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Abstract We consider the effect of a surface on the properties of some
exactly solved Ising models in three dimensions. For an ordered surface,
we show that the local magnetization per spin may decay exponentially in
the bulk. The characteristic decay length is associated with the decay
of the spin-spin correlations normal to the surface. In addition, we
analyze the properties of the phase diagram in TxXA space, whet-e T s
temperature and A is the enhancement factor of the surface exchange,

1. INTRODUCTION

In this paper we consider the effect of a surface on the bulk
properties of some exactly solved Ising models in three dimensions. In
particular, we are able to look at a case in which the surface orders
while the bulk is still disordered. This problem, which is related to
some interesting physical phenomena, has attracted the attention of a
number of investigatorsl_3. Early mean-field calculations®, confirmed
by series expansionsl and Monte Carlo analyses', indicate that the sur-
face magnetization decays exponentially into the bulk with a character-
istic length equal to the bulk correlation lenth. We confirm this point,
and perform detailed calculations for various correlation functions, in
the context of the exactly solved models.

It should be mentioned that there are some exact results for
the two-dimensional Ising model with modified surface exchanges, which
are in qualitative agreement with the mean-field predictions. However,
in this case there can be no surface (d=1) ordering at finite tempera-
tures. Our models, on the other hand, do show surface ordering but, un-

like some physically more interesting cases, donotexhibitbulkordering.
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The three-dimensional models studied in this paper are defined
on a semi-infinite cubic lattice bounded by a two-dimensional surfaceon
the z=1 plane. In section 2 we consider an Ising square lattice on the
surface with a set of independent Ising chains along the positive z
direction. This is probably the simplest case where there may occur sur~
face ordering with a disordered bulk, The exponential decay of the sur-
face magnetization is already present in this simple model. 1in section
3 we consider a square lattice Ising model, with exchange interactions
J. = J(1+D8), on the 3z=1 plane, and a structure of four-spin interac-

S

tions, with exchange 3, = J, on the x-z and y-z planes. In this more

complex case, aIthoughBthe global symmetry is not broken, the planar
symmetry6 of the bulk may be spontaneously broken. This gives rise toan
interesting phase diagram in T-A phase space. In the appendix, we in-
troduce a simple one-dimensional Ising model, with a field applied in
the first site, which shows some of the phenomena discussed in the con-

text of the three-dimensional models.

2. SURFACE WITH CHAIN-LIKE BULK

Let us consider a square Ising lattice, on the z=1 plane, with
nearest-neighbor exchange interactions Js,andaset of independent Ising

chains, with nearest-neighbor interactions J_, along the positive =z di-

B
rection. We then have the hamiltonian
H=- .. . . ..
JS z 07,“7_,] (67,+l,,7,l * G@,JH,])
i5d

“JB X ZZ Gi,j,k Oi,j,kﬂ , (2.1)
Tsd

where O = +1, and i, J, and k, are positive integers running from

T,d.k
I toN. If we assume free boundary conditions along the z direction, it

is possible to write the one-to-one o-T transformations7,
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(2.2)

Q
]
=}

---------------

where T ik £} for all Z,J,k. The transformed hamiltonian is written
’ 1]

as
' - -
H' = -Jg ) t,5,0 Taar,5,0 % T, q0,0)
Tyd
(2.3)
S S N N
B iik Z,d kel
The partition function is then given by
NS
Z = Tr exp(-BH) = ZI(BJS) (2 cosh B JB) , (2.4)

-1
where B = (kBT) , kB is Boltzmann's constant, and Z. is the partition

I
function of a square Ising lattice with ¥* spins.In the thermodynamic

timit we have the free energy

im ..I? ]og Z =" kB T log[Z cosh 8 JB] ’ (2'5)
N> N

F=-kyTl

from which we see, as expected, that the surface plays no role on the
global thermodynamic properties of this model, It should be remarked
that, from egs. (2.4) and (2.5), we can easily obtain an expression for

the surface free energy, fS' If we write F = -kBTlog Z, f‘s is given by

3 -k, T log Z.(BJ,)
fg = rim EEL o qin B L 2 (2.6)
B> A v

It is then clear that fS is the free energy per spin of the Ising square

lattice on the surface.
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The local magnetization is given by

_BH = mI(BJS) (tanh BJB) k_‘ M (27)

