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Abstract I n  t h i s  paper the  c a l c u l a t i o n  o f  t ime  e v o l u t i o n o f d e n s i t y  per -  
t u r b a t i o n ,  u s i n g  t h e  R a y c h a u d h u r i  e q u a t i o n  i n  B r â n s - D i c k e  
t h e o r y  i s  r e - e x a m i  n e d ,  We g i v e  here  t h e  c o r r e c t  form o f  the  per -  
tu rbed  d i f f e r e n t i a l  equa t ion  and show the  c o r r e c t  a n a l y t i c a l  t i m e  b e -  
h a v i o r  o f  densi t y  p e r t u r b a t i o n ,  We a l s o  remark t h a t  the  procedure o f  
c a l c u l a t i o n  o f  d e n s i t y  p e r t u r b a t i o n  v i a  Raychaudhuri equa t ion  i!; a  par-  
t i c u l a r  case o f  a  genera l  and more r i g o r o u s  m e t h o d  p r o p o s e d  i n  t h e  
1 i t e r a t u r e .  

Dens i t y  p e r t u r b a t i o n s  i n  r e l a t i v i s t i c  cosmologica l  models re -  

main the  bes t  known mechanism d e s c r i b i n g  t h e  ga laxy  f o r m a t i o n  in the 1 i n -  

ear phase. H o w e v e r ,  many t e c h n i c a l  d i f f i c u l  t i e s  a r i s e  i n  t h i s  

p i c t u r e .  To o b t a i n  inhomogeneties ernerging a t  t h e  n o n- l i n e a r  phase w i t h  

a  mass o f  the  o r d e r  o f  the  t y p i c a l  g a l a c t i c  mass, we must assume p e r t u r -  

b a t i o n s  o r i g i n a t e d  a t  e a r l y  epochs which may be l a r g e r  than t h e  p a r t i c l e  

h o r i z o n .  On the  o t h e r  hand, we rnust t a k e  c a r e  o f  t h e  per tu rbed  quan- 

t i t i e s  which we o b t a i n  by p e r t u r b i n g  the  General R e l a t i v i t y  e q i i a t  i o n s  

because i t  happens t h a t  these q u a n t i t i e s  may be merely  a  gauge e f f e c t ,  

i .e., unphys ica l  p e r t u r b a t i o n s  which can be e l i m i n a t e d  by an a p p r o p r i -  

a t e d  c h o i c e  o f  coord ina tes .  

I n  o r d e r  t o  g e t  a  meaningfu l  c o n c l u s i o n  f rom the  a n a l y s i s  o f  

the  p h y s i c a l  p r o p e r t i e s  o f  p e r t u r b a t i o n s  l a r g e r  than t h e  p a r t i c l e  hor-  

izon,  we must adopt  a  procedure o f  c a l c u l a t i o n  wh ich  ensures b o t h  i n -  

v a r i a n c e  o f  mathematical r e p r e s e n t a t i o n  o f  t h e  p e r t u r b e d  q u a n t i t i e s  and, 

o f  course,  t h e i  r gauge independence, Many a ~ t h o r s " ~ ' ~  h a v e  p r o p o s e d  

such a  procedure which has been improved by  Nove1 l o  and aZ. 4. 

I n  what f o l l o w s  we re-examine t h e  c a l c u l a t i o n  o f  d e n s i t y  per -  

t u r b a t i o n s  i n  Brans-Dicke cosmology g i v e n  by N. ~ a n d ~ o ~ a d h ~ a ~ '  because, 

as p o i n t e d  elsewhere ', h i s  d i f f e r e n t i a l  equa t ion  f o r  d e n s i t y  c o n t r a s t  
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i s  n o t  c o r r e c t  and i t s  corresponding s o l u t i o n  was found under inappro-  

p r i a t e  condi t ions. \Je propose here  t o  d e r i v e  t h e  c o r r e c t  equa t ion  and t o  

show a more genera l  s o l u t i o n  t o  i t ,  

Our m o t i v a t i o n s  t o  re-examine t h i s  c a l c u l a t i o n  a r e  t h e  f o l -  

