
Revista Brasileira de Flsica, Vol. 16, n? 2, 1986 

Schrodinger Particle on Spheroidal Surfaces 

E. LEY-KOO+ 

Instituto de Fkica, Universidad Nacional Autónorna de México, Apartado Postal 20-364, México, 
D. F., 01000, México 

and 

A. CASTI LLO-ANIMAS 

Universidade Autónorna Metropolitana, lztapalapa 

Recebido em 18 de dezembro de 1985 

Abstract I t  i s  shown tha t  the problem o f  a Schr;d inger p a r t i c l e  i n  
s ta t i ona ry  motion on p r o l a t e  and ob la te  spheroidal surfaces has an exact  
so lu t i on .  The constants o f  motion are e x p l i c i t l y  i d e n t i f i e d ,  and the 
procedure t o  construct  the eigenfunct ions and e n e r g y  e i genva  1 ues i s 
ou t l i ned .  I l l u s t r a t i o n s  o f  the energy spectra f o r  s p h e r o i d s o f d i f f e r e n t  
e c c e n t r i c i t i e s  are presented. 

1. INTRODUCTION 

The problem o f  a po in t  p a r t i c l e  constra ined t o  move on a M- 

-sphere 9 under the a c t i o n  o f  a conservat ive cen t ra l  force,  has been 

invest iga ted and solved i n  i t s  n o n r e l a t i v i s t i c ,  c l ass i ca l  and quantum 

mechanical v e r ~ i o n s " ~ ' ~ ;  More recent ly ,  Fe r re i ra  and P a l  l a d i n o  have 

shown tha t  one r e l a t i v i s t i c  and quantum mechanical vers ion  o f  the pro- 

blem, namely, a Dirac p a r t i c l e  constra ined t o  move f r e e l y  on a two-di- 

m e n s i o n a l  sphere s2, admits exact so lu t i ons 4,  As i t  was pointed out  

i n  r e f .  4, poss i b l e  extensions o f  such problems may invo lve  o ther  sur fa -  

ces . 
I n  t h i s  paper, we show tha t  the problem o f  a ~ c h r z d i n ~ e r  par-  

t i c l e  constra ined t o  move on a two-dimensional spheroidal s u r f a c e  em- 

bedded i n  a three-dimensional eucl idean s,pace has an exact so lu t i on .  I n  

sec t ion  2, we i d e n t i f y  the constants o f  motion, i n  t h e i r  c l ass i ca l  and 

quantum versions, f o r  the f r e e  p a r t i c l e  i n  eucl idean space i n  both pro-  

l a t e  and ob la te  spheroidal coordinates, which i s  useful  t o  show and t o  

understand the s e p a r a b i l i t y  and t h e  s o l u t i o n  o f  t h e  S c h r t l d i n g e r  
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e q u a t i o n .  I n  sec t i on  3, the const ra in  on the p a r t i c l e  t o  move on a  

spheroidal surface i s  introduced, and the p rocedu re toob ta in  i t s e i g e n -  

funct ions and energy eigenvalues i s  o u t l  ined. l n  !ection 4, we present 

some i l l u s t r a t i o n s  o f  the energy spectra f o r  both p r o l a t e  and ob la te  

spheroids o f  d i f f e r e n t  e c c e n t r i c i t i e s ,  and discuss t h e i r  r e la t i ons  wi t h  

the spectra o f  some o ther  ro ta to rs .  

2. CONSTANTS OF MOTION AND SEPARABILITY OF THE SCHRI)DINGER EQUAVION 

I n  t h i s  sec t ion  we fo l l ow  Erkson and ~ i 1 1 '  t o  i d e n t i f y  the 

constants o f  motion and t o  understand the reason f o r  the s e p a r a b i l i t y  

o f  the ~ c h r g d i n ~ e r  equation i n  both p r o l a t e  and ob la te  spheroidal coor- 

dinates.  I n  f a c t ,  the resu l t s  o f  r e f .  5 f o r  the case o f  one-electron 

s ta tes  o f  d iatomic molecules can be d i r e c t l y  app l ied  t o  the case o f t h e  

f r e e  p a r t i c l e  i n  p r o l a t e  spheroidal coordinates by tak ing  thei nuclear 

charges equal t o  zero. For the sake o f  completeness and as a po in t  o f  

comparison, we t r e a t  the l a s t  case e x p l i c i t l y .  Then we ca r r y  ou t  the 

corresponding ana lys is  f o r  the f r e e  p a r t i c l e  i n  ob la tesphero ida l  coor- 

dinates po in t i ng  o u t  the d i f fe rences and s i m i l a r i t i e s .  

