Revista Brasileira de Fisica, Vol. 16, n? 2, 1986

Density Pertubations in a Brans-Dicke Cosmological Model

J. P BAPTISTA, A.B. BATISTA and J. C. FABRIS

Departamento de Frsica e Quimica, Universidade Federal do Espirito Santo, 29000, Vitdria, ES,
Brasil

Recebido em 15 de outubro de 1985; nova versdo em 10 de marco de 1986

Abstract In this paper the calculation of time evolutionofdensity per-
turbation, using the Raychaudhuri equation in Brans-Dicke
theory is re-examined, We give here the correct form of the per-
turbed differential equation and show the correct analytical time be-
havior of density perturbation, We also remark that the procedure of
calculation of density perturbation via Raychaudhuri equation is a par-
ticular case of a general and more rigorous method proposed in the
literature.

1. NTRODUCTION

Density perturbations in relativistic cosmological models re-
main the best known mechanism describing the galaxy formation inthe lin-
ear phase. However, many technical difficulties arise in this
picture. To obtain inhomogeneties ernerging at the non-linear phase with
a mass of the order of the typical galactic mass, we must assume pertur-
bations originated at early epochs which may be larger than the particle
horizon. On the other hand, we rnust take care of the perturbed quan-
tities which we obtain by perturbing the General Relativity equations
because it happens that these quantities may be merely a gauge effect,
i.e., unphysical perturbations which can be eliminated by an appropri-
ated choice of coordinates.

In order to get a meaningful conclusion from the analysis of
the physical properties of perturbations larger than the particle hor-
izon, we must adopt a procedure of calculation which ensures both in-
variance of mathematical representation of the perturbed quantities and,

19253 have proposed

of course, their gauge independence, Many authors
such a procedure which has been improved by Novello and al.t.

In what follows we re-examine the calculation of density per-
turbations in Brans-Dicke cosmology given by N. Bandyopadhyay5 because,

as pointed elsewhere 6, his differential equation for density contrast
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is not correct and its corresponding solution was found under inappro-
priate conditions.We propose here to derive the correct equation and to
show a more general solution to it,

Our motivations to re-examine this calculation are the fol-
lowing: i) the use of a theory of gravitation with a varying G, in par-
ticular the Brans-Dicke theory, allows new estimations of observable
astrophysical parameters7; ii) we intend to compare the behavior of a
newtonian perturbation in an "approximate newtonian COSmO-
logical model"®, with the behavior of the density.perturbation
correctly calculated in the Brans-Dicke cosmology; iii) the
method proposed by Bandyopadhyay is a very interesting one because, as
we shall see, it may be considered as a particular case of scalar per-
turbations (see ref. 4 eqgs. (29), (35) and (36) and ref, 5). In fact,
the correct density perturbation given by the Bandyopadhyay approach has
all the ''good'" properties ensured by the method proposed by Hawking-
~0lson-Novello e* al.; iv) in addition, we remark that in Brans-Dicke
cosmology it is possible to solve the horizon problem by making a fine

tunning of some parameterss.

2. SCALAR PERTURBATIONS IN BRANS-DICKE COSMOLOGY

The gravitational equations in Brans-Dicke theory are

[0
Ru\) - (1/2)9WR = (8n/¢)Tw + (w/(bz){cp,u(p,v - (1/2)gw¢,a¢, o+
+ (]/¢){(¢‘u;v - gu\)Cb,a;a)} (1
¢,a;°‘ = {8n/(3+2m)}T , (2)

where the semicolons represent covariant derivatives, T = Tuu is the
trace of the energy-momentum tensor Tll\) and w Is a positive real number,
In the limit w—o, ¢>_1 +G, the gravitational constant, the theory re-
duces to the conventional Einstein theory of gravitation.As in Einstein's

theory we have here

oy =0 (3)
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Assuming that the Universe is spatially homogeneous, and

™ = (p + pld¥ - pg*V (4)

we will make use of the Raychaudhuri type equation obtained by Banerjig,

which, in our case, may be written as

6+ (1/3)02% - &u;u +2{c? - %) = - Bru/9){(2 + wp/(3 + 2w) +

+ 301 +wp/ (32w} - W/ - o/o + o, W78 (5)

where a dot means time derivative, 0, a and R are the expansion, the
shear and the rotation respectively.

As is well known!®

the gravitational perturbations may be
classified in three classes: scalar perturbations, vectorial pertur-
bations and tensorial. The first one is the most important for our pur-
pose, i.e., it concerns density perturbations directly. In this case, we
can write expressions for the perturbations on the gravitational field,
on the four-velocity and on the density, with the help of a unique
scalar function @. |In the particular case of a flat Friedmann non-per-
turbed Universe and for the value K = 0 in equation (35) of Novello et
al. (ref. 4), @ satisfies a Laplacian equation.

