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Abstract We cons ider  t h e  e f f e c t  o f  a  s u r f a c e  on t h e  p r o p e r t i e s  o f  some 
e x a c t l y  so lved  I s i n g  models i n  t h r e e  dimensions. For an ordered surface, 
we show t h a t  the  l o c a l  magnet i za t ion  per  s p i n  may decay exponent. ial ly i n  
t h e  b u l  k .  The c h a r a c t e r i s t i c  decay l e n g t h  i s  assoc ia ted  w i  t h  tb'e decay 
o f  t h e  s p i n- s p i n  c o r r e l a t i o n s  normal t o  t h e  su r face .  I n  a d d i  t i o n ,  we 
analyze t h e  p r o p e r t i e s  o f  t h e  phase diagram i n  TxA space, whe t -e  T i s  
temperature and A i s  t h e  enhancement f a c t o r  o f  the  s u r f a c e  exchange, 

1. INTRODUCTION 

I n  t h i s  paper we cons ider  the  e f f e c t  o f  a  s u r f a c e  on t h e  b u l k  

p r o p e r t i e s  o f  some e x a c t l y  s o l v e d  I s i n g  models i n  t h r e e  dimensions. I n  

p a r t i c u l a r ,  we a r e  a b l e  t o  look  a t  a  case i n  wh ich  t h e  s u r f a c e  o r d e r s  

w h i l e  the  b u l k  i s  s t i l l  d i so rdered .  T h i s  problem, which i s  r e l a t e d  t o  

some i n t e r e s t i n g  p h y s i c a l  phenomena, has a t t r a c t e d  the  a t t e n t i o n  o f  a  
1 - 3  

number o f  i n v e s t i g a t o r s  . E a r l  y  mean-f i e l  d  c a l c u l a t i o n s 4 ,  con f  i rmed 

by s e r i e s  expansionsl  and Monte C a r l o  analysesl,  i n d i c a t e  t h a t  the  su r -  

face m a g n e t i z a t i o n  decays e x p o n e n t i a l l y  i n t o  the  b u l k  w i t h  a  charac te r -  

i s t i c  l e n g t h  equal t o  t h e  b u l k  c o r r e l a t i o n  l e n t h .  We c o n f i r m  t h i s  p o i n t ,  

and per fo rm d e t a i l e d  c a l c u l a t i o n s  f o r  v a r i o u s  c o r r e l a t i o n  f u n c t i o n s ,  i n  

t h e  c o n t e x t  o f  t h e  e x a c t l y  s o l v e d  models. 

I t  shou ld  be mentioned t h a t  t h e r e  a r e  some exac t  r e s u l t s  f o r  

t h e  two-dimensional I s i n g  model wi  t h  mod i f  i e d  s u r f a c e  exchange5, wh ich  

a r e  i n  q u a l i t a t i v e  agreement w i t h  the  mean- f ie ld  p r e d i c t i o n s .  However, 

i n  t h i s  case t h e r e  can be no s u r f a c e  (d=l )  o r d e r i n g  a t  f i n i t e  tempera- 

t u r e s .  Our models, on the  o t h e r  hand, do show s u r f a c e  o r d e r i n g  b u t ,  un- 

1 i k e  some p h y s i c a l  1  y  more i n t e r e s  t i n g  cases, do n o t  exh i  b i  t b u l  k  o r d e r i  ng. 
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The three-dimensional models s tud ied i n  t h i s  paper are  def ined 

on a s e m i - i n f i n i t e  cubic l a t t i c e  bounded by a two-dimensional sur faceon 

the z=1 plane. I n  sec t ion  2 we consider an I s i ng  square l a t t i c e  on the 

surface w i t h  a s e t  o f  independent I s i n g  chains along t h e  p o s i  t i v e  z 

d i r e c t i o n .  This i s  probably the s implest  case where there  may occursur- 

face order ing  w i t h  a d isordered bu lk ,  The exponential decay o f  the sur-  

face magnetization i s  a l ready present i n  t h i s  simple model. I n  sec t ion  

3 we consider a square l a t t i c e  I s i ng  model, w i t h  exchange i n te rac t i ons  

J = ~ ( 1 + 4 ,  on the z=1 plane, and a s t r u c t u r e  o f  four- sp i n i n t e r a c -  s 
t i ons ,  w i t h  exchange J = J ,  on the x- z  and y-z planes. I n  t h i s  more  

B 
complex case, a l though the g loba l  symmetry i s  no t  broken, t h e  p l a n a r  

symmetry6 o f  the bu l k  may be spontaneously broken. This g ives r i s e  toan 

i n t e r e s t i n g  phase diagram i n  T-A phase space. I n  the appendix, we in -  

troduce a simple one-dimensional I s i n g  model, w i t h  a f i e l d  a p p l  i e d  i n  

the f i r s t  s i t e ,  which shows some o f  the phenomena discussed i n  the con- 

t e x t  o f  the three-dimensional models. 

