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Abstract An exact  express ion i s  ob ta ined  f o r  t h e  dynamic t ransversesus-  
c e p t i b i l i t y  X a ( w , i , j )  o f  t h e  one-dimensional i s o t r o p i c  XY-model b o t h o n  
an open and on  a c losed  c h a i n  w i t h  a r b i t r a r y  number o f  s i  t e s  a t zero 
temperature, when the  t ransverse  f i e l d  i s  g r e a t e r  than t h e  a b s o l  u t e  
va lue  o f  the  exchange constant .  The dynamic t ransverse  wave -vector-de-  
pendent s u s c e p t i b i l i t y  f o r  t h e  c losed  i n f i n i t e  c h a i n  i s  a l s o  determined, 
and i t  i s  shown t h a t  i n  a l l  cases the i s o t h e r m a l  s u s c e p t i b i  l i t y  i s  
i d e n t i c a l  t o  the  s t a t i c  s u s c e p t i b i l i t y .  

The one-dimensional XY-model i n  a t ransverse  f i e l d  ( s  = 1 / 2 ) i s  

among t h e  few n o n - t r i v i a l  many-body p r o b l e m s  w h i c h  c a n  b e  s o l  v e d  

exac t l y l .  AI though a g r e a t  deal o f  work has been done t h e r e  a r e  s t i  l l 

some unknown r e s u l t s  r e l a t e d  t o  the t ransverse  c o r r e l a t i o n s .  A complete 

l i s t  o f  re ferences on the  r e s u l t s  ob ta ined  i n  the  model can be found i n  

the  works by p e r k 2  and Tay lo r  and MÜI l e r 3 .  The most recen t  r e s u l t s  have 

been ob ta ined  by Mul l e r  and shrock4 and a r e  r e l a t e d  t o  the  a n i s o t r o p i c  

XY-model. I n  t h a t  work, by e x p l o r i n g  the  s imple form p r e s e n t e d  by t h e  

ground- state o f  the  system f o r  a  p a r t i c u l a r  s e t  o f  va lues o f  the  tran5,- 

verse f i e l d ,  they have been a b l e  t o  c a l c u l a t e  the  s  t a  t i c t r a n s v e r s e  

s u s c e p t i b i  1 i t i e s  X m ( q )  and X Y Y ( q )  g t  ze ro  temperature. 

I n  t h i s  no te  we a r e  go ing  t o  cons ider  the  i s o t r o p i c  XY-model  

i n  a t ransverse  f i e l d ,  whose Hami l ton ian ,  f o r  a n  o p e n  c h a  i n  w i t h  N 

s i t e s ,  i s  g i ven  by 

For f i e l d s  s a t i s f y l n g  the c o n d i t i o n  h > JJJ, the  ground s t a t e  c o n s i s t s  

o f  a11 sp ins  p o i n t i n g  i n  the f i e l d  d i r e c t i o n ,  and i t  decomposes i n t o  a 

- - -- 

Present Address: Departamento de F í s i c a  da UFCe, Campus do P i c i ,  Caixa 
Posta l  3004, For ta leza ,  60000, Ceará, Bras i 1 

I 



Revista Brasileira de Física, Vol. 16, nf? 4, 1986 

d i r e c t  p roduc t  o f  s i n g l e - s i t e  s p i n  s t a t e s  which i s  shown i n  eq.(20) o f  

re fe rence  5. Th is  a l s o  happens i n  the  cases analysed b y  M Ü ~  l e r  and 

shrock4,  and c o n s t i  t u t e s  t h e  main reason why i t i s  p o s s i b l e  t o  eva lua te  

the  t ransverse  c o r r e l a t i o n s  i n  c losed  form. A I  t h o u g h  w e  h a v e  â l s o  

p o i n t e d  o u t  t h i s  f a c t  i n  our  paper5,  we d i d  n o t  u s e  i t e x p l  i c i  t l  y 

when e v a l u a t i n g  the  t r a n r v e r s e  time-dependent c o r r e l a t  i o n  < $ ( t ) 8 c ( 0 )  > 