Let  us f i r s t  de f ine  the spheroidal  coordinates. I n  th.e 

l a t e  case we take the f o c i  1 and 2 on the z- ax is  a t  distances f 

the o r i g i n  b e l w  and above the  xy-plane, respect ive ly .  The p o s i t  

a  p o i n t  i n  space can be def ined by i t s  distances r, and r,from the 

pect ive  f o c i ,  and the angle between the xz-plane and the plane d  

p  ro- 

f rom 

ion  o f  

res- 

e t e r -  

mined by the z-axis and the p o i n t  i t s e l f .  The p r o l a t e  spheroidal coor- 

which are  mutual ly  orthogonal p ro la te  spheroids o f  e c c e n t r i c i t y  1 /< , 
two-sheet hyperboloids o f  e c c e n t r i c i t y  ]/r), and planes conta in ing  the 

z-axis o f  revo lu t i on .  I n  the ob la te  case, the f o c i  form a  c i r c l e i n t h e  

q - p l a n e  centered a t  the o r i g i n  and w i t h  a  radius f. Ca l l i ng  1 and 2 

the f o c i  i n  the plane determined by the z- ax is  and the po in t  under con- 

s i de ra t i on ,  the p o s i t i o n  o f  the l a t t e r  i s  again f i x e d  by the distances 

r, and r,, and the angle $ which t h a t  plane makes w i t h  the xz-plane.The 

ob la te  spheroidal coordinates can be def ined through eqs. (1) wi t h  the 
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appropr iate distances r, and r 2 ,  but  we choose the a l t e r n a t i v e  se t  

which are mutual ly  orthogonal ob la te  spheroids o f  e c c e n t r i c i t y  I/&, 
I 

one-sheet hyperboloids o f  eccen t r i c i  t y  1 / h - w 2  and planes con ta in i  ng 

the z- ax is  o f  revo lu t i on .  The choice o f  t h i s  a l t e r n a t i v e  se t  o f  coor- 

d inates leads t o  a c loser  s i m i l a r i t y  o f  the equations o f  motion f o r  the 

p ro la te  and ob la te  cases. 

For the f r e e  p a r t i c l e  and f o r  both systems o f  coordinates the 

energy E and the z-component o f  the angular momentum R are  immediately 

i d e n t i f i e d  as constants o f  the motion. I n  both cases another cons tan to f  

the motion can be i d e n t i f i e d ,  and we proceed t o  const ruc t  i t  fo l l ow ing  

r e f .  5. Let  

and 

be the o r b i t a l  angu!ar momenta o f  the p a r t i c l e  r e l a t i v e  t o  the respec- 

t i v e  f o c i  1 and 2. I n  the f a m i l i a r  case o f  spher ical  coordinates t h e f o -  

ca l  semiaxis f vanishes and both angular momenta reduce t o  the angular 

momentum r e l a t i v e  t o  the o r i g i n ;  i n  such a case, the square o f  the l a t -  

t e r  1.1= ( G x ; ) ,  ( f x ; )  i s  known t o  be a constant o f  motion. This suggests 

one should analyze the quan t i t y  1, ,I2 and i t s  v a r i a t i o n  w i t h  t ime f o r  

the present case o f  spheroidal coordinates. I t  i s  s t r a i g h t f o r w a r d  t o  

es tab l  i sh  t ha t  

-+ " 
I n  the p r o l a t e  case, f = kf i s  a f ixed vector ,  and there fore  11 .I:! i s  a 

constant o f  the motion. The corresponding quantum symmetrized operator  

w i l l  be represented by 
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-+ 
I n  the ob la te  case, the p o s i t i o n  vec tor  o f  focus 2 i s  rad ia l  f := Pf and 

