubarevls NSO (2) can be rewr i  t t e n  i n  

the form 

where 

Operator p'  = p -p  , given by eq. (14), describes the re laxa t i on  pro- 
E =g 

cesses t h a t  d e v e l o p  i n  t h e  med ia ;  n o t e  t h a t  t h e r e  i s  no d i s -  

s i pa t i on  i n  the coarse-grained ensemble, &lt> = 0, and then & = ,S. 
c9 

Using eqs. (13) t o  (15) we can w r i t e  the general ized transport 

equations i n  the form 



Revista Brasileira de Física, Vol. 16, no 4, 1986 

where 

o 

i s  a  genera l i zed  c o r r e i a t i o n  f u n c t i o n  o f  q u a n t i t i e s  A and E .  P u t t i n g Y = l  

we o b t a i n  the genera l i zed  t r a n s p o r t  equat ions i n  t h e  so c a l l e d  quasi -  

- 1  i near  approx imat ion i n  t h e  NSO-theory o f  r e l a x a t  i o n  processes2'. Fur- 

the r ,  u s i n g  t h e  f a c t  t h a t  

a f t e r  d e r i v i n g  w i t h  respect  t o  F .  we o b t a i n  
3 

and t h e r e f o r e  t h e  f i r s t  term on the  r .h .s .  o f  eq. ( 

t> = 1 
Cg R 

2.C - The L inear  Regime Around E q u i l i b r i u m :  M o r i ' s  Equations 

Consider nex t  t h e  p a r t i c u l a r  case o f  a  system S I  i g h t  1 y d e -  

v i a t e d  from e q u i l i b r i u m .  L e t  &! and F! be t h e  va lues o f  the  s t a t e  v a r i -  
3 3 

ab les  i n  e q u i l i b r i u m ,  and we w r i t e  
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f o r  t h e  d e v i a t i o n s  o f  Q and F f rom t h e i r  e q u i l i b r i u m  values.  The coarse 

-g ra ined  s t a t i s t i c a l  opera to r  i s  f o r  t h i s  case 

where t h e  exponent i s  composed o f  the  c o n t r i b u t i o n  corresponding t o  the  

e q u i l i b r i u r n  canonica l  d i s t r i b u t i o n  and t h e  d e v i a t i o n  from e q u i l i b r i u r n .  

M o r i ' s  equat ions a r e  t h e  equat ions o f  e v o l u t i o n  f o r  t h e  d e v i a t i o n s  i r i t he  

l i n e a r  regime ( i . e .  i n  t h e  domain o f  Onsager's theory )  rneaning t h a t  eq. 

(10) i s  now 

where 

i s  t h e  s c a l a r  product  d e f i n e d  by M ~ r i ' ~ ' ~ ~  , wi t h  

P(iRBu) = e x p { f 3 u ~ } ~  exp{ -Bu~}  , 

and < . . . >  stands f o r  average va lue  over  t h e  e q u i l  i b r i u m  ( c a n o n i c a l )  

ensemble; as usual B = I /kT.  Fur ther ,  

the  second term on the  r i g h t  hand s i d e  o f  eq. (16) becomes 

and t h e  l a s t  term i n  eq. (16) i s  now 
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Replacing the  r i g h t  hand s i d e  o f  eqs. (16) by t h e  sum o f  t h e  

th ree  terrns g iven  by eqs. (18) ,  we o b t a i n  an i n t e g r a l  'equat ion f o r  & .(t). 
3 

Using t h e  i t e r a t i v e  method we r e p l a c e  t h e  t ime d e r i v a t i v e  o f  AQ i n  eq. 

( l 8 c )  by (18a); however, we n e g l e c t  (18b) s i n c e  i t  leads t o  a term o f  

t h i r d  o r d e r  i n  t h e  i n t e r a c t i o n  s t reng ths .  Thus, u s i n g  these r e s u l  ts', i n  

the  l i n e a r  regime near e q u i l i b r i u r n  eqs. (16) become M o r i ' s  equat ions 

where 

i s  i n  H o r i ' s  terrninology the  precess ion m a t r i x ,  and 

i s  t h e  rnernory f u n c t i o n  rna t r i x .  e i s  Heav is ide 's  s tep  f u n c t i o n .  