lowing:  i )  the  use o f  a theory  o f  g r a v i t a t i o n  w i t h  a v a r y i n g  G, i n  par-  

t i c u l a r  t h e  Brans-Dicke theory,  a l l o w s  new e s t i m a t i o n s  o f  o b s e r v a b l e  

a s t r o p h y s i c a l  parameters7; i i )  we i n t e n d  t o  compare t h e  behav io r  o f  a 

n e w t o n i a n  p e r t u r b a t i o n  i n  a n  " a p p r o x i m a t e  n e w t o n i a n  cosmo-  

l o g i c a l  m o d e l H 6 ,  w i  t h  t h e  b e h a v i o r  o f  t h e  d e n s i t y  . p e r t u r b a t i o n  

c o r r e c t l y  c a l c u l a t e d  i n  t h e  B r a n s - D i c k e  c o s m o l o g y ;  i i i )  t h e  

method proposed by Bandyopadhyay i s  a v e r y  i n t e r e s t i n g  one because, as 

we s h a l l  see, i t  may be considered as a p a r t i c u l a r  case o f  s c a l a r  per -  

t u r b a t i o n s  (see r e f .  4 eqs. (291, (35) and (36) and r e f ,  5 ) .  I n  f a c t ,  

t h e  c o r r e c t  d e n s i t y  p e r t u r b a t i o n  g i v e n  by the  Bandyopadhyay approach has 

a1 1 the  "good" p r o p e r t i e s  ensured by t h e  method proposed by Hawk i n g -  

-0lson-Nove110 eS aZ.; i v )  i n  a d d i t i o n ,  we remark t h a t  i n  Brans-Dicke 

cosmology i t  i s  p o s s i b l e  t o  s o l v e  t h e  h o r i z o n  problem by making a f i n e  

tunn ing  o f  some parameters8.  

2. SCALAR PERTURBATIONS IN BRANS-DICKE COSMOLOGY 

The g r a v i t a t i o n a l  equat ions i n  Brans-Dicke theory  a r e  

where t h e  semicolons represen t  :covar iant  d e r i v a t i v e s ,  T E T' i s t h e  
lJ 

t r a c e  o f  the energy-momentum tensor  T and w i s a pos i  t i v e  r e a l  number, 
- 1 )1v 

I n  t h e  1 i m i t  w-tm, (I +G, t h e  g r a v i t a t i o n a l  cons tan t ,  the  t h e o r y  re-  

duces t o  t h e  conven t iona l  E i n s t e i n  theory  of g r a v i t a t i 0 n . A ~  i n  E ins te in ' s  

theory  we have here  

. = 0 * 
'v  (3 
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Assuming tha t  the Universe i s  s p a t i a l l y  homogeneous, and 

we wi 

which 

e +  ( 

1  make use o f  the Raychaudhuri type equation obtained by ~ a n e r j i ~ ,  

i n  our case, may be w r i t t e n  as 

where a  dot means t ime de r i va t i ve ,  0, a and R are  the expansion, the 

shear and the r o t a t i o n  respect ive ly .  

As i s  we l l  knownl' the g r a v i t a t i o n a l  p e r t u r b a t i o n s  may be 

c l a s s i f i e d  i n  three classes: sca lar  per turbat ions ,  v e c t o r i a l  p e r t u r -  

bat ions and tenso r i a l .  The f i r s t  one i s  the most important f o r  our pur- 

pose, i .e . ,  i t  concerns dens i ty  per turbat ions  d i r e c t l y .  I n  th ic,  caseJwe 

can w r i t e  expressions f o r  the per turbat ions  on the g r a v i t a t i o n a l  f i e l d ,  

on the fou r- ve loc i t y  and o n  t h e  d e n s i  t y ,  w i  t h  t h e  help o f  a  unique 

sca lar  f unc t i on  Q. I n  the p a r t i c u l a r  case o f  a  f l a t  Friedmann non-per- 

turbed Universe and f o r  the va lue X = O i n  equation (35) o f  Nove1 10 et 

a l .  ( r e f .  41, & s a t i s f i e s  a  L a p l a c i a n  e q u a t i o n .  