2. SURFACE WITH CHAIN-LIKE BULK 

Let us consider a square I s i ng  l a t t i c e ,  on the z=1 plane, w i t h  

nearest-neighbor exchange i n te rac t i onsJS ,anda  set  o f  independent I s i ng  

chains, w i t h  nearest-neighbor i n te rac t i ons  J along the p o s i t i v e  z d i -  
B' 

rec t i on .  We then have the hami l tonian 

where o = I 1 ,  and i, j, and k ,  are p o s i t i v e  integers running from 
i , i , k  

I t o  N. I f  we assume f r e e  boundary cond i t ions  along the z d i rec t i on ,  i t  

i s  poss ib le  t o  w r i  t e  the one-to-one a--r t ransformat ions ', 
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where 
i , j , k  

= I 1  f o r  a l l  i , j ,k .  The transformed hami l tonian i s  w r i t t e n  

as 

The p a r t i t i o n  func t i on  i s  then given by 

where 6 = (kBT)-', kB i s  Boltzmann's constant, and ZI i r  the p a r t i t i o n  

func t i on  o f  a square I s i n g  l a t t i c e  w i t h  u2 s p i n s - l n  the the rmo t i ynamic  

1 i m i  t we have the f ree energy 

1 
f -  k T l i m - l o g  Z =  - k B T  l o g ~ c o s h  B J ~ ]  , (2.5) 

N * N 3  

from which we see, as expected, t h a t  the surface p lays  no r o l e  on the 

global  thermodynamic proper t ies  o f  t h i s  model, I t  should be r e m a r k e d  

tha t ,  from eqs. (2.4) and (2.51, we can e a s i l y  ob ta in  an expression f o r  

the surface f r e e  energy, fS. I f  we w r i t e  F = - k g T l o g  Z ,  f i s  g iven by S 

I t i s  then c lea r  t ha t  fS i s  the f ree  energy per sp in  o f  the I s i i i g  square 

l a t t i c e  on the surface.  
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The l o c a l  magnet i za t ion  i s  g i v e n  by 

1 k- 1 
IOi,j,k> = 7 T r  O;, j,x e+H = mT(BJs) ( tanh  B J B )  , ( 2 . 7 )  

f o r  i, j,k 2 1, where rnI i s  t h e  spontaneous s p i n  magnet i za t ion  o f  t h e  

I s i n g  square l a t t i c e .  From eq, (2,7),  we n o t i c e  t h a t  <Oi,j,k> vanishes 

i d e n t i c a l l y  above the  c r i t i c a 1  temperature o f  t h e  I s i n g  su r face ,  t h a t  
1 

i s ,  f o r  BJS < Iog (1  + a. I n  a d d i t i o n  t o  t h i s ,  we have t h e  g l o b a l  

spontaneous magnet i za t ion  

f o r  a l  1  temperatures . 

1 
l i m  1 ( t a n h  B JB) k-l = 0 , 
N - m  k = l  

Below the s u r f a c e  c r i t i c a 1  ternperature i t  i s  i n t e r e s t i n g  t o  

w r i  t e  eq. (2.7) i n  t h e  forrn 

w i t h  the  c h a r a c t e r i s t i c  decay l e n g t h  

1 
5 = 

l l o g  tanh 6 JB I 

F u r t h e r ,  i t  i s  easy t o  show t h a t  

<O > = ( t a n h  8 J B )  
R 

i , j , k  'i,j,k+R 

from which we see t h a t  t h e  s p i n- s p i n  c o r r e l a t i o n s  a long  the  chains de- 

cay w i t h  the  c h a r a c t e r i s t i c  l e n g t h  5, g i ven  by eq. (2 .10) .  

3. SURFACE WITH PLAQUETIT  INTERACTIONS 

As another  example, l e t  us 'consider a square l a t t  i c e  I s  i n g  

rnodel, w i t h  exchange i n t e r a c t i o n s  JS, on t h e  z  = 1 p lane,  and a s e t  

o f  f o u r - s p i n  p l a q u e t t e  i n t e r a c t i o n s  on  t h e  x - z  and g - z  planes o f  a  

250 
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cubic l a t t i c e .  I n  t h i s  case, the bu lk  i s  s t i l l  disordered a t  a i 1  tem- 

ratures although i t  presents a s ingu lar  behaviour, The corresponding 

I s i n g  sp in  hami l tonian i s . t h e n  given by 

H = H  
surface + 'bui k 

where 

H 
surface = - Js I U<,j, l  (oGl ,i,) + ~i ;,i ,j+l ,I) * 

and 

H b ~ l k  = -  1 ['i,j,k u i+l, j ,k u i,j,k+i 'i+l ,j,k+l 
i , ~ , k  

+ u u i , ,  i,j+i ,k 'i,j,k+ 

where i, j , k  are  integers running from 1 t o  N. 