I n  a compact forrn, 

w i t h  

M o r i ' s  equat ions (21 a r e  t h e  average va lues  over  the equi  1 i b -  

ensemble o f  t h e  general i zed Langev i n  equat ionsl 3 ,  and, by analogy , 
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one may consider the general ized t ranspor t  equations (16) as the aver- 

ages over the nonequi l ibr ium ensembleof the g e n e r a l i z e d  Cangev in  

equations f o r  quanti t i e s  P Oef i n i  t i o n  (5) ensures the cancel l a t i o n  o f  
j- 

the rap id l y  vary ing forces, making the s t a t e  var iab les  Qj ( t )  secular, 

i . e .  o f  smooth t ime v a r i a t i o n  compared w i t h  t ime va r i a t i ons  on a micro- 

scopic scale. 

2 . 0  - NSO Generalized Transport Equat 

Techniques 

We show next how the genera 

i n  an a l t e r n a t i v e  form us be obtained 

scr ibed i n  

F 

P ( t )  o f  eq. 

where 

i r s t ,  we reca 

(30) i n  I 

ons f rom P r o j e c t  i o n  O p e r a t o r  

ized t ransport  equations (16) can 

ng the p ro jec t i on  techniques de- 

1 1  the d e f i n i t i o n  o f  the p ro jec t i on  o p e r a t o r  

This p ro jec t i on  operator, specia l ized f o r  the case o f  Zubarev's method, 

can be used t o  w r i t e  L i o u v i l l e ' s  equation w i t h  sources, eq. (2 ) ,  i n  the 

form o f  a L i o u v i l l e ' s  equation w i t h  a modi f ied L i o u v i l l i a n  

a - log  p,(t) + i A  l og  p,(t) = O a t  

where 

The t ime-reversal symnetry o f  L 

v e r s i b i l i t y  i s  thus introduced 

We now re tu rn  t o  eqs. 

mation (Y = 1 i n  eq. (15a)) are 

o u v i l l e ' s  equation i s  broken and i r r e -  

n the theory (c f .  eq. (5) i n  I ) .  

(16), which i n  t l ie quasi- l  inear approxi- 
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- 1 L dtt ~ ( t - t t ) e ~ ( ~ ' - ~ ) ( ~ . ; ~ ~ ( t < - t )  / t )  ~ p ~ ( t t )  

Rkm 3 

we have used eq. (10)  i n  t h e  inver ted  form 

and, consistent  w i t h  t h e  quasi-  

d ,, Q k ( t i )  = <Pk 

l i n e a r  approximation, we put 

Not ing t h a t  

we f ind 

Cn 

where 

The evo lu t ion  equations ( 3 1 )  a r e  a k i n  t o  those d e r i v e d  by 

Robertson when the  q u a s i - l i n e a r  approximation is  used.However, i t s h o u l d  
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regime and far- from-equi l ibr ium condi t ions.  Further, the generalized 

t ransport  equations (16) can be w r i t t e n  i n  a form tha t  contain on the 

r i g h t  hand side a ser ies  expansion i n  c01 1 i s i o n  operators, i n v o l v  i n g  

on ly  the ca l cu la t i on  o f  averages over the coarse-grained ensemble, as 

shown next, thus providing a qu i te  p rac t i ca l  way f o r  ca lcu la t ions.  

2.E - The Generalized Transport Equations i n  Terms o f  C o l l i s i o n  

Operators 

Let us assume that  the hamiltonian of the system can be w r i t -  

tem i n  the form 

where C Ha i s  the sum o f  the hamiltonians o f  the f ree  sub-systems o f t h e  
a 

whole system, Y i s  the i n te rac t i on  energy operator between them,andthe 

separation V = vSeC + V (  has the symnetry property 

where the a are  real  coe f f i c i en ts .  Then 
jm 

where 

but because of  eq. (34) and taking i n t o  account eq. (51, i t  f o l l o w  tl 

- wrote 
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be noted two d i f fe rences:  (a) the i n i t i a l  t ime i s  taken i n  the remote 

past instead of t , = O  o f  Rpbertsonls theory, and (b) we have introduced 

the weight funct ion W def ined i n  a r t i c l e  I ,  which i n  Zubarev's method 

i s  exp { e ( t 1 - t ) ) ,  which f i x e s  the i n i t i a l  cond i t ion  and provides i r r e -  

v e r s i b l e  behavior f o r  the macroscopic evo lu t ion  o f  the system. Ne,ar 

equ i l ib r ium,  when <...> i s  replaced by an average over the canonical 
cg 

ensemble, and the pro jec tor  P becomes time-independent we recover Mori's 

equations (21) jn the framework o f  the p ro jec t i on  operator formal ism13, 

but i n  the quas i- l inear  approximation. 