Bandyopadhyay p r o p o s e s  a  p r o c e d u r e  w h i c h  g i v e s  a  

s t ra igh t fo rward  way t o  ob ta in  the d i f f e r e n t i a l  equation f o r  dens i ty  per- 

turbat ions  by per turb ing  the R a y c h a u d h u r i  e q u a t i o n  and t h e  f i e l d  

equation f o r  the sca lar  f i e l d  +, equations (5) and (2) ,  r e s p e c t  i v e l y  . 
We assume then tha t  the unperturbed Universe i s  isotropicandhomogenous 

wi t h  the Robertson-Walker met r ic ,  

where R i s  the scale f a c t o r .  

Let  O, gaBJ p , ,  p J  2 and 0 be so lu t i ons  f o r  the u n p e r t u r b e d  
01 

Universe. Introducing the small per tu rbat ions  60, haB,  6pJ 6p , 6u 

and 6+, we assume tha t  
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are also solutions of the equation describing a Brans-Dicke cosmological 

model. We take the equation of state in the form 

p =ap , a  = constant . (8) 

Using that equation of state, we have f rom equations (5) and (2), taking 

into account equation (71, we obtain 

and 

where v2 is the Laplacian for the three space metric". We remark also 

that in the assumed unperturbed Universe o = R = O, so that õ2 and R2 

are neglected second order contributions. 

We will consider now scalar perturbations, In this case a11 

perturbed quantities will be constructed with the help of a scalar 

function which, for a flat cosmological model, satisfies a Laplacian 

equation. We can wri te (ref .4, eqs. (37) and (38)). 

From the conservation law (3), equations (1 1) and the equation of state, 

we can write, 
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Taking i n t o  account equations (1 1) and (12) and again the con- 

servat ion  equat ion 2". = O ,  we can w r i t e  the pe r tu rba t i on  equations. 'v 
Frorn eq. (9) and eq. (10) we have 

where p, R and @ are so lu t ions  o f  the unperturbed equations ( I )  and (2), 

1-i i s  the densi ty cont ras t  and J, i s  the per turbat ions  i n  @. 

Equations (13) and (14) are  the d i f f e r e n t i a l  equations f o r  the 

perturbat ions p ( t )  and $(t) i n  Brans-Dicke theory. We can e a s i l y  see 

t h a t  f o r  w+-, equations (13) and (14) g ive  us the correspondi ng equa- 

t i o n  o f  General   ela ti vi ty12, 

3. THE BEHAVIOUR OF DENSITY PERTURBATION I N  BRANS-DICKE COSMOLOGY 

As i t  i s  w e l l  knwn,  the a n a l y t i c a l  so lu t i ons  f o r  an wnpertur- 

bed hornogeneous and i s o t r o p i c  Universe i n  the case o f  dust matter  (a=O) 

are' 
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We can eas i  l y  s o l v e  t h e  system o f  equa t ions  (13) and (14) f o r  

t h i s  case. We can see t h a t ,  t a k i n g  i n t o  account the  f i e l d  equa t ion  ( 2 ) ,  

equa t ion  (14) g ives  us t h e  f i r s t  i n t e g r a l  

where A equals zero,  accord ing  t h e  i n i t i a l  c o n d i t i o n .  

E l i m i n a t i n g  I) f rom equat ions (17) and (13) and t a k i n g  i n t o  ac- 

count  ( 16) , we have 

The s o l u t i o n s  o f  eq.  (18) a r e  

4. CONCLUSIONS 

We have shown t h a t  t h e  p e r t u r b a t i o n s  o f  the  Rachaydhuri 

equa t ion  i n  Brans-Dicke theory  i s  indeed a  u s e f u l  and s t r a i g h t f o r w a r d  

way t o  o b t a i n  t h e  exac t  s o l u t i o n s  f o r  s c a l a r  p e r t u r b a t i o n s .  The math- 

emat i ca l  s t r u c t u r e  o f  the  Brans-Dicke theory  and t h e  f u r t h e r  f a c t  t h a t  

