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N 
Abstract The non-compact CP model i s  fo rmu la ted  as the M=l case o f  the 
genera l i zed  non-compact Grassmannian sigma models on the coset  space 
SU(M,N)/[SU(M)~SU(N)~U(I)]. Quantum p r o p e r t i e s  ob ta ined  w i  t h  i n  a n  i n -  
d e f i n i t e  m e t r i c  formal ism and the  l / N  expansion show the phenomena o f  
dynamical genera t ion  o f  mass and o f  a  composite gauge boson f o r  c e r t a i n  
va lues o f  the  c o u p l i n g  cons tan t ,  w i t h o u t  any i n p u t  parameter.  

N 
The non-compact CP model i s  the M=l case o f  the  non- compact 

G r a s s m a n n i a n  s i g m a  m o d e l  d e f i n e d  o n  t h e  s p a c e  G/H = SU(M,N)/ 

/ [su(M)~su(N)~u(I) ]~. The Lagrangian i n  the  general m a t r i x  formal  ism ir .  

g i ven  by2 

L = - i T r  a g ( x ) a p o ( ~ ) - ' ,  
li 

( 1 )  

where 

a r e  a subset o f  t h e  group elements g be long ing  t o  SU(M,N), wi t h  t h e  f i xed  

element 

By d e f i n i t i o n ,  an element o f  t h e p s e u d o- u n i t a r y  group s a t i s f i e s  t h e  

condi t i on 

w i t h  inverse  g i v e n  by 
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The i n t e r a c t i o n  i n  the model i s  p rov ided  by the  c o n s t r a i n t  

q(x)q(x) = I'+m . ( 6 )  

The coset  elements can be parametr ized by o f f - d i a g o n a l  M x d c o m p l  e x  

rnat r ices X and X' i n  the L i e  a lgebra  i n  the  form3 

- 
I - 

q 1 =  exp ( 
LX+ OJ 1 Yt s i n h i / X X  I coihfil 

I 
/C 

I n  t h e  M=l case, t h e  b l o c k  Z reduces t o  a  s i n ç l e  row para- 

m e t r i z e d  by a s e t  o f  N complex numbers zi( i=l , .  . . ,#) which, wi t h  - : 
- 

d e f i n e d  by the non-compact c o n s t r a i n t  z,zo = 1 - ~ . u  become the f i e l d  z i' 
v a r i a b l e s  t ransforming as a  v e c t o r  z  under Ç U ( ~  , B )  . I n  terrns o f  these 

a 
v a r i a b l e s ,  t h e  coset  (2) can be w r i t t e n  as 

The Lagrangian i n  eq. ( I ) ,  a f  t e r  some a lgebra ,  n3w assumes the c a n o n ~ c a i  

form 

L = - a a p z ,  + 2, 5 aP,? 
P 0 i i 

+ ( -So I U ~ o  + I: a 2.) ( - 5  au;., + - . a u & . )  
i u z  0 z 7- 
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i n  which a r e s c a l i n g  o f  f i e l d  v a r i a b l e s  has been performed through the  4 
i n t r o d u c t i o n  o f  a coup l ing  cons tan t  f i n  the  c o n s t r a i n t  

Under t h e  l o c a l  t r a n s f o r m a t i o n  za(x)  + z (x) exp i h ( x ) ,  t h e  Lagrangian a 
i s  seen t o  be i n v a r i a n t .  Thus c l a s s i c a l l y  t h e r e  e x i s t s  acomposi te  f i e l d  

d e f i n e d  by A = 2 2 3  za, which transforrns l i k e  a U(1) gauge f i e l d .  A l -  
!J !J 

w i t h  D = a + i A  The above f o r m u l a t i o n  thus f a r  i s  r e l e v a n t  f o r  any 
!J L' u. 

dirnension. I t  i s  o u r  emphasis i n  t h i s  no te  t o  concen t ra te  0nthequant:um 

p r o p e r t i e s  i n  these models, which a r e  o n l y  renorma l i zab le  i n  two dimen- 

s ions ,  and t o  demonstrate t h a t  the composite gauge boson can indeed be 

generated dynamica l l y .  