Further, because o f  eqs. (5) i t  resu l t s  t ha t  

where R i s  any l i n e a r  combination o f  quan t i t i es  P Thus, i n  eq.(16) we 
i' 

can r e w r i t e  the l a s t  term as 

The presence of the operator I - P  i n  the k i n e t i c  coef f  i c i e n t s  K .  . ( t , t l )  
$3 

pro jec t s  the P on the orthogonal space t o  the one def i ned by the basi s 

set o f  P 's,  i .e.  i n  Mor i ' s  language, K i s  a c o r r e l a t i o n  mat r ix  o f  the 

r a p i d l y  f l u c t u a t i n g  general ized forces.  Inspection o f  eq. (16) t e l l s  us 

tha t  t h i s  i s  achieved i n  the NSO method through the d i f fe rence between 

the c o r r e l a t i o n  ma t r i x  o f  the t o t a l  general ized forces minus the projec- 

t i o n  o f  the general ized forces over the space o f  var iab les  P ;  we w i l l  

r e tu rn  t o  t h i s  po in t  l a t e r  on. F i n a l l y  i t  should be mentioned tha t  be- 

yond the quas i- l inear  approximation the k i n e t i c  rnatr ix K contains time- 

ordered p ro jec t i on  operators i n  the exponential,  which renders themath- 

ematical handling f o r  actual  ca lcu la t ions  a qu i t e  d i f f i c u l t  t a s k Z 9 .  

These pa r t i a1  resu l t s  make i t  possib le t o  advance the conjecture tha t  

eqs. (161, der ived i n  the framework o f  the NSO method, represent a f a r -  

reaching genera l iza t ion  o f  Mor i ' s  approach extended t o  the nonlinear 
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regime and fa r- f rom- equ i l ib r ium condi t ions.  Further, the general ized 

t ransport  equations (16) can be w r i t t e n  i n  a form that  contain on the 

r i g h t  hand s ide a ser ies  expansion i n  c o l l  i s i o n  operators, i n v o l v i n g  

on ly  the ca l cu la t i on  o f  averages over the coarse-grained ensemble, as 

shown next, thus prov id ing  a qu i t e  p r a c t i c a l  way f o r  ca lcu la t ions .  

2.E - The General ized Transport Equations i n Terms o f  Col  1 i s i o n  

Opera t o r s  

Let us assume tha t  the hamilton 

tem i n  the form 

an o f  the system can be w r i t -  

+ V' E H .  + V' (33) 

where C Ha i s  the sum o f  the hamiltonians o f  the f ree  sub-systems o f t h e  
a 

whole system, V i s  the i n te rac t i on  energy operator between them,andthe 
sec separation V = V + V' has 

n 
k j 9 ~ d  = Z 

m= 1 

where the a are  rea l  coef f  
jm 

the symnetry property 

fia. P , j = l ,2 , . . . ,  n 
3m m 

i c i en ts .  Then 

where 

but  because o f  eq. (34) and tak ing  i n t o  account eq. (5 

1 {:.;r, (t) lt I = - { P . , H  + v Y  ;s,(ti lt} = t P ! ; c  
3 E ill 3 0 3 E 

where we wro'te 

) ,  i t  fo l lows that 

(t) l t l  
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1 a- ; .ncJ .a .  
Further. formal l y  solving eq. ( l5d) by the i t e ra t ive  process we obtain, 