i t s  t ime r a t e  o f  change i s  df/dt = $+f. By using the cy1 i n d r i c a l  com- 

ponents o f  the 1 i near momentum = IiP and pm = Up+, and t h e  e-com- 
PP 

ponents o f  .angular momentum RZ = pp2$, eq. (4) can be w r i  t t e n  as 

can be i n te rp re ted  as 

the f o c i  1 and 2. The 

(f2R;/p2) i s  a constant o f  motion; the l a s t  term 

a r i s i n g  from the r o t a t i o n  o f  the plane co i i ta in ing  

corresponding quantum operator  i s  

The quantum operators represent i ng the constants o f  t l ie  motion 

i n  p r o l a t e  and ob la te  spheroidal coordinates can be w r i t t e n  respect ive ly  

as f o l  lows, The hami 1 ton ian  operators are  

(6b) 

The operators o f  eqs. (5) become 
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And the  z-cornponent o f  t h e  angu la r  momenturn has the  wel l-known 

form 
a jiz = - ia - 
a6 (8) 

The o p e r a t o r s  a ,  Â and Sz commute wi  t h  each o t h e r  by p a i  r s  and conse- 

q u e n t l y  they have cornmon e i g e n f u n c t i o n s .  We represen t  t h e  r e s p e c t i v e  

e igenvalues by E = R 2 k 2 / 5 ,  X and Em, where m = 0,  ' 1 ,  1 2 ,  ... . The 

e igenva lue  equat ions f o r  H and Â a r e  separab le  w i t h  e i g e n f u n c t i o n s  

I t i s  s t r a i g h t f o m a r d  t o  o b t a i n  f rom e i  t h e r  o f  those eigenvalue equat ions 

the corresponding separated o r d i n a r y  d i f f e r e n t i a l  equat ions 

7 - 

and 

When we s t a r t  f rom t h e  schr8d i  nger equa t ion ,  t h e  cons tan t  o f  separa t  i o n  

i s  h .  When we s t a r t  frorn t h e  e igenva lue  equa t ion  f o r  t h e  o p e r a t o r  i, t h e  

cons tan t  o f  s e p a r a t i o n  i s  k2f2. We have thus e s t a h l i s h e d  t h a t  t h e  separ- 

a b i l  i t y  o f  t h e  ~ c h r g d i n ~ e r  equa t ion  i n  p r o l a t e  and o b l a t e  sphero ida l  

coord ina tes  i s  due t o  t h e  e x i s t e n c e  o f  the  r e s p e c t i v e  c o n s t a n t s  o f  

mot ion o f  eqs. (5a) and (5b) ,  which leads t o  t h e  c o m m u t a t i o n  o f  t h e  

harn i l ton ian  and fi o p e r a t o r s  o f  eqs. ( 6 )  and (71, and t o  t h e i r  common 

e igen func t ions .  
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3. THE EIGENVALUE PROBLEM ON SPHEROIDAL SURFACES 

Now we fo l l ow  r e f .  4, s t a r t i n g  w i t h  the equations o f  motion i n  

the Euclidean three-dimensional space developed i n  the prev ioussect ion ,  

iona l  spheroidal 

l y ,  i n  eqs. ( 10 ) 

and r e s t r i c t  

surfaces def 

we take 

ing  ourselves from now on t o  the two-dimens 

ined by 5 = c 0  o r  5" = w. Corresponding 
o 

dE 
E ( 5 )  = O ( < " )  = constant , = O 

~ ( 5 )  = ~ ( 5 " )  = constant , dZ - O 
- 

and ob ta in  the energy eigenvalues i n  terms o f  the o ther  

o f  motion 

- ~~k~  f i z  
Bh--=- 

21.i 21.ifY 

The eigenfunct ions o f  eqs. (9) can be rewr i  t t e n  as 

where x equa 

Then eqs. (1 

1 q and w 

l a )  and ( 

two cons tan ts  

f o r  the p r o l a t e  and ob la te  c a s e s ,  respect ive l  

I lb )  can be rewr i  t t e n  i n  the form 

where the p lus  and minus signs apply t o  the r e s p e c t i v e  c a s e s .  This 