I n  the  two-dimensional model, severa1 s t u d i e s 4  o f  thc! quantum 

theory i n  t h e  p o s i t i v e  c o u p l i n g  r e g i o n  o f  eq.( lO) have concluded t h a t  

the re  cannot be dynamical genera t ion  o f  a composite gauge bosor~ due t o  

the l a c k  o f  a mass genera t ion ,  un less a c e r t a i n  e x t r a  inpu t  i s  i n t r o -  

duced5. Thus the  quantum theory  i n  such case i s  n o t  too i n t e r e s t  i n g .  

However, a p rev ious  a n a l y s i s 6  o f  the non-compact 0 ( 1 , N )  s i  gma m o d e l  

shows t h a t  a nega t i ve  c o u p l i n g  does n o t  prevent  the c o n s t r u c t i o n  o f  a 

pos i  t i v e  d e f i n i  t e  quantum Hami l t o n i a n  i n  an i n d e f  i n i  t e - m e t r i c  formal ism; 

i n  s p i t e  o f  t h e  f a c t  t h a t  t h e  corresponding c l a s s i c a l  Hami 1 t o n  i a n  i s 

n o t  p o s i t i v e .  The l / N  expansion s tudy o f  the  model f u r t h e r  shows that  i n  

the  same reg ion  there  can be dynarnical mass g e n e r a t  i o n ,  t h o u g h  t h e  

0(1 ,NY model does n o t  possess a gauge degree o f  f reedom. 

FOI lowing the  ideas i n  the a n a l y s i s  o f  t h e  O(1 ,N) mode1
6
,. we 

a 
in t roduce  a mass term m2z z i n  eq. ( 9 )  t o  r e g u l a t e  the  i n f r a r e d  d i v e r -  

a 
gente o f  the  massless theory .  The mass a t  t h i s  p o i n t  i s  an e x t r a  par-  

ameter bu t  w i l l  become r e l a t e d  t o  the  coup l ing  l a t e r  on. The o v e r a l l  

Fock space o f  q u a n t i z a t i o n  i n  the  f r e e  f i e l d  theory  on which a p e r t u r -  
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b a t i v e  t reatment  o f  the i n t e r a c t i n g  theory i s  based, i s  o f  course, i n -  

d e f i n i t e  as the f i e l d s  c a r r y  b o t h  p o s i t i v e  and nega t i ve  norrns. Thus i n  

the momentum space expansion o f  the complex f i e l d s ,  the c r e a t i o n  andan- 
f 

n i h i l a t i o n  opera to rs  ai, a .  s a t i s f y  the p r e s c r i p t i o n  

1 -  f o r  i-O 
= i Zp, 6 (p -p i )  c, 

;c f o r  i= , 

The phys ica l  subspace, ob ta ined  by p r o j e c t i n g  s t a t e s  c o n s i s t i n g  o f  an 

even nurnber o f  nega t i ve -met r id  f i e l d s  b u t  a r b i  t r a r y  nurnber o f  pos i t i v e -  

- m e t r i c  f i e l d s ,  i s  always p o s i t i v e  d e f i n i t e .  As a  r e s u l t ,  a l i  phys ica l  

q u a n t i t i e s  cons t ruc ted  i n  t h i s  subspace have p o s i t i v e - d e f i n i  t e  e i g e n -  

va lues .  

We now examine severa1 impor tant  featurer,  o f  the quantuv theory 

f o r  the  non-compact C P ~  m d e l  . Implement ing the non- l inear  cons t ra  i n t  i n  

eq. ( lO)  v i a  a  Lagrangian r n u l t i p l i e r  A ,  we r e w r i t e  the Lagrangian as 

The va lue  o f  rn can be chosen so t h a t  the  vacuum e ~ p e c t a t i o n  va lue 

< A >  = <O I T X exp i i ' i n t  
O = O  ( 1 4 )  

i s  s a t i s f i e d .  Th is  c o n d i t i o n  i m p l i e s  t h a t  

S i  nce 

add i t 

-metr 

the 

i ona 

i c  f 

f i e l d  z o  has t h e  nega t i ve  m e t r i c ,  i t s  2ropagator c a r r i e s  an 

1 r e l a t i v e  minus s i g n  w i t h  respect  t o  those o f  the pos i  t i v e -  

i e l d s  and the combined e f f e c t  on i t s  vacuurn expec ta t ion  va!ue 

i s  t h a t  i t  i s  p o s i t i v e !  As the dynamics i s  i n v a r i a n t  when o 9  i s  t r a n s -  

l a t e d  by a  constant  value, i . e .  z ,  + z3 = o, + a, we may e x p l o i t  t h i s  