But 

and then 
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Replac ing eq.(38) i n  ( 3 6 ) ,  and the  l a t t e r  i n  eq. (35) ,  we can 

see t h a t  t h e  q u a n t i t i e s  w i t h  inc reas ing  index R c o n t r i b u t e  w i t h  terms 

i n v o l v i n g  from one t o  R t imes t h e  i n t e r a c t i o n  energy opera to r  i r ' .  Thus 

they can be rearranged i n  a  s e r i e s  o f  c o l l i s i o n  opera to rs  o f  i nc reas ing  

powers i n  t h e  i n t e r a c t i o n  s t r e n g t h s .  Note t h a t  t h i s  i rnp l ies t o  i n c o r -  

p o r a t i n g  t h e  en t ropy  p r o d u c t i o n  o p e r a t o r ,  con ta ined  i n  5 ,  i n  ever i n -  

c reas ing  c o n t r i b u t i o n s  i n t o  c o r r e l a t i o n  f u n c t i o n s  . ca lcu la ted  over  the  

coarse-gra ined ensemble. For t h e  case aij = O we o b t a i n  

where 

and 

Keeping o n l y  the  terms w r i t t e n  i n  eq. (39) ,  i . e .  t a k i n g  Y = 1 

i n  t h e  c o r r e l a t i o n  f u n c t i o n s  de f  ined by eq. (17) ,  corresponds t o  t h e  so 

c a l l e d  q u a s i - l i n e a r  approx imat ion i n  t h e  NSO-theory o f  r e l a x a t i o n  pro-  
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cesses. Up t o  t h i s  second o r d e r  i n  t h e  i n t e r a c t i o n  s t reng ths  we canmake 

i n  eq. (39) t h e  approx imat ion 

and u s i n g  t h e  f a c t  t h a t  

we o b t a i n  

F u r t h e r m r e ,  r e c a l l  i n g  t h a t  CJ,HJ = O i t  f o l l o w s  t h a t  

1 ( P . ; p  ( t ' )  ( t )  " - - o < C P . , ~ g l t ' ~ ~  = m ( t )  , 
LI m iii 3 

and 

d d - 1  d - F (t+t I )  = - F m ( t )  = - 1 C,@) - ~ ~ ( t )  
d t '  dt k  dt 

1  
= - 1 c;(t) <[pk,vq 

k zh 

H e n c e ,  up t o  second o r d e r  i n  the i n t e r a c t i o n  s t reng ths  
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Replac i n g  eqs. (44) and (43) i n t o  eq. (39) we o b t a i n  the  non- 

l i n e a r  t r a n s p o r t  equat ions f o r  t h e  q u a n t i t i e s  P i n  the  q u a s i - l i n e a r a p -  rn 
prox imat ion  i n  t h e  NSO-theory f o r  r e l a x a t i o n  e f f e c t s :  these a r e  the  

equat ions g iven  i n  a r t i c l e  I . I n  the  q u a s i l i n e a r  approx imat ion P '  o f e q .  

(14) depends o n l y  on t h e  f i  r s t  power o f  t h e  coarse-gra ined en t ropy  pro-  

d u c t i o n  opera to r  5 ;  i t  w i l l  be shown i n  a f u t u r e  a r t i c l e  t h a t  i n  the  

q u a s i - I  inear  approx imat ion t h e  p r o d u c t i o n  o f  ent ropy ( o f  g e n e r a l  i z e d  

thermodynamics) can be w r i t t e n  i n  t h e  form o f  a s e l f - c o r r e i a t i o n  o f  the 

coarse- gra ined en t ropy  p roduc t ion  opera to r ,  d e f i n e d  i n t h e  coarse- gra ined 

ensemble, and t h a t  t h e  f l u c t u a t i o n s  o f  the  macrovar iab les 2 f o l l o w s  a 

Gaussian d i s t r i b u t i o n .  

3. CONCLUDING REMARKS 

The genera l i zed  t r a n s p o r t  equat ions 

f o r  t h e  thermodynamic parameters F, eqs. (12b) 

(12a), o r  the  equat ions 

, o r  those i n  a mixed rep-  
-+ 

resen ta t  ion, conta i n  non- loca l  (dependence on pos i t ion  r has n o t  been 

shown expl  i c i  t l  y i n  o u r  p rev ious  t reatment)  , and rnemory e f f e c t s ,  and, 

fundamenta l ly ,  they a r e  h i g h l y  non l inear  i n t e g r o d i f f e r e n t i a l  e q u a t i o n s .  

