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Abstract Theoret ical  ca l cu la t i ons  o f  some proper t ies  o f  two-dimensional 
e lectrons on a  l i q u i d  hel ium f i l r n  adsorbed on a  s o l i d  substrate are  re-  
viewed here. We describe the spectrum o f  e lec t ron  bound s ta tes  on bu l k  
hel ium as we l l  on hel ium f i l rns.  The c o r r e l a t i o n a l  p rope r t i es ,  such  as 
the s t ruc tu re  fac to r  and c o r r e l a t i o n  energy, a re  determined as funct ions  
o f  the f i l m  thickness f o r  d i f f e r e n t  types o f  substrates i n  the f r a m e -  
work o f  a  General ized Random-Phase Approximation. The c o l  l e c t  i ve  e x c  i - 
ta t i ons  o f  t h i s  system are  a l so  described. The r e s u l t s  f o r  e lec t rons  on 
the surface o f  t h i n  f i  lms and bu lk  he l  ;um are e a s i l y  obtained. We exam- 
ine the e lec t ron  i n t e r a c t i o n  w i t h  the exc i t a t i ons  o f  the l i q u i d  hel ium 
surface r e s u l t i n g  i n  a  new polaron s ta te ,  which was observed very re-  
cen t l y .  The ground s t a t e  energy and the e f f e c t i v e  mass o f  t h i s  polaron 
are determined by using the path- in tegra l  formal ism and uni t a r y -  t rans- 
format ion method. Recent speculat ions about the phase diagram o f  elec- 
t rons on the helium f i l m  a re  a l ço  discussed. 

1. INTRODUCTION 

The extensive study o f  the proper t ies  o f  the system formed by 

e lec t rons  on the surface o f  l i q u i d  hel ium began i n  the ea r l y  seventies 

w i  t h  the theo re t i ca l  p r e d i c t i o n  made by Cole and cohen1, and indepen- 

dent ly  by sh i k i n2 ,  about the p o s s i b i l i t y  o f  e lec t rons  being trapped on 

a  d i e l e t r i c  subst ra te  where they could be conf ined by a po tent ia l  well i n  the 

z -d i rec t i on  and could move more o r  less f ree l y  i n  the x-y plane o f  the 

surface. A f t e r  t h i s  p red i c t i on ,  a  ser ies  o f  experiments were performed 

t o  inves t iga te  t h i s  system u n t i l  Grimes and 6rown3 c o n c l u s i v e l y  o b -  

served the existence o f  these e l e c t r o n i c  surface s ta tes  i n  a  beau t i f u l  

spectroscopic experiment, This experiment consists i n  the measurement  

of the microwave absorpt ion as a  f unc t i on  of an a  1 t e r n a t  i ng e l e c t r i c  
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f i e l d  app l ied  i n  the d i r e c t i o n  perpendicular t o  the layer  o f  e lectrons 

on the surface o f  l i q u i d  hel ium. They measured the s p l i t t i n g s  due t o  

t r a n s i t i o n s  between d i f f e r e n t  e l e c t r o n i c  s ta tes  i n  the po ten t i a l  we l l  

by observing the wave absorpt ion as the sp l  i t t i n g s  were tuned i n t o  res- 

onance w i t h  the frequency o f  the inc ident  rad ia t i on .  The mot iva t ion  f o r  

studying t h i s  system froma fundamental p o i n t  o f  view i s  t ha t  an immense 

v a r i e t y  o f  we l l -de f ined and c lean experiments can be done, which are i m-  

por tan t  f o r  t heo re t i ca l  progress i n  areas such as phase- transi t ions i n  

two dimensions, many-body theory, the polaron s ta te ,  t ranspor t  phenom- 

ena, the Wigner c r y s t a l l i z a t i o n ,  e t c .  Furthermore, rea l i zab le  techniques 

o f  measuring the  m o b i l i t y  o f  sur face e lec t rons  were employed f o r  study- 

ing  the thermal surface exc i t a t i ons  o f  quantum l i q u i d s  and so l i ds .  We 

would l i k e  t o  emphasize the pedagogical appeal o f  t h i s  e l e c t r o n i c  s y s -  

tem. For example, the image-potential- induced surface states a r e  ob-  

ta ined f rom a very s imple one-dimens iona l  ~ c h r g d i n ~ e r  equation. Moreover, 

a la rge amount o f  t heo re t i ca l  and experimental work could be done using 

techniques sucessfu l ly  app l ied  t o  o ther  systems and there are  exce l len t  
4-9 

reviews devoted t o  t h i s  f i e l d  , 

I n  t h i s  paper, we would l i k e  t o  surnmarize some r e c e n t  t h e o r -  

e t i c a l  work, emphasizing the  case o f  e lec t rons  on the surface oF l i q u i d  

hel  ium adsorved on a substrate.  