. i nvar iance .  Denoting the t r a n s l a t i o n  o f  the  v a c u m  expec ta t ion  va lue  by 

< z o z o > '  = <i z > + 00 , we o b t a i n  the l inear  p a r t  i n  z ,  o f  the s h i f t e d  o o 
Lagrangian 
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I - -  
L '  = L + rn2  (Üa + Ú z ,  + Zoa) + - (OU + cz,  + Zoa) 

JN+I 
+ o t h e r  terms, 

so t h a t  i n  t h e  t r e e  aprox imat ion,  t h e  requirement t h a t  the  s h i f t e d f i e l d  

Z, now hsve zero vacuurn expec ta t ion  va lue  f u r t h e r  imp l ies  t h e  c o n d i t i o n  

rnZ& = O . ( 1 7 )  

Thus there  a r e  two d i s t i n c t  p o s s i b i l i t i e s  accord ing t o  eq.(17) i n  the 

a n a l y s i s  o f  the  dynamics: 

Case I .  I f  # 0, then m2 must be zerò  i d e n t i c a l l y .  Th is  i s  the case 

corresponding t o  t h e  absence o f  dynamical mass genera t ion .  Equat ion ( I  5 )  
f u r t h e r  shows t h a t  t o  lowest  o rder  i n  the l a r g e  N l i m i t ,  

i n  wh 

quan t 

l e s s .  

1 imi t 

f i e l d  

N+ 1 
ao = ( N t l )  [ i + - , ( 1  8) 

k2-m2+i  - f 

ch the  i n t e g r a l  d iverges when m = O .  For p o s i t i v e  coup l ing  f, the  

t y  ÜU i s  t h e r e f o r e  i n f i n i t e ,  a  r e s u l t  which i s  phys ica i i y  meaning- 

I n  a d d i t i o n ,  as we s h a l l  see i n  l a t e r  express ion,  the  zero mass 

i s  n o t  w e l l - d e f i n e d  f o r  the propagator  f o r  the composite gauge 

As P 2  -+ 0,  the p o l e  o f  the propagator  i s  absent and t h i s  i s  why 

the gauge boson f a i l s  t o  appear dynamica l l y .  

Case I  I .  I f  ÜU = 0, then rn2 can be f i n i  te .  Th is  i s  the  case where there  

i s  dynamical mass genera t ion .  The e v a l u a t i o n  o f  the  i n t e g r a l  i n  eq.(18) 

a f t e r  a  Wick 's  r o t a t i o n  leads t o  the f o l l o w i n g  r e l a t i o n  

which i s  v a l i d  o n l y  when the c o u p l i n g  f i s  nega t i ve .  Equat ion (19) g ives  

t h e  t y p i c a l  asymptot ic  freedorn behavior  o f  the  c o u p l i n g  as a f u r i c t i o n o f  

the  c u t o f f  A, i . e .  f - ' ( A )  = cons tan t  x l o g ( ~ ' / r n 2 ) .  The mass in t roduced  

e a r l i e r  i s  now n o n p e r t ~ r b a t i v e l ~  r e l a t e d  t o  t h e  coup l ing  and i s  the  dy- 

namica l l y  generated mass. The proper  two-point  f u n c t i o n  o f  the gauge 

f i e l d ,  ob ta ined  from eq. ( 1 3 1 ,  i s  
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which i s  the same as the corresponding f u n c t i o n  i n  the compact mode18. 

I n  t h i s  massive case, the  express ion i n  eq. 

boson propagator  develops a p o l e  a t  p 2  = 0, 

a  phys ica l  gauge boson i n  the  quantum theory 

t h a t  t h e  p o l e  a t  p2 = O variishes when rn = 0.  

eq.(20) i s  i n f r a r e d  d i v e r g e n t  i f  n! = O .  Th is  

(20) shows t h a t  the gauge 

i n d i c a t i n g  the presence o f  

. The same express ion shows 

I n  f ò c t ,  the i n t e g r a l  i n  

i s  t ? e  reason why dynamical 

genera t ion  o f  a  gauge boson i s  dependent on mass genera t ion  i n  t h e d e l .  