T h i s  i s  a q u i t e  impor tant  f a c t  s ince  one i s  then d e a l i n g  w i t h  autonomus 
i 

dynamical systems (non-autonomus i f  the  hami l t o n i a n  con ta ins  a t ime-  

-dependent p o t e n t i a l  energy) w i t h  feedback mechanisms. Such systems may 

present  s t a b l e  s o l u t i o n s  corresponding t o  sma11 p e r t u r b a t i o n s  increasing 

up t o  a s t a b l e  f i n a l  macroscopic f l u c t u a t i o n  i r r e s p e c t i v e  of t h e  i n i t i a l  

c o n d i  t i o n s ,  i n  a c c o r d  w i  t h  t h e  r e s u l  t s  o f  G e n e r a l  i z e d T h e r m -  
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dynamicsZ6. For a long  t ime uns tab le  t r a n s i t i o n s  l e a d i n g  t o  d i f f e r e n t  

k i n d s  o f  f low p a t t e r n s  i n  Hydrodynamics have been known, and w i d e l y  

s tud ied .  S i m i l a r  s i t u a t i o n s  appears i n  physico-chemical systems, 1 i k e  

chemical o r  b i o c h e m i c a l r e a c t i o n  networks, and c l e a r l y  t h e  most s t r i k i n g  

f e a t u r e  i s  t h e  h i g h  leve1 o f  comp lex i t y  and o r g a n i z a t i o n  i n  b i o l o g i c a l  

organisms. These steady s t a t e s  can occur  i n  open systems s ince  f o r  i so -  

l a t e d  systems t h e  second law o f  thermodynamics prec ludes ordered s t r u c -  

tu res  3 0 .  Fu r ther ,  some phys ica l  systems compr is ing  dev ices l i ke  lasers ,  

tunnel  diodes, Gunn o s c j l l a t o r s  e t c ,  can a l s o  be inc luded  as h a v i n g  

s i m i l a r  k i n d  o f  t r a n s i t i o n s  t o  ordered steady s t a t e s .  

The profound ana log ies  o f  genera l  b e h a v i o u r o f  these systems 

a r e  a p r i o r i  s u r p r i s i n g  a s  a r e  t h e  ana log ies  i n  b e h a v i o u r  w i t h  

p u r e l y  d i s s i p a t i v e  systems around t h e  s i t u a t i o n  o f  thermal and mechan- 

i c a l  e q u i l i b r i u m  and second o r d e r  phase t r a n s i t i o n s .  T h i s  d i v e r s i t y  o f  

s i t u a t i o n s  have been brought  under a comnon d e s c r i p t i o n  through Gener- 

a l  i zed  ~ h e r m o d ~ n a m i c s ~ ~ ' ~ ~ ,  which pu t  i n t o  evidence t h e  c o m n  features, 

and i n  f a c t  c o m n  o r i g i n ,  o f  these phenomena: t h e  fundamental p o i n t  i s  

t h a t  one dea ls  w i t h  n o n l i n e a r  dynamical systems where i n s t a b i l i t i e s  may 

a r i s e  i n  c o n d i t i o n s  o f  farifrom-thermal e q u i l i b r i u m .  Externa1 sources 

i n  these open systpns f o r c e  the  depar tu re  o f  t h e  elementary exc i  t a t i o n  

d i s t r i b u t i o n s  f rom t h e i r  e q u i l i b r i u m  values t o  new ones compat ib le  w i t h  

the  c o n s t r a i n t s .  A decrease o f  the  degree o f  o rder  rnay occur  because o f  

c o l l e c t i v e  e f f e c t s  arnong the  elementary e x c i t a t i o n s  a f  t e r  a  c e r t a  i n  

th resho ld  i n  the  i n t e n s i t y  o f  t h e  externa1 sources has been a t t a i n e d .  

Beyond t h e  i n s t a b i l i t y  an ordered p a t t e r n  s t a b i l i z e s ,  which has been 

termed d i s s i p a t i v e  ~ t r u c t u r e ~ O ' ~ l ,  and may be one o f  v a r i o u s  s p a t i o -  

- temporal s e l f - o r g a n i z a t i o n s .  