T h e o u t l i n e o f  t h i s  paper i s a s  fo l lows.  I n  s e c t i o r i  2 ,  we 

b r i e f  l y  discuss the general p roper t ies  o f  surface e lec t rons  on b u l  k 

hel  ium, such as the spectrum o f  bound s ta tes  , evaluated througli model 

ca l cu la t i ons  and compared t o  the experimental r e s u l t s .  The d i e l e c t r i c  

formulat ion o f  t h i s  two-dimensional ( 2 ~ )  many-electron system i s  des- 

cr ibed and we emphasize the breakdown o f  the Random-Phase Approximation 

(RPA) by t r e a t i n g  the co r re la t i ons  o f  the 2D c lass i ca l  plasma. Hn Sec- 

t i o n  3, we analyse the new experimental s i  t ua t i on  wi t h  the electrons on 

the surface o f  a l i q u i d  hel ium f i l m  we t t i ng  a s o l i d  substrate,  We pre- 

sent the change i n the spectrum o f  the e l e c t r o n i c  s ta tes  due t o  f i 1 m 

and substrate,  By vary ing  the f i l m  thickness and tak ing  d i f f e r e n t  sub- 

s t ra tes  one modi f ies s i g n i f i c a n t l y  the nature o f  the e lec t ron  in terac-  

t i o n ,  from a s t r i c t l y  d ipo la r  po ten t i a l  t o  the usual Coulomb in terac-  

t i o n  f o r  e lec t rons  conf ined i n a  plane. I n  s e c t i o n 4 ,  we a n a l y s e  i n  
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detai  l the i n f  luence o f  the f i l m  thickness and severa1 k i  nds o f  sub-  

s t ra tes  on the many-body proper t ies  o f  the system, by using a  k i n d  o f  

General i zed RPA, the se1 f -cons i s t e n t  f i e ?  d  m e t h ~ d ' ~ ,  'de obta i  n  the cor-  

r e l a t i o n a l  p roper t ies  f o r  e lec t rons  on the surface o: t h i n  f i lms ãnd  

bulk helium. I n  sec t ion  5, we i nves t i ga te  the s e l f - l o c a l i z a t i o n  o f  an 

e lec t ron  i n  a  po laron ic  s t a t e  by consider ing i t s  i n t e r a c t i o n  w i  t h  a  

cloud o f  r ipp lons ,  the quantum exc i t a t i ons  o f  the helium surface.  Our 

ca lcu la t ions  are c a r r i e d  o ~ t  i n  the framework o f  Feynman's path i n teg ra l  

formalism" as we l l  as i n  the modi f ied  v a r i a t i o n a l  scheme o f  the Lee, 

Low and P i nes theory '" ' , We discuss the i n t r i g u i n g  t r a n s  i t i o n  i n  

which the e l e c t r o n i c  s t a t e  transforms from a near ly  f r e e  t o  a  l oca l i zed  

s ta te ,  w i t h  a  dramatic increase o f  the e f f e c t i v e  mass. T h i s  p o l a r o n  

t r a n s i t i o n  has been observed q u i t e  recent ly  i n  the e lec t ron  system l e v i -  

tatir;g above a  helium f i l m l ' .  And, f i n a l l y ,  we d e s c r i b e  soine r e c e n t  

speculations about the shape o f  the phase diagram f o r  e lectrons on he- 

l ium f i lms ,  wi:h the p o s s i b i l i t y  o f  c rea t i ng  a  new 20 f l u i d  w i t k  an in-  

t e res t i ng  quantum Wigner t r a n s i t i o n  not  ye t  we l l  s tudied.  