1
Sq.)j)k> -z T Oinj)k ¢
for ® Lk 21, where mr is the spontaneous spin magnetization of the

Ising square lattice. From eq, (2,7), we notice that <o 4.1 vanishes
? ]

identically above the critical temperature of the Ising surface, that
is, for sJS < %. tog(1 *+ vZ). In addition to this, we have the global
spontaneous magnetization

lim 1 Y <o,
Mo WPk (2.8)

3
1]

m(BIg) lim 'IIV Y (tanh BJB)k" =0,
N k=1

for all temperatures.
Below the surface critical temperature it is interesting to
write eq. (2.7) in the form
mr(BJ)

<O, o g> = ———— exp[- é} , (2.9)
“ols tanh B Jp t )

with the characteristic decay length

= L (2.10)
lTog tanh B Ip |
Further, it is easy to show that
R
<07:,j,k G’Z:,j,k+2,> = ( tanh B JB) (2.]])

from which we see that the spin-spin correlations along the chains de-

cay with the characteristic length &, given by eq. (2.10).

3. SURFACE WITH PLAQUETTE INTERACTIONS

As another example, let us 'consider a square lattice lsing
model, with exchange interactions JS’ on the 2 = 1 plane, and a set

of four-spin plaquette interactions on the x-z and y¥-z planes of a
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cubic lattice. In this case, the bulk is still disordered at all tem-
ratures although it presents a singular behaviour, The corresponding

Ising spin hamiltonian is then given by

- Hsurface + Hbu]k ’ (3.1)
where
i = - o q) 3.2
surface = = J5 5 0 50 Oy gy = Opgna)) (3.2)
and
+
o =%, L, [ 5k oinl,gk oiigeel Oisl gl
+ S . . L) . o
O'/L,J ,k Ol,J'FI ,k 0—7«"7,17(4-' O’L, J+i,k+]j s (3-3)

where Z,j,k are integers running from 1 to ¥,
It should be noticed that the hamiltonian (3.1) has a global
i T 0g 5 for all 2,7,k, and a planar symmetry®,

symmetry, 07:
-

o} - Oi,j,k for all 2,4, with fixeci k. Both symmetries ai-e non-
-tocal and may in principle be spontaneously broken. However, the global
symmetry is a sub-symmetry of the planar symmetry. Therefore, if the
planar symmetry is not broken, the global symmetry will not be broken

either. On the other hand, as we shall see in the following, the planar
symmetry may be spontaneously broken without producing a bulk spon-
taneous magnetization. From this point of view, unlike in the case of a
bona-fide three-dimensional model, the bulk effects of this exarnple are
essentially governed by two-dimensional mechanisms.

If we assume free boundary conditions along the 2direction,
it is possible to use the 6-Tt transformations of the previous section

to write the transformed hamiltonians,

' = -
Hourface =~ Vs 7,‘2,7' 4,4,1 I:Ti+l gt Ti,jﬂ,l] ’ (3.4)

and
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' == ,
Howe =" 95 L 1 it Cann s e ] - (3.5)
K i,d

The partition function is then given by
N
7 =2.(875) [2,870]" (3.6)

where ZI is the partition function of an Ising square lattice with N?
sites. In the thermodynamic 1imit, as log ZI - NZ, we have the free
energy per spin
1 kBT
f=-kyTlim ~—log Z ~ - —= log Z,(BJp) . (3.7)
N0 N3 NZ
As expected, the thermodynamic behaviour is governed by the bulk partof
the hamiltonian.
It is easy to show that the local spin magnetization is given

by

< = m (879 [n (8] (3.8)

S
7,d,k
for k 2 1, where mr is the spin magnetization of the Ising square lat-

tice, As lml I < 1, we have the global magnetization per spin
m =lim — ) <0...,>=0, (3.9)

which indicates that the bulk does not order, that is, the global sym=
metry is not spontaneously broken. It is interesting to note that the
decay effects in the bulk will occur for 8J,, BJB > -;— log(1 + v2). Thus,
if BJB > BJS, the surface may order without producing any bulk ef-
fects.

Let us use the O-T transformation to look at some correlation
functions:

(i) Along a z axis we have

)
Oy ik 92, ey’ = BB (3.10)
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for £ 2 1. From egs. (3.8) and (3.10) we see that, as in the previous
example, the local magnetization and the spin-spin correlations along a
chain decay with the same characteristic length

S S— (3.11)

| 1og mI(BJB)l
(i1} The general two-body correlation function will be given

by

, . > =
<07:,z7’k 07,',3',k+2

k-1 2
= CI(li'i'l,lj-j'l;BJS) [CI(li_illrlj_jll;BJB):! E”I(BJB)J ’
(3.12)

for k,R Z 1, where CI(|x|,|yi;BJ) is the spin-spin correlation function
for a square Ising lattice, with exchange J, at a temperature T =I/7<BB,
where the spins are at distances |a:|, ]yf apart, respectively along the
z,y directions. 0f course, if £ =Z', and § = J', we regain eq. (3.10).
(iii) The planar two-body correlation functions are given by
L=1
<. . I T s oy sl ,
O ik T ik Gllz-2hldt-d1;874) [CI(|7, ANF; J|,BJB):]
(3.13)
for k 2 1.