Two main ques t ions  connected w i t h  t h i s  s u b j e c t  a r e  (a) what 

i s  t h e m i c r o s c o p i c  o r i g i n o f  these t r a n s i t i o n s  and (b) how t o  deal  

t h e o r e t i c a l l y ,  o r  b e t t e r  t o  say, how t o  analyse t h e s e  t r a n s i t i o n s  

r i g o r o u s l  y .  For s y s t e k  governed by Hami l t o n i a n  dynamics the  NSO method 

p rov ides  a way t o  descr ibe  t h e  e v o l u t i o n  aod behaviour o f  f a r - f r o r i -  

- e q u i l i b r i u m  systems through a p p r o p r i a t e  genera l i zed  t ranspor tequat ions.  

T h e i r  s o l u t i o n s  a r e  u n i q u e l y  determined f o r  g iven  c o n d i t i o n s ;  however, 

be ing n o n l i n e a r  equat ions a branching p o i n t  o f  s o l u t i o n s  i s  apt  t o  ap- 
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pear, w i t h  branches corresponding t o  d i f f e r e n t  sel f-organized d i ss ipa t -  

i ve  s t ruc tures  whose s t a b i l i t y  need be anal ized.  For physico- chemical 

dynamical systems t h i s  i s  given by the  Glansdorff-Prigogine s t a b i l  i t y  

c r i  t e r  ionZb3O.  I n  f u t u r e  a r t i c l e s  we w i l l  r e t u r n  t o  these questions: 

i t  w i l l  be shown how the NSO method could provide s t a t i s t i c a l  foun- 

dat ions f o r  general ized thermodynamics, and i t s  used f o r  the study o f  

s t a b i l i t y  and f l uc tua t i ons  i n  fa r- f rom- equ i l ib r ium systems. 

Concerning the set o f  s ta te  var iab les  Q and conjugate t h e r m -  

dynamic parameters F we have already mentioned tha t  they,must be suf-  

f i c i e n t  f o r  the desc r i p t i on  o f  the macroscopic s ta te  o f  the system on 

the t ime scale of i n te res t .  As noted i n  I, one o f  the basic questions 

associated w i t h  the forrnalism resides i n  the ' j u s t i f i c a t i o n '  o f  a de- 

f i n i t e  choice o f  macrovariables. One can d i s t i ngu i sh  two aspects o f  the 

question, i .e.  when one set  o f  operators P i s  replaced by another P', 

(a) what changes are  there i n  the desc r i p t i on  o f  the evo lu t ion  o f  the 

macrovariables, and (b) what are the changes i n  the thermodynamic func- 

t i ons  as entropy product ion and the l i k e .  I t  can be seen tha t  e i t h e r t h e  

Iack o r  the excess o f  quan t i t i es  P i s  corrected by cthe f a c t  that  the 

evo lu t ion  equations f o r  the macrovariables contain a r  c o e f f i c i e n t s  t ime 

-dependent c o r r e l a t i o n  funct ions,  which s a t i s f y  h ie rarch ies  ofequat ions 

t o  be solved simultaneously w i t h  the general ized t ransport  e q u a t  ions .  

Addi t ional  equations f o r  the c o r r e l a t i o n  funct ions w i l l  be necessary t o  

cor rec t  the d e f i c i t  i n  the o r i g i n a l  set o f  rnacrovariables, o r  a number 

o f  equations w i l l  become equivalent  i f  there are s u p e r f l u o u s  quan- 

t i t i e s  P 3 2 .  Let us observe tha t  i f  the number o f  quan t i t i es  P i s  v a r i e 4  

the separation o f  the pa r t  vSeC, o f  the po ten t i a l  V, tha t  mixes them as 

i n  eq. (ZI), a lso  var ies.  Suppose t t iat  TeC i s  the pa r t  o f  V tha t  now 

produces H. such tha t  the new set {P'} sat i s f  ies t ha t  

and 
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Then 

the number of dynamical equations diminishes but the number Oof corre-  

l a t i o n  func t ions  i s  increased through the term k ' ,~'] .  
F i n a l l y  i t  should be noted tha t  i n  eq. (16) we can w r i t e  the 