a t  ze ro  temperature, which i s  g iven  by 

j+ L i E k t  
1 s i n  k .  s i n  k p  e 

3 t 

N + l  k 

where 

n7r E = J c o s  k - h w i  t h  k = - n = 1,2 ,... , N , 
k N+ 1 ( 3 )  

prov ided the c o n d i t i o n  h > ~ J I  i s  s a t i s f i e d .  I n  passing, we would i i k e  

t o  no te  t h a t  i n  the i s o t r o p i c  case the c o r r e l a t i o n  <$(t)$(O)> i s  q u a l  

t o  <$(t)$(0) >, and a i s o  t h a t  the  phase f a c t o r  I a m iss ing  i n  

our  o r i g i n a l  r e s u l t .  The F o u r i e r  t rans fo rm o f  < ~ i ( t ) C ( 0 )  >, def  ined as 

i s  then ob ta ined  f rom eq. (2)  and g i v e n  by 

The dynamic s u s c e p t i b i  1 i t y  X 3 C " C ( ~ ,  j , ~ )  and the isothermal  s u s c e p t i b i  l i t y  

X3C"C(~, j ,R)  can be dete-cmined through the  r e l a t i o n s 6 "  

xx xT ( j ,  !L.) = l i m  i $ $(O) > d )  I , 
B- 

where 0 as usual i s  I / k  T, and by us ing  eqs. ( 2 )  and (5) we o b t a i n  B 
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x"c3c(w,j ,a) =.- 
2(-1)'+' 1 s i n  i ~ '  s i n  k  

N +  1 k w +  J c o s k -  h 

x T ( j , e )  = - 2(-1)''' 1 s i n  k j  s i n  k  

N + l  k J c o s k -  h 

From t h e  above r e s u l t  we can conclude imned ia te ly  t h a t  the  isothernial  

s u s c e p t i b i l i t y  and the  s t a t i c  s u s c e p t i b i l i t y  a r e  i d e n t i c a l .  

The dynamic s u s c e p t i b i l i t y  f o r  the c losed  cha in  i s  o b t a i n e d  

f rom eq. (7)  by cons ider ing  j u s t  the  term t h a t  depends on j-i, and i t 

i s  ob ta ined  by t a k i n g  the  l i m i t  j- keeping j - R  constant .  Th is  g i v e s  

imned ia te ly  the r e s u l t  

a ( - , ) j - g  x (u , j -1)  = - - 1 c o s k ( j - L )  , 
N +  1 k U +  J c o s k  - h  

and from the  p rev ious  equat ions we can o b t a i n  the wave-vector-dependent 
xx 

suscept i b i 1 i t y  x (o,q), def  i ned as 

which i s  g iven  by 

where i n  i t s  c a l c u l a t i o n  we have e x p l i c i t l y  considered N l a r g e  i n  eq. 

(9). 
The s t a t i c  s u s c e p t i b i l i t y  ob ta ined  f rom eq. (10) i s ,  i n  the  

1 imi t J = h ,  g i v e n  by 

which reproduces the  r e s u l  t r e c e n t l y  ob ta ined  by MÜI l e r  and shrock4 i n  

the  zero a n i s o t r o p y  l i m i t ,  a p a r t  f rom a f a c t o r  o f  1/4 which i s  m iss ing  

i n  t h e i r  r e s u l t a .  
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Resumo 

Uma expressão exata é o b t i d a  para a suscept i  b i  1 idade dinâmica 
t ransversa  eX(w,i, j) do modelo X Y  i s o t r ó p i c o  uni -dimensional em m a  ca- 
de ia  a b e r t a  e em uma cadeia fechada com número a r b i t r á r i o  de s í t i o s ,  a  
temperatura zero, quando o campo t ransverso  e maior do que o v a l o r  abso- 
l u t o  da cons tan te  de t r o c a .  A s u s c e p t i b i l i d a d e  dinâmica t ransversa  de- 
pendente do v e t o r  de onda para uma cadeia i n f i n i t a  fechada é também de- 
terminada, e  é mostrado que em todos os casos a s u s c e p t i b i l i d a d e  i s o t é r -  
mica 6 i d ê n t i c a  a s u s c e p t i b i l i d a d e  e s t á t i c a .  