(iv) The four-body correlation functions are given by

g (R PIE P S L CRTY

O, dk %508 %00 50k Oi G0 ket
for22 1.

If we write JB = J and JS = J(1+4), where A plays the role of
an enhancement parameter, it is interesting to draw the TxA phase dia-
gram of fig. 1. Region i is strictly disordered, since there is no sur-
face ordering and no decay effects of the local magnetization are pre-
sent in the bulk. In region Il the surface orders but the local magnet-

ization in the bulk still vanishes. Finally, in region Il the surface
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Fig.1 - The global symmetry
is present in all regions of
this phase diagram. In re-
gion | the surface is dis-

@ @ ordered. in region 11l the
2 surface is ordered, but

In(+V2) there are no bulk effects.
In region il the surface

is ordered and the local
rnagnetization decays expo-

o nentially in the bulk. In

1 ) 1 s region |, for k T/7<2/4n(1+/2),

the planar symmetry of the
bulk spontaneously broken, although there is no ordering.

% &
J

orders, and the local magnetization decays exponentially in the bulk.
It is also interesting to analyze the TxA phase diagram on the
basis of the decay of the correlation functions. In region 11, for
example, as m (BJB) = 0, there are no correlations along the 2z direc-
tion. However, region | is much more complicated. In this region,for
kBT/J < 2/10g(14/2}, the bulk shows planar ordering, and there are spin
-spin correlations along the z direction even without surface ordering.

It should be pointed out that the decay of the correlations is closely

connected with the breaking of the planar symmetries. in region Il the
planar symmetry is broken at the surface only. in region iti{ the planar
symmetry is always broken, In region I, however, there are two possi-

bilities: (i) for kBT/J > 2/1og(1+/2), the planar symetry is present;

(ii) otherwise, the planar symmetry is broken in the bulk only.
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discussions with S. Ostlund and H. Nakanishi. SRS and FCA thank Conse-
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APPENDIX - ONE-DIMENSIONAL MODEL

One can conceive a one-dimensional model presenting decay ef-

fects of the local magnetization, in analogy with the previous three-
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-dimensional examples. Let us consider the Ising hamiltonian

N
H=-hoy-d ] 0,0, , (A1)
1=]
where o, = %1, for all i, and h is a field applied on the first spin.

Using the o-T transformation, it is easy to write the partition function
N
Z = 2 coshph(2 cosh 87)" , (A,2)

from which we have the free energy

f = -kBT lim 1 log Z = - kBT log[2 cosh 8] . (A.3)
Noeo N

From this equation we see that the boundary is not relevanttodetermine
the bulk thermodynamic properties.

The local magnetization is given by
k-1
<0,> = (tanh B4) (tanh BJ) , (A.4)

for Kk 2 1, It is interesting to write this expression in the form

_ tanh Bk _k
<0'k> = m exp( 'g] N (A.S)
with the decay length

g=— 1 (A.6)

llog tanh BJ|

On the other hand, the spin-spin correlations are given by

O k> = (tanh BJ)k = exp{- é] ) (A.7)

for ¥k 2 1. Thus, as in the previous examples, the local spin magnetiz-
ation decays in the bulk with the same characteristic lenth as the spin

-spin correlations. Also, we have
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; N
m= 1lim I N <> =0 (A.8)

N->00 =1

which confirms that the one-dimensional model does not order.
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Resumo

Consideramos o efeito de uma superficie sobre as propriedades
alguns modelos de Ising tridimensionais exatamente sollUveis. No caso
um superficie ordenada, mostramos que a magnetizagcdo local por spin

pode decair exponencialmente no interior do sistema. O comprimento ca-
racteristico do decaimento estid associado com o decaimento das correla-
¢cdes spin-spin normais a superficie. Também analisamos as propriedades

do

diagrama de fases no espaco T X A, onde T € a temperatura eAé o

fator multiplicativo do parametro de troca da superficie.
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