2. SOME PROPERTIES OF THE SURFACE ELECTRONS 

The e lec t ron i c  surface s ta tes  are  induced by the i n t e r a c t i o n  

po ten t i a l  between the e lec t ron  and the helium s u r f a c e ,  w h i c h  a r  i s e s  

from two d i f f e r e n t  con t r i bu t i ons :  ( i )  a  long-range i n t e r a c t i o n  coming 

from the p o l a r i z a t i o n  o f  the l i q u i d  surface and given by an a t t r a c t i v e  

image po ten t i a l  and, ( i i )  a  p o t e n t i a l  b a r r i e r  due t o  Pau l i ' s  exc lus ion  

principie which does not  a l low an ex t ra  e lec t ron  i n  the helium atom.The 

model po ten t i a l  can be constructed as 

where the d i e l e c t r i c  occupies the hal f- space z < 0 .  For hel ium, we have 

E = 1 .057 and V.  = 1 eV. I f  one assumes t h a t  the b a r r i e r c a n b e  approxi- 

mately taken as i n f  i n i t e  and the perpendicular  and para1 l e l  motions can 
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be separa ted, the ~ c h r g d i  nger equa t i on  

where 

I s  solved exac t l y  w i t h  the boundary cond i t ions  O n ( 0 )  = Qn(m) = O ,  The 

so lu t ions  o f  the unidimens iona l  (z -d i rec t ion)  ~ c h r g d i n ~ e r  equation are  

given by 

O  ( 2 )  = Z R ( 2 )  n n ,  o ( 2 . 3 )  

where R ( z )  are  the wavefunct ions o f  the rad ia l  equa t i on  o f  the hydro- 
nvo 

gen atom w i t h  zero angular momentum. The energy spectrum i s  then the 

wel 1-known spectr im o f  the hydrogen atom, 

For the lowest subband, one has 

where ao is the e f f e c t i v e  Bohr radius and = 7x10-' eV f o r  e l e s t r ~ n s  

on helium. 

Spectroscopic measurements by Grimes e t  ~ 2 . ' ~  showed tha t  the 

t r a n s i t i o n s  between the ground s t a t e  and the f i r s t  exci  ted s ta tes  are  

about 5% l a rge r  than those pred ic ted by the hydrogenic model g iven by 

eq. ( 2 . 4 1 ,  as s h w n  i n  the tab le  below 

Transi t i o n  Theory 

1 - 2  119.7 GHz 

1-3 141.8 GHz 

Experiment 

125.9 2 0.2 GHz 

148.6 0 . 3  GHz 
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This small discrepancy is attributed to interface effects such 

as the f ini teness of the potential barrier and the true behavior of the 

polarization interaction at small distances. In order to take into ac- 

count these effects severa1 model calculations have been performed to 

fit the experimental results, In particular, HipÕlito et a2.16 have ob- 

tai ned an exact sol ut ion, in terms of conf luent hypergeometric functions, 

for the following model potential 

where B is an adjustable parameter. This model potential corresponds to 
treating the potential outside the surface as an image potential with 

the origin at a small distance B inside the dielectric. In fact, B is 

interpreted as being the posi tion of the center of mass of the induced 

charge, That is the effective position of the interface. Thus, this 

phenomenological potential e1 iminates the non-physical d i vergence of 

the classical image potential at the real interface. When the eigen- 

value equation is solved as a function of B for the levels n = 1,2 and 

3 and the energy separations between these levels are set equal to the 

experimental values, the parameter takes the value 1.01 8 .  
In the experimental situation there is an additional potential 

coming from an external electric field F pressinç the electronsagainst 

the surface and distorting the fosm of the potential to 

Since there is no exact analytical solution for this problem, 

we have performed numerical calculations of the bound-state energies 

for the levels 1, 2 and 3, in the presence of the applied electricfield 

and with the value of B previously calculated. In fJg. 1, we show the 

trans i tions , from the ground-s tate to exci ted levels as observed in the 
experiments of Grimes et aZ. 1 5 .  The spectrum looks I ike the Lyman series 

of the hydrogen atom. We plot in fig. 2 the transition frequencies as 

a function of the external electric field applied between two planar 
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POTENTIAL DIFFERENCE ACROSS CELL IVOLTS) 