l a s t  term as 

m 

= I dt '  e( - t ' )eEt '  { k . ; â ( t+ t ' , t ' )  I t l  , 
-m 3 

where 

which shows tha t  the c o l l i s i o n  operator i n  eq. (16) tgkes the form o f a  

general ized co r re la t i on ,  i n  the sense o f  eq. (17) ,' between the gener- 

a l  ized fo rce  k and the entropy-production operator 6,  w i t h  S ( t ,  O )  de- 

f i ned  i n  e q . ( l l ) .  I t  cont r ibu tes  w i t h  two terms, one invo lv ing  thecor -  

r e l a t i o n  o f  p a i r  o f  general ized forces,  and another i nvo l v ing the  v a r i -  

a t i o n  o f  the thermodynamic parameters, dF /d t8 ,  which s u b s t r a c t s  t h e  

c o r r e l a t i o n  o f  s e c u l a r  f o r c e s ,  i . e .  t h e  p a r t  o f  t h e  t o t a l  

general ized forces pro jec ted over the mani fo ld defined by t h e  quan- 

t i t i e s  P Thus, i n  Mor i ' s  terminology, the memory func t ion  i s  a gen- 
i' 

era1 ized c o r r e l a t i o n  o f  the rap id l y  vary ing forces. T h i  s i s a1 so  

evident  i n  eqs. (32), and i n  the quasi- l i n e a r  approximation a more' ex- 

p l  i c i t  form f o r  both terms i s  g iven by eqs. (41) and (44) .  Sometimes 

formulae f o r  the memory func t ion  found i n  the l i t e r a t u r e  corresponding 

t o  ca lcu la t ions  i n  the Markovian l i m i t  neglect  the time de r i va t i ve  o f  

F ( t + t  I ) ,  and may lead t o  incor rec t  resul  ts3'.  
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l n  conclus ion,  we may say t h a t  t h e  NSO rnethod, d e r i v a b l e  from 

a unique v a r i a t i o n a l  principie as shown i n  I ,  a l l o w s  the  c o n s t r u c t i o n  

o f  a n o n l i n e a r  t r a n s p o r t  theory  which cou ld  be cons ider  an ample gen- 

e r a l i z a t i o n  o f  M o r i ' s  approach. Fur ther ,  t h e  theory  p r o v i d e s a  p r a c t i c a l  

form o f  ca lcu1a t ion ,wh ich  r e q u i r e s  t h e  o b t e n t i o n o f c o r r e l a t i o n  func t ions  

i n  the  coarse- gra ined ensemble, a v o i d i n g  the cumbersome task  o f  dea l -  

i ng  w i t h  p r o j e c t i o n  opera to rs  which, f o r  the  genera l  case o f  systems 

a r b i t r a r i l y  away from e q u i l i b r i u m ,  a r e  dependent on t ime.  We i l l u s t r a t e  

the  use o f  t h e  method by a p p l y i n g  i t  t o  t h e  s tudy o f  u l t r a f a s t  t r a n s i e n t  

t r a n s p o r t  i n  h i g h l y  e x c i t e d  semiconductors, which w i l l  be presented i n  

a f u t u r e  a r t i c l e .  
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Resumo 

Baseada no metodo do operador e s t a t í s t i c o  de não-equi 1 Í b r  i o  
( R e v . ~ r a s i l . F i s .  15, 106 (1985)) é desenvolv ida uma t e o r i a  n ã o - 1  i n e a r  
de t r a n s p o r t e  para sistemas de mu i tos  corpos a r b i t r a r i a m e n t e  afastados 
do e q u i l í b r i o .  E der i vado  o con jun to  de equações de t r a n s p o r t e  não l i -  
neares para as v a r i á v e i s  bás icas à descr i ção  do estado macroscõpico do 
sistema. Dois t ra tamentos a l t e r n a t i v o s  S ~ G  d e s c r i t o s  os quais  pode7 ser 
considerados como genera l izações do método de Chapman-Enskog e do méto- 
do de Mor i .  O p r i m e i r o  caso é considerado com c e r t o  de ta lhe ,  e as ca- 
r a c t e r í s t i c a s  da t e o r i a  são d i s c u t i d a s .  