I t  should be not iced tha t  the hami 1 tonian (3.1) has a 

(3.1) 

(3.2) 

+ 

(3.3) 

g loba l  

symmetry, u + -  u 
i , i , k  i , i , .k. 

f o r  a l l  i , j ,k ,  and a planar symn ie t r y6 ,  

u '- u 
i , j , k  

f o r  a11 z,J, w i t h  f ixeci k .  Both s y m e t r i e s  ai-e non- 

- l oca l  and may i n  principie be spontaneously broken. However, tht? g loba l  

symmetry i s  a sub-symmetry o f  the planar symmetry. Therefore, i f  the 

planar symmetry i s  no t  broken, the g loba l  symnetry w i l l  n o t  be broken 

e i t h e r .  On the o ther  hand, as we s h a l l  see i n  the fo l lowing,  thr? p lanar  

symmetry may be spontaneously broken wi thout  producing a bu l k  spon- 

taneous magnetization. From t h i s  p o i n t  o f  view, u n l i k e  i n  the case o f  a 

bona- fide three-dimensional model, the bu l k  e f f e c t s  o f  t h i s  exarnple a re  

e s s e n t i a l l y  governed by two-dimensional mechanisms. 

l f  we assume f r e e  boundary cond i t ions  along t h e  2 d i  r e c t i o n ,  

i t  i s  poss ib le  t o  use the 0--r t ransformat ions o f  the previous sec t i on  

t o  w r i  t e  the transformed hami l tonians, 

and 
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The p a r t i t i o n  func t i on  i s  then given by 

where ZI i s  the p a r t i t i o n  func t i on  o f  an I s i ng  square l a t t i ç e  w i t h  

s i  tes.  I n  the thermodynamic 1 i m i  t , as log  ZI - N2, we have the f ree 

energy per sp in  

As expected, the thermodynamic behaviour i s  governed by the bu lk  p a r t o f  

the hami l tonian.  

I t  i s  easy t o  show tha t  the loca l  sp in  magnetization i s  g iven 

by 

f o r  k 1 1, where mI i s  the sp in  magnetization o f  the I s i ng  square l a t -  

t i c e ,  As Irn I < 1, we have the g loba l  magnetization per sp in  I 

1 
rn = l i m  - 1 = O , (3.9) 

N* N 3  i , j , k  

which ind iça tes  t h a t  the bu l k  does not  order,  t ha t  i s ,  the g loba l  sym- 

metry i s  not  spontaneously broken. I t  i s  i n t e r e s t i n g  t o  note tha t  the 
1 

decay e f f e c t s  i n  the bu lk  w i l l  occur f o r  Ws, BJB > log(1  + n). Thus, 

i f  BJB > B J ~ ,  the surface may order wi thout  produci ng any b u  1 k e f  - 
fec ts .  

Let  us use the õ-T t ransformat ion t o  look a t  some c o r r e l a t i o n  

funct ions:  

( i )  Along a  z a x i s  we have 
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f o r  R >= 1 .  From eqs. (3.8) and (3.10) we see tha t ,  as i n  the p r e v i o u s  

example, the l oca l  magnetization and the spin- spin co r re la t i ons  along a 

chain decay w i t h  the same c h a r a c t e r i s t i c  length  

1 5 = (3.11) 
1109 m,(&r,) I 

( i i )  The general two-body c o r r e l a t i o n  func t i on  w i l l  be given 

by 

<oi , j , k  uil,jl , k + ~ >  = 

k- 1 

- 
(3.12) 

f o r  k,R 2 I, where CI(lxl, l y l  ;BJ) i s  the spin- spin c o r r e l a t i o n  func t i on  

f o r  a square I s i n g  l a t t i c e ,  w i t h  exchange J ,  a t  a temperature T =I/kBB, 

where the spins a re  a t  distances 1x1, l y l  apar t ,  respect ive ly  along the 

x,y d i rec t i ons .  O f  course, i f  i = i', and j = jl, we regain eq. (3.10). 

a re  given by c o r r e l a t i o n  func t ions  ( i  i i )  The p lanar  two-body 

<u u > = C ( l i 1 - i l , \ j l - j  i , ,  i , ,  I 

f o r  k :  1 .  

( i v )  The four-body c o r r e l a t i o n  func t ions  are  given by 

f o r  R; 1 .  