I n  genera l ,  the  dynamics o f  the  compact and the  nsn-compact C P ~  rmdels 

a re  ve ry  s i m i l a r .  I n  a d d i t i o n  t o  t h e  nega t i ve  s i g n  c a r r i e d  by the  pro-  

pagator  o f  the  nega t i ve- met r i c  f i e l d ,  the  Green's f u n c t i o n s  i n v o l v i n g  n 

negat i ve- met r i c  f i e l d s  i n  the non-compact model a r e  r e l a t e d  t o  the c o r -  

responding Green's f u n c t i o n s  i n  the compact m d e l  by the f a c t o r  (-1) 
n /2  

(n i s  always even). 

The phenomenon o f  mass genera t ion  w i t h  asymptot ic  freedom be- 

h a v i o r  i n  the nega t i ve  coup l ing  r e g i o n  i s  a c o v n o n  f e a t u r e  o f  t h e  

SO( I  ,N)/sO(N) and the SU(~ ,N)/su(N) Q ( l )  sigma models. One impor tant  

d i f f e r e n c e  between these two types o f  theor ies  i s  t h a t  i n  the nun- com- 
N 

pact  CP model the re  a r e  no s i n g l e - p a r t i c l e  asympto t i c  s t a t e s  c o r r e s -  

ponding t o  the s c a i a r  f i e l d s  o f  t h e  Lagrangian. L ln l i ke  t h e ~ ~ ( 1 , 6 ) / ~ 0 ( 8 )  

model i n  which the phys ica l  asymptot ic  s t a t e s  c o n t a i n  an even number o f  

nega t i ve- met r i c  p a r t i c l e s  and the S-matr ix  s t r u c t u r e  f o r  two-body sca t-  

t e r i n g  i s  w e l l  de f ined ,  i t  i s  no longer  p o s s i b l e  t o  d iscuss t h e  sca t -  
N 

t e r i n g  o f  fundamental p a r t i c l e s  i n  the non-compac:t CP model. T h e s c a l a r  

f i e l d s  a r e  permanently c o n f i n e d  by the Coulomb p o t e n t i a l  which i s  l i n e a r  

i n  two dimensions
8
. However, i f  the non-compact CpN model i s  coupled 
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minimal l y  w i t h  a . fermion then the gauge boson p o l e  a t  P Z  = O wi I 1  d i s -  

appear . I n  such a s i t u a t i o n ,  the  s c a l a r  f i e l d s  a r e  no longer  con f ined  

and s c a t t e r i n g  between the s c a l a r  p a r t i c l e s  becomes p o s s i b l e .  One can 

then d iscuss t h e  fea tu res  os p a r t i c l e  s c a t t e r i n g  i n  t h i s  n o n -  c o m p a c t  

model as has been done i n  t h e  O(1 ,N) sigma modelq. 

We f i n a l l y  remark on the  equiva lence between the  n o n - c o m p a c t  

S U ( I , l ) / U ( l )  s i g m a m d e t  and thecon- compact  SO(2,l) s igmarnodel,  the  

l a t t e r  be ing  d e f i n e d  by the  Lagrangian 

I n  t h e  sp inor  represen ta t ion ,  the generators  o f  SO(2,l) can be g i v e n  i n  

terms o f  the  P a u l i  maerices ai as: r l  = ia, , r, = ia, , r 3  = 0 3 . D e f i n -  

i ng  t h e  composite f i e l d s  t o  be 

which a r e  r e a l ,  we f i n d  t h a t  $i + $ 2  - $3 = -Zozo + z l z l .  S i m i l a r l y ,  a 

s imple c a l c u l a t i o n  us ing  eq. (22) shows t h a t  the  Lagrangian r e s u l  t i n g  

f rom eq. (21) i s  e x a c t l y  o f  t h e  form o f  t h e  non-compact CP' model . 
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Resumo 

N 
O modelo CP não comoacto 6 formulado como o caso :!=I d o i  no- 

delos s igma general i zados def ' in idos no eçpaco coset  Ç U ( E , A )  /si (n4)xç l  (:) 
x U ( 1 ) .  As propriedades quânt icas o b t i d a s  den t ro  do formal ismo de m é t r i  - 
ca i n d e f i n i d a  e expansão I / W ,  exibem o fenômeno de geração dinâmica de 
massa e de um boson de gauge composto, numa c e r t a  r e g i ã o  da constante 
de acoplamento. I s t o  r e s u l t a  sem uso de nenhum parâmetro a u x i l i a r .  