equation and i t s  so lu t i ons  correspond t o  the angular s p h e r o i d a l  wave- 

func t ions6.  For the sake o f  completeness we discuss a method, a l t e rna-  

t i v e  t o  t h a t  o f  r e f .  6, t o  ob ta in  the so lu t i ons  o f  t h i s  e i g e n v a l u e  

problem, which i s  the eigenvalue problem f o r  the operator  A .  Such a 

method cons is ts  o f  const ruc t ing  the m a t r i x  o f  the operator  A i n  an ap- 

p rop r i a te  basis o f  func t ions  and d iagona l iz ing  i t 7.  The natura l  basis 

i s  t h a t  o f  associated Legendre polynomials $(X), which are  eigenfunc- 
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t i ons  o f  the f i r s t  two terms ins ide  the bracket  i n  eq. (15) w i t h  eigen- 

values L ( L + l ) .  The eigenfunctions o f  eq. (14) can be w r i  t t e n  i n t h e  

correspondi ng "spher i c a l "  harmoni c bas i s  as 

where x = cose, and the ma t r i x  form o f  eq. (15) becomes 

For chosen values o f  m and k2f2,  t h i s  ma t r i x  equation can be 

constructed and solved i n  a computer ob ta in ing  the c o e f f i c i e n t s  a f o r  L 
the eigenfunct ions i n  eq. (16) and the eigenvalues i ( k 2 f 2 )  t o  the de- 

s i red accu racy . 
The energy eigenval ues can be determi ned through eqs. (1 3a) and 

(13b),  by - - f i nd ing  the i n te rsec t i ons  o f  the curves 1 ( k 2 f 2 )  w i t h  the 

s t r a i g h t l  ines 

and 

respect i ve l y ,  
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4. ILLUSTRATIQN AND DISCUSSION OF ENERGY SPECTRA 

I n  t h i s  sec t ion  we present some graphical  r e s u l t s  t o  i l l u s t r a t e  

the s o l u t i o n  of the eigenvalue problem, as o u t l i n e d  i n  sec t ion  3 ,  and 

the energy spectra o f  the n o n r e l a t i v i s t i c  quantum p a r t i c l e  constra ined 

t o  move on p r o l a t e  and ob la te  spheroidal surfaces o f  d i f f e r e n t  e c c e n -  

t r i c i t i e s ,  

Figures l a ,  b, c and d a re  p l o t s  o f  the eigenvalue X o f  eq. 

(1 5) versus k 2 f 2  f o r  p r o l a t e  spheroids on the r i g h t  and f o r  ob la te  sphe- 

ro ids  on the l e f t ,  and f o r  values o f  m = 0,1,2 and 3, respect ive ly .  No- 

t i c e  from eqs. (15) o r  (17) t ha t  the d i f f e rence  between-the p r o l a t e  and 

ob la te  car,es i s  i n  the s ign  o f  t h e  t e r m  k 2 f Z X 2 ,  r e s u l  t i n g  i n  t h e  

monotonic increase o f  the eigenvalues X when going from l e f t  t i 3  r i g h t  

i n  the f i gu res ,  l n  p a r t i c u l a r ,  when f = 0 ,  corresponding t o  the sphe- 

r ica1 case, the eigenvalue X reduces t o  & (R+ ] ) ,  wi t h  R = m,m+l ,m+2,. . .. 
The numerical values o f  X obtained from the d iagona l iza t ion  o f  the 

ma t r i x  i n  eq. (17) w i t h  a basis of twenty func t ions  are as accurate as 

the ones i n  the tables of r e f .  6 f o r  m = 0,1,2. The same f igures conta in  

the p l o t s  o f  the s t r a i g h t l i n e s  o f  eqs. (18a) and (18b) f o r  s p l i e r o i d s  

w i t h  e c c e n t r i c i t i e s  o f  1/2, 1/1.25 and 1 / 1 . 1 ,  respect ive ly ;  n o t i c e  the 

va r i a t i ons  o f  the slopes and in tercept ions  o f  those l i nes  according t o  

the values o f  to and m. The energy eigenvalues are  determined, according 

t o  eqs. (15), by the values o f  k 2 f 2  a t  the i n te rsec t i ons  o f  the X ( k 2 f 2 )  

curves and the s t r a i g h t  l i n e  associated w i t h  each spheroid. I f  we take 

~ ~ / 2 ~ f '  as the un i  t o f  energy, then the energy eigenvalue are  given 

d i  r e c t l y  the abscissae k 2 f 2  o f  those i n te rsec t i ons .  