I f  we w r i t e  J = J and JS  = J ( ~ + A ) ,  where A plays the r o l e  o f  
B 

an enhancement parameter, i t  i s  i n t e r e s t i n g  t o  draw the TxA phase d ia-  

gram o f  f i g .  1 .  Region i i s  s t r i c t l y  disordered, s ince there  i s  no sur- 

face order ing  and no decay e f f e c t s  o f  the loca l  magnetization are  pre- 

sent i n  the bu lk .  I n  region I I  the surface orders but  the l oca l  magnet- 

i z a t i o n  i n  the bu lk  s t i l l  vanishes. F i n a l l y ,  i n  region I I I  the surface 
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Fig.1 - The global  symmetry 
i s  present i n  a1 1 regions o f  
t h i s  phase diagram. I n  re- 
gion I  the surface i s  d i s -  
ordered. I n  region I I  the 
surface i s  o r d e r e d ,  b u t  
there are no bu lk  e f f e c t s .  
I n  region I I I  the surface 
i s  ordered and t h e  loca l  
rnaqnetization decays  exDo- 
nen t i a l  ly i n  the buík.  ' I n  

- 1 10 +I region I, for k,~/~<2/~n( l+vS),  
1 the planar syUmetry o f  the 

bulk spontaneously broken, although there i s  no order ing .  

orders, and the loca l  rnagnetization decays exponent ia l l y  i n  the bulk.  

I t  i s  a l so  i n t e r e s t i n g  t o  analyze the TxA phase diagram on the 

basis o f  the decay o f  the c o r r e l a t i o n  func t ions .  I n  r e g i o n  I I ,  f o r  

exarnple, as m (BJ ) = 0,  there are  no co r re la t i ons  along the z d i rec-  
I B  

t i on .  However, region I i s  much more complicated. I n  t h i s  r e g i o n , f o r  

kBT/J < 2 / l o g ( l + m ,  the bu l k  shows planar order ing,  and there are  sp in  

-sp in  co r re la t i ons  along the z d i r e c t i o n  even wi thout  surface order ing.  

I t  should be pointed out  t ha t  the decay o f  the co r re la t i ons  i s  c l ose l y  

connected w i t h  the breaking o f  the planar syrnmetries. I n  reg ion I I the 

planar s y m e t r y  i s  broken a t  the  surface on ly .  I n  region I I I  the planar 

symnetry i s  always broken, I n  region I, however, there are  two possi-  

b i l i t i e s :  ( i )  f o r  kgT/J > 2 / l o g ( l + m ,  the planar s y m e t r y  i s  present; 

( i  i )  otherwise, the planar symmetry i s  broken i n  the bu l k  on ly .  
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APPENDIX - ONE-DIMENSIONAL MODEL 

One can conceive a one-dimensional model present ing decay e f -  

fec t s  o f  the loca l  magnetization, i n  analogy w i t h  the previous three- 
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-dimensional examples. Le t  us consider the I s i ng  hami l tonian 

N 

where úi = 21,  f o r  a11 i, and h i s a f i e l d  app l ied  on the f i r s t  s p i n .  

Using the O-T t ransformat ion,  i t  i s  easy t o  w r i t e  the p a r t i t i o n  func t i on  

f rom which we have the f ree energy 

1 f = -kBT i i m  - iog Z = - kBT iog[2 cosh &] , 
N* N 

From t h i s  equation we see t h a t  the boundary i s  no t  re levan t tode te rm ine  

the bu lk  thermodynamic proper t ies .  

The l oca l  magnet izat ion i s  g iven by 

f o r  k 2 1 .  I t  i s  i n t e r e s t i n g  t o  w r i t e  t h i s  expression i n  the form 

w i t h  the decay length  

1 
S - 

1 log  tanh & T I  

On the o ther  hand, the sp in- sp in  co r re la t i ons  are given by 

<'j j+k > = ( tanh &rlk = exp[- f ]  , 

f o r  k 9 1. Thus, as i n  the previous examples, the l oca l  sp in  magnetiz- 

a t i o n  decays i n  the bu l k  w i t h  the same c h a r a c t e r i s t i c  l e n t h  as the sp in  

-sp in  co r re la t i ons .  Also, we have 
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1 
N 

m - l i m  - 1 < u > E O  , k 
(A.8) 

u-t.. ' i = l  

which confirms tha t  the one-dimensional model does not  order.  
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Resumo 

Consideramos o e f e i t o  de uma supe r f í c i e  sobre as propriedades 
de alguns modelos de I s i n g  t r id imens iona is  exatamente so lúve is .  No caso 
de uma supe r f í c i e  ordenada, mostramos que a magnetização l oca l  por sp in  
pode decair  exponencialmente no i n t e r i o r  do sistema. O comprimento ca- 
r a c t e r í s t i c o  do decaimento está associado com o decaimento das co r re la-  
ções spin- spin normais à supe r f í c i e .  Também anal i samos as propriedades 
do diagrama de fases no espaço T x A, onde T é a t e m p e r a t u r a  e A ê  o 
f a t o r  m u l t i p l i c a t i v o  do parâmetro de t roca da supe r f í c i e .  