Fig.1 - Experimental recording o f  mm-wave 
absorpt ion d e r i v a t i v e  vs  the p o t e n t i a l  
d i f ference across the e x p e r i m e n t a l  c e l  l 
taken a t  a  frequency o f  220 GHz and tem- 
perature o f  1.2 K. The l i nea r  Stark  e f -  
f ec t  i s  employed t o  tune t h e  s p l i t t i n g s  
between bound e l e c t r o n i c  surface s ta tes  
on l i q u i d  hel ium t o  resonance w i t h  t h e  
app l ied  rad ia t i on .  The 1 -t 2, 1 -t 3 ,  . . . . 
t rans  i t i o n s  are  analogous t o  the Lyrnan 
a, 8 ,  ... t r a n s i t i o n s  o f  t h e  h y d r o g e n  
atom ( A f t e r  C .C .  Grimes et aZ, ref.15). 

e lectrodes one located above the  surface and another i ns ide  the l i qu id ,  

The energy separat iom between the lowest subband and the lowest few ex- 

c i t e d  subbands are cornpared w i t h  those obtained numerical ly .  As onesees, 

the experimental r e s u l t s  a re  w e l l  f i t t e d  by the calcu.lat ion. 

The rnost s t r i k i n g  fea ture  o f  t h i s  systern i s  Lhe experimental 

a c c e s s i b l e  r a n g e  o f  e lec t ron  dens i t i es  n - 10' - l o 9  crn-*. As the 

2D Fermi energy i s  g iven by 
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F ig.2 - Frequencies f o r  the t r a n s i t i o n s  1 -t 2 and 1 + 3 
as a func t i on  o f  externa1 f i e l d .  The crosses are  the 
experimental resu l  t s  o f  Grimes e t  d.15 whi l e  the dashed 
curves are  t h e i r  model ca l cu la t i on .  The s o l i d  curvesare 
the r e s u l t s  o f  Hipól  i t o  e t  a1.l6 based on the exact ly  
so lub le  model po ten t i a l  g iven by eq. (2.6) .  

then E << kgT f o r  temperatures above a few m i l l i k e l v i n s .  Indeed, the F 
e lec t ron  system behaves I i k e  a non-degenerate plasma described by a two 

-dimensional Rolczmann d i s t r i b u t i o n  as a l i m i t  o f  the Fermi d i s t r i b u t i o n  

a t  experimental dens i t ies  and temperatures. I n  t h i s  way, the system can 

be character ized by a plasma parameter r def ined as the r a t i o  between 

the averages o f  p o t e n t i a l  and k i n e t i c  energies, 

(T i n  energy un i  t s )  . For smal 1 values o f  i', the Coulomb i n t e r a c t i o n  i s  

less important and we have a d i l u t e  system a t  h igh  temperature. A t  in-  

termediate dens i t ies ,  1 < < 100, the system becomes h i g h l y  correlated, 
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o r  l i q u i d - l i k e .  A t  h igh  dens i t ies  and low temperature, a phase-  t r a n -  

s i  t -ion t o  an ordered s ta te ,  the c lass i ca l  Wigner c r y s t a l  , i s  expected 

t o  occur. I n  f a c t ,  one o f  the most important development i n  t h i i j  f i e l d  

has been the observat ion o f  the c r y s t a l  i z a t i o n  o f  e lec t rons  by Grimes 

and ~ d a m s ' ~  a t  rm = 137. This r e s u l t  i s  cons is ten t  w i t h  c a l c u l a t i o n s  

ca r r  ied ou t  us i ng molecular dynamics18 and Monte ~ a r l o ' ~  computer simu- 

l a t i o n s ,  We s h a l l  come back t o  t h i s  po in t  i n  sec t ion  6 i n  the con tex to f  

the hel ium f i l m s .  