Bandyopadhyay proposes a procedure which gives a
straightforward way to obtain the differential equation for density per-
turbations by perturbing the Raychaudhuri equation and the field
equation for the scalar field ¢, equations (5} and (2), respectively.
W assume then that the unperturbed Universe is isotropicandhomogenous
with the Robertson-Walker metric,

ds? dt? - R(£)?(dr?® + »2d9% + r’sen?6do?) , (6)

where R is the scale factor.
Let O, gch’ P, P, u* and ¢ be solutions for the unperturbed
Universe. Introducing the small perturbations 60, hocB’ 8p, &p , su™

and &8¢, we assume that

8 + 609, gaB + haB’ p+ 8p, u®* 4+ su® and o+ 8¢, p+ & (7
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are al so solutions of the equation describing a Brans-Dicke cosnol ogi cal
nmodel . We take the equation of state in the form

p =ap , a =constant . (8)

Wsing that equation of state, we have fromequations (5) and (2), taking
into account equation (7), we obtain

86 + (2/3)080 - s&“;a + (8m/¢) { (24w) / (3+2w) + 3(1+w)o/{(3+2w) }sp ~
- (Bn/92){(2+w) /7 (3+2w) + 3(14w)a/(3+2) }pS¢ =
- (20/62)$(8¢) " + (20/92)d28¢ - (84)" /0 + 8¢¢/¢2 , (9)

and

(50)" + V26¢ + (3R/R) (6¢) " + 804/ (1+a) = 8m(1-3a)6p/ (3+20) (10)
where V2 is the Laplacian for the three space netric™ . we remark also
that in the assuned unperturbed Universe 0 =R =0, so that ¢¢> and R?
are negl ected second order contributions.

We will consider now scal ar perturbations, In this case all
perturbed quantities will be constructed with the help of a scalar
function which, for a flat cosnol ogi cal nodel, satisfies a Lapl acian
equation. W can wi te (ref.4, egs. (37) and (38)).

60 = E(t)Q »
Sp = pu(t)g , (11)
¢ = u(glg

From the conservation law (3), equations(l 1) and the equation of state,
we can wite,

e(t) = -u()/(+a) . (12)

260



Revista Brasileira de Fisica, Vol. 16, nQ 2, 1986

Taking into account equations (11) and (12) and again the con-
. . v X .
servation equation ™ '\/ = 0, we can write the perturbation equations.

Frorn eq. (9) and eq. (10) we have
u/ (1+a) + 2R/RN/ (4+a) - (81/¢){ (24w) / (3+20) + 3(1+w)a/(3+20) tou =
=-(81/62) { (2+w) / (3+20) + 3(1+w)a/ (3+20) Yoy + 2udd/¢2 -

- 200%9/0% + /o - du/e (13)

U+ GR/R)Y - 16/ (1+a) = 8r(1-30) pu/ (3+20) (14)

where p, R and ¢ are solutions of the unperturbed equations (1} and (2),
U is the density contrast and § is the perturbations in ¢,

Equations (13) and (14) are the differential equations for the
perturbations u(z) and ¥(%) in Brans-Dicke theory. W can easily see
that for W>%, equations (13) and (14) give us the corresponding equa-

tion of General Relativity!?,

U+ 2(&/R)1 - bneo(1430) (T+a)y = 0 . (15)

3. THEBEHAVIOUR OF DENSITY PERTURBATION IN BRANS-DICKE COSMOLOGY
As itis well known, the analytical solutions for an unpertur-

bed hornogeneous and isotropic Universe in the case of dust matter (a=0)

are' ?

B = RotZ(w+l)/(3w+4) X

= g~ Bur2)/ (Busl)
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We can easily solve the system of equations (13) and (14) for
this case. We can see that, taking into account the field equation (2),

equation (14) gives us the first integral
GR° = wR® + 4, (17)

where A equals zero, according the initial condition.
Eliminating ¥ from equations (17) and (13) and taking into ac-

count (16), we have
WE3 + {(12+410w) 7 (3o+4) 1iz? + {20/ Buwsb) e = ¢ . (18)

The solutions of eq. (18) are

-1

u, () =, ' (19)
u, (8) = Uozt(l¢+2w)/(Lt+3w) ) (20)
”3(t) = U,, = const. (21}

4. CONCLUSIONS

We have shown that the perturbations of the Rachaydhuri
equation in Brans-Dicke theory is indeed a useful and straightforward
way to obtain the exact solutions for scalar perturbations. The math-
ematical structure of the Brans-Dicke theory and the further fact that
the scalar field ¢ may be considered as a source term for gravitational
field allow the application of a general and rigorous procedure for cal-
culating the perturbation as given by Hawking-Olson-Novello et al. This
fact ensures that the perturbations given by Bandyopadhyay's approach

have all the good properties suggested by this general method.

The expressions given by equations (19), (20) and (21) are the
correct solutions for the evolution of density perturbation obtained by
the calculation proposed by Bandyopadhyay. Equation (21) represents a

trivial solution and equation (19) gives the damped mode for density
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perturbation. The physically interesting behavior is the growing per-
perturbation. We are interested in the growing perturbation, given by
equation {20), which represents a time evolution slightly faster than
the corresponding growing mode given by General Relativitt theory.

Ve remark that our result obtained for an “approximate model'®

. 0,72
is recovered in equation (20) for w = 6, i,e., o [
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Resumo

Neste artigo nés re-examinamos os calculos da evolugao tempo=
ral das perturbagfes de densidade obtida através da perturbacdo da equa-
¢do de Raychaudhuri en teoria de Brans-Dicke. Nés deduzimos a forma cor-
reta da equagdo para as perturbacfes de densidade e damos a expressédo
analitica correta para a evolugdo temporal das mesmas. Ressaltemos tam-
bém que este método de céalculo é, an verdade, um caso particular do mé-
todo mais geral e mais rigoroso ja apresentado na literatura.
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