Figure 2 shows the energy spectra f o r  the p a r t i c l e  on p r o l a t e  

and ob la te  spheroids on the r i g h t  and on the l e f t ,  respect ive ly ,  f o r  

e c c e n t r i c i t y  parameters o f  t o  = 2, 1.25 and 1 . 1 ,  grouping together the 

energy l eve l s  w i t h  common values o f  m = 0,1,2 and 3. 

I n  order  t o  discuss the cha rac te r i s t i cs  o f  these energy spec- 

tra,* we take the energy spectra o f  the r i g i d  r o t a t o r  fi2R(R+1)/21 and o f  

the svmmetric  to^ 

as po in ts  o f  compari sons. The comparison can be made more d i  r e c t l y  by 
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F ig .1  - Energy parameter k2f2 versus X eigenvalues f rom e q .  (151, and 
s t r a i g h t l  ines o f  eqs, (18) f o r  p r o l a t e  ( o b l a t e )  sphero ids o n  t h e  r i g h t  
( l e f t )  s i d e ,  f o r  a) m = O ,  b) m = 1 ,  c )  m = 2 and d) m = 3 .  

272 
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Fig.  2 - Energy spectra, w i t h  z2/2vf2 as the energy 
u n i t ,  fo r  p a r t i c l e  constra ined t o  move o n  p r o l a t e  
(oblate)  spheroidal surfaces o f  e c c e n t r i c i t y  1 / 5 ,  on 
the r i g h t  ( l e f t )  s ide.  
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r e w r i t i n g  eqs. (13a) and (13b) i n  terms o f  t h e  ma jo r  and minor  semiaxes 

o f  t h e  sphero ids a = fcO and b = fbo i n  the  r e s p e c t i v e  forms 

N o t i c e  t h a t  t h e  ma jo r  (minor) a x i s  i s  the  symmetry a x i s  f o r  t h e  p r o l a t e  

( o b l a t e )  sphero id ,  and I3 = @' (paz)  and Il = ua2 (@') p l a y  t h e  r o l e s  

o f  t h e  moments o f  i n e r t i a  r e l a t i v e  t o  t h e  symmetry a x i s  and a t r a n s v e r s a l  

a x i s ,  r e s p e c t i v e l y .  Then the d i f f e r e n c e  between the  energy l e v e l s  o f  the  

p a r t i c l e  c o n s t r a i n e d  t o  move on t h e  sphero ida l  s u r f a c e  and t h e  energy 

l e v e l s  o f  t h e  symmetr ic top  c o n s i s t s  o f  the  d i f f e r e n c e  b e t ~ e e n  t h e  values 

o f  X and !L(R+I). As t h e  t o p  and t h e  sur faces  become s p h e r i c a l  13+Il,b+a, 

f+O, X+!L(!L+l) , and t h e  energy s p e c t r a  o f  b o t h  systems tend t o  t h a t  o f  the 

r i g i d  r o t a t o r .  The depar tu re  f rom s p h e r i c i t y  removes t h e  (2R+1) - f o l d  

degeneracy o f  t h e  r i g i d - r o t a t o r  energy l e v e l s ,  and a two- folddegeneracy 

remains f o r  t h e  s t a t e s  w i t h  rn = 21, it2, . . . . The e n e r g y  l e v e l s  a r e  

s h i f t e d  up (down) as t h e  shape becomes e longa ted  ( f  l a t t e n e d )  . 
I n  the,case o f  sphero ida l  su r faces  o f  smal l  e c c e n t r i c i t y ,  i .e. ,  

l a r g e  va lues o f  5 the  energy s p e c t r a  a r e  v e r y  c l o s e  t o  t h a t  o f  t h e  
o '  

r i g i d  r o t a t o r ,  as i t  can be apprec ia ted  g r a p h i c a l l y  i n  f i g s . 1  where the 