The s implest  approximation t o  t r e a t  a 2D c lass i ca l  plasma w i t h  

p a r t i c l e s  i n t e r a c t i n g  v i a  a p a i r  p o t e n t i a l  +(r) = e * 2 / ~ ,  i s  the Random 

-Phase Approximation (RPA) . The e f f e c t s  o f  the he l  ium substrate are  i n -  

cluded i n t o  the renormal ized e lec t ron  charge e* = (2/1+€)'12 e ,  I n  some 

sense, t h i s  approximat ion i s  equ iva lent  t o  the ~ebye-HÜckel method and 

i t  i s  known t o  be v a l i d  i n  the low densi ty regime. I "  the d i e l e c t r i c  
.+ 

fo rmula t ion  o f  the many-body problem, the d i e l e c t r i c  f unc t i on  E ( , ~ , W )  i s  
+ 

re la ted  t o  the dens i ty-dens i t y  response func t  ion  x(q,w) by 

where $ (q )  i s  the F o u r i e i  transform of the bare p o t e n t i a l .  The ~J ie lec -  

t r i c  response func t i on  i n  RPA i s  usua l l y  ca l cu la ted  on the bas is  o f  Ohe 

Vlasov equat ion and w i l l  be der ived i n  a more general context  i n  section 

4. I n  RPA, the  d i e l e c t r i c  f unc t i on  tu rns  ou t  t o  be 

where x, ($,w) i s  the densi ty-densi t y  response func t i on  o f  the  i tleal gas, 

g iven by 
+ 

x, ( q , d  = - ( ~ / T ) w ( z )  (2.12) 

where z = (w/q)(m/~)1'2. Here, ~ ( z )  i s  the plasma d ispers ion  f u r i c t i o n  

w r i  t t e n  as 
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The s t a t i c  s t r u c t u r e  f a c t o r  ~ ( q )  i s  r e la ted  t o  the imaginary 

p a r t  o f  the densi ty-densi ty response func t i on  o f  the system through the 

well-known f l u c t u a t i o n - d i s s i p a t i o n  theorem 

I n  the c l a s s i c a l  l i m i t  hw << T, t h i s  f unc t i on  can be w r i t t e n  by means 

o f  the Kramers-Kronig r e l a t i o n  as 

where kD = 2?rne2/~ i s  the Debye wavevector. 

The pa i  r c o r r e l a t  ion func t  ion g(r) , wh i ch  represents the prop- 

a b i l i t y  o f  f i nd ing  one p a r t i c l e  a t  a  d istance r from another one, i s  

obtained f rom the inverse Four ie r  t ransform as 

I n  RPA, g ( r )  i s  g iven by20 

where H, (x) and YO (x) are  respect ive l  y  the zero-order Struve and Bessel 

funct ions o f  second k ind .  So, the p a i r  c o r r e l a t i o n  func t i on  diverges as 

- e 2 / ~ r  near the o r i g i n ,  cont rary  t o  the exponential 3D behavior. This 

divergence i s  s t rong l y  manifested i n  the c o r r e l a t i o n  energy Ec given by 

wfiich diverges l o g a r i t m i c a l l y .  This i s  a  mani fes ta t ion  o f  the f a i l u r e  

o f  the RPA i n  descr ib ing  the features o f  the 2D e lec t ron  p lasma even 
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fo r  small values o f  r. So, we cannot use t h i s  approximation i n t h e s h o r t  

-range domain r 5 e 2 / ~ ,  where the e lec t rons  are s t rong l y  c o r r e l a t e d ,  

suggesting the importance o f  the short- range co r re la t i ons  i n  a 2D sys- 

tem. Furtherrnore, t he .pa i r  c o r r e l a t i o n  func t i on  which must be p o s i t i v e  

def i n i t e  f o r  a11 separations takes on negative values i n  t h i s  r e g  i o n .  

I n  3D, a s i m i l a r  f a i l u r e  has less s i g n i f i c a n t  e f f e c t s  on t h e  c o r r e -  

l a t i o n  energy, because the short- range domain does no t  con t r i bu te  t o i t s  

leading terms. Then, the inadequacy o f  RPA i s  much more s i g n i f i c a n t  i n  

two than three-dimensional system, 

From the zeros o f  the d i e l e c t r i c  f unc t i on  one can determinethe 

c o l l e c t i v e  exc i t a t i ons  o f  the system. I n  the long-wavelength l i m i t  and 

f o r  small Landau damping, the plasma d ispers ion  r e l a t i o n  can be w r i t t e n  

and 

Thi s two-dimens iona l  p!asmon i s  very i n te res t  i ng  

d ispers ion  and damping r e f l e c t  the incomplete screening i n  

c a l l y ,  plasmons are  plane dens i ty  waves propagating l i k e  l i 

i n  2D and sheets o f  charge i n  3D. While the e l e c t r i c  f i e l d  

res tore  charge un i f o rm i t y  i s  independent o f  the wavelength 

f a l l s  o f f  as h-' i n  2D. This gives a plasmon frequency whi 

pendent o f  q i n  3D and behaves l i k e  eq. (2.18) i n  2D. 