the s c a l a r  f i e l d  4 rnay be considered as a  source term f o r  g r a v i t a t i o n a l  

f i e l d  a l l o w  t h e  a p p l i c a t i o n  o f  a  genera l  and r i g o r o u s  p r o c e d u r e f o r c a l -  

c u l a t i n g  t h e  p e r t u r b a t i o n  as g i v e n  by Hawking-Olson-Novel lo e t  aZ. T h i s  

f a c t  ensures t h a t  t h e  p e r t u r b a t i o n s  g i v e n  by Bandyopadhyay's a p p r o a c  h  

have a11 the  good p r o p e r t i e s  suggested by t h i s  genera l  method. 

The express ions g i v e n  by equa t ions  (191, (20)  and (21) a r e  the  

c o r r e c t  s o l u t i o n s  f o r  the  e v o l u t i o n  o f  d e n s i t y  p e r t u r b a t i o n  ob ta ined  by 

t h e  c a l c u l a t  i o n  proposed by Bandyopadhyay. Equat ion (21)  rep resen ts  a  

t r i v i a l  s o l u t i o n  and equa t ion  (19) g i v e s  the  damped rnode f o r  d e n s i t y  
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per turbat ion .  The phys i ca l l y  i n te res t i ng  behavior i s  the growing per- 

per turbat ion .  We are  in teres ted i n  the growing per turbat ion ,  g i ven by  

equation (20), which represents a t ime evo lu t i on  s i  i g h t l y  f a s  t e r  than 

the corresponding growing mode given by General R e l a t i v i t t  theory. 

We remark tha t  our resul  t obtained f o r  an "approximate n m d e ~ " ~  

i s  recovered i n  equation (20) f o r  = 6, i ,e , ,  ,l, 

This work was p a r t i a l l y  supported by Fundação Ceci l iano Abel 

de Almeida. 

REFERENCES 

I .  S.W. Hawking, Ap. J. 145, 544 (1966). 

2. D.W. Olson, Phys. Rev. D 14, 327 (1976). 

3. J.M. Bardeen, Phys. Rev. D 22, 1882 (1980). 

4. M. Novello, J.M. Salim and H. Heintzmann, CBPF-NF-019 (1982); M. 

Novel lo and J.M. Salim, Fund. o f  Cosmic Phys. 8, 201 (1983). 

5. Bandyopadhyay, J. Phys. A 10, 189 (1977). 

6. J.P. Bapt is ta ,  A.B. B a t i s t a  and J.C. Fabr is,  Rev.Bras .~ ís .  1 4 ,  208 

(1984) . 
7. V.M. Canuto and I .  Goldmann, Nature 304, 3 1 1  (1983). 

8. D. Dominici,  R.  Holman and C.W.  Kim, Phys. Rev. 

9. S .  B a n e r j i i ,  Phys. Rev. D 9, 877 (1974). 

10. L. Landau and E.M. L i f c h i t z ,  Th'heome du C h q  5 

3rd edi  t i o n  (1970). 

1 1 .  The coordinate condi t i o n  adopted here, hoP = 0, 

= o($) and (6@)" = 6($) . 
12, S.  We i nberg , Gravitation and CosmoZogy , W i  ley  (1 

1 1 1  

i rnp 

9 72 

Ed. de Moscou, 

ies  th,at (6@)*= 

13. C. Brans and R.H. Dicke, Phys. Rev. 125,  925 (1961). 

Resumo 

Neste a r t i g o  nós re-exami namos os cá 1 cu 1 os da evo l uçao tempo- 
ra  l das perturbações de densidade obt ida  através da perturbação da equa- 
ção de Raychaudhuri em t e o r i a  de Brans-Dicke. Nós deduzimos a forma cor- 
r e t a  da equação para as perturbações de densidade e damos a expressão 
anal í t i c a  cor re ta  para a evolução temporal das mesmas. Ressaltemos tam- 
bém que este método de cá l cu lo  é, em verdade, um caso p a r t i c u l a r  do mé- 
todo mais geral  e mais r igoroso j á  apresentado na l i t e r a t u r a .  