corresponding s t r a i g h t  l i n e s  tend t o  become v e r t i c a l  a n d  t h e i r  i n t e r -  

s e c t i o n s  w i  t h  the  A curves a r e  c l o s e  t o  A = R(R+l) ; a l s o  the  terms o f  

eqs. (13) depending on  m2 tend  t o  become n e g l i g i b l e .  I n  f i g .  2  i t  can 

be seen t h a t  even f o r  sphero ids w i t h  = 2, i n  which t h e  e c c e n t r i c i t y  

i s  n o t  t o o  s m a l l ,  t h e  energy spec t ra  f o r  the  p a r t i c l e  on b o t h  p r o l a t e  

and o b l a t e  sphero ida l  su r faces  resemble t h e  o n e  o f  t h e  r i g i  d  r o -  

t a t o r ,  and t h e  tendency o f  t h e  energy l e v e l s  w i t h  d i f f e r e n t  va lues  o f  m 

t o  remain degenerate i s  s t i l l  apparent .  

As t h e  sphero ids become more e longa ted  and f l a t t e n e d , t h e  c o r -  

the  one o f  the  r i g i d  r o t a t o r  

t h e  s lopes o f  the s t r a i g h t  1  

creases , approachi  ng t h e  va 

274 

responding energy spec t ra  depar t  more and more f rom each o t h e r  and f r o m  

,. T h i s  can be a p p r e c i a t e d  i n  f i g s .  1 s i n c e  

ines become smal l e r  as the  e c c e n t r i  c i  t y  i n -  

l ues  o f o n e  and zero f o r  t h e  r e s p e c t i v e  
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l i m i t i n g  cases o f  bar-shaped and disc-shaped spheroids. Figure: 2 shows 

tha t  f o r  5, = 1.25, there i s  a s y s t e m a t i c s h i f t i n g  up (down) o f  the 

energy l eve l s  w i t h  the increasing values o f  m f o r  the p ro la te  (ob la te)  

case, i l l u s t r a t i n g  a s i t u a t i o n  analogous t o  t h a t  o f  the symmetric top. 

I n  the same f i g .  2 one can appreciate t h a t  the f a i r l y  simple order ing  

o f  the energy l eve l s  observed i n the two previous cases s t a r t s  t o  be 

replaced by more complex ones f o r  = 1 .1 ,  which a1 r e a d y  show t h e  

t rend o f  the energy spectra f o r  the l i m i t i n g  cases o f  bar-shaped and 

disc-shaped spheroidal surfaces. 

Just  l i k e  i n  r e f .  4, the n o n r e l a t i v i s t i c  p a r t i c l e  on spheroidal 

surfaces admits an exact quantum s o l u t i o n  i f  the hami l tonian contains 

a p o t e n t i a l  f uns t i on  v ( A , L z )  o f  the commuting operators n' and Lz. We 

are  a l so  i nves t i ga t i ng  the so lu t i ons  f o r  the Dirac p a r t i c l e  on sphe- 

ro ida l  surfaces. 

One o f  the  authors (E.L.K.) wishes t 

t o  Pro f .  P. Leal Fe r re i ra  o f  I n s t i t u t o  de F i s  

B r a s i l ,  f o r  discussions tha t  l ed  t o  the study 

prob lerns . 

o expres 

ica  Teór 

o f  the 

s h i s  gratefu lness 

ica,  São Paulo, 

above mentioned 
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Resumo 

Mostra-se que o problema de uma p a r t í c u l a  de ~ c h r G d i n ~ e r  em 
movi'mento e s t a c i o n á r i o  sobre s u p e r f í c i e s  e s f e r o i  dai s  p r o l a t a s  e ob la -  
tas  tem uma solução exa ta .  I d e n t i f i c a m- s e  as constantes de movimento 
e x p l i c i t a m e n t e ,  e  esquematiza-se o procedimento para c o n s t r u i r  as a u t o  
-funções e os au to- va lo res  da energ ia .  Apresentam-se i l u s t r a ç õ e s  dos 
espectros de energ ia  para e s f e r o i d e s  de d i f e r e n t e s  e x c e n t r i c i d a d e s .  