because i t s  

20. Physi- 

nes 01' charge 

requ i' red to 

X i n 3 D ,  i t  

ch i:; inde- 

3. ELECTRONS ON THE SURFACE OF HELIUM FILMS 

The spectrum o f  bound s ta tes  changes s i g n i f i c a n t l y  i f e l e c t r o n s  

a re  put  on a hel ium f i l m  cover ing a s o l i d  substrate w i t h  a d i e l e c t r i c  

constant E as shown i n  f i g .  3 .  I n  t h i s  case, the s u b s t r a t e  i i i d u c e s  
S '  

a l t e r a t i o n s  i n  the  image forces and one modi f ies the e l e c t r o n i c  s t a t e s  

by vary ing on ly  the t h i  ckness 2 o f  the f i l m .  The image p o t e n t i a l  can be 
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r ELECTRON LAYER 

Fig.3 - Schernatic i l l u s t r a t i o n  o f  the 
geometric arrangement f o r  the surface 
e lec t rons  on f i l m  o f  l i q u i d  hel ium ad- 
sorbeb on a  ssbst ra te .  

w r i  t t e n  as 

where Q, = s 6 / ( ~ + 1 ) ~  and a  = 4 ~ 6 , w i t h  6  = (cs-E)/(E~+E),  Since the ser ies  

i s  r a p i d l y  convergent, one can r e t a i n  on ly  the f i r s t  term. 

A d e t a i l e d  ana lys is  o f  the spectrum o f  the e l e c t r o n i c  s ta teson  

a  helium f i l m  adsorved on a  metal (6=1) was given by Gabovich e t  ~ 2 . ~ 3  

For t h i c k  f i lms ,  the cond i t i on  <z> << d i s  s a t i s f i e d  and one canexpand 
n 

as 

i n  t h i s  l i m i t ,  the subst ra te  acts as an externa1 pressing e l e c t r i c  

f i e l d  Fd - l/d2. The presence o f  a  la rge constant negative con t r i bu t i on  

&,e2/d t o  the p o t e n t i a l  energy o f  the e lec t ron  g rea t l y  i n c r e a s e s  the 

b ind ing energy o f  e lec t rons  (11.6 meV f o r  d = 300 8) as compared w i t h  

the b ind ingenergy  o f  e l e c t r o n s o n  bu l k  hel ium (0.7meV). Due t o  the 

e f f e c t i v e  e l e c t r i c  f i e l d  Q1.s/d2 and the van der Waals f o r c e s  coming  

from the subst ra te  which s tab i  1 i ze  the e l e c t r o n - f i  l m  system (see sectíon 

6) the maximum dens i ty  t o  which the surface can be charged i n c r e a s e s  

d r a s t i c a l  lyZ4. 

The co r rec t  ion  t o  the spectrum o f  e lec t rons  on bul  k he l  ium (eq. 

2.4) i s  g iven by 

A& (d) = - 
n 
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which corresponds t o  a  f i r s t - o r d e r  Stark  e f f e c t  o f  the clampinq f i e l d  

Fd' 
For t h i n  f i lms, one can neglect  the image forces i n  the he l  ium 

f i l m  and the spectrum i s  determined by the image c o n t r i b u t i o n  o f  the 

substrate.  I n  t h i s  s i t u a t i o n  the e lec t ron  po ten t i a l  turns ou t  t o  be the 

same as given by eq. (2.6) w i t h  Q and f3 replaced by  Q, and d respec- 

t i v e l y .  So, the energy l eve l s  d i f f e r  markedly from the hydrogenüc spec- 

trum and are given approx imated!~  by 

f o r  ã >> a, and h igh  quantum numbers. 

I t  i s  obvious tha t  the subst ra te  wi11 a l so  a f f e c t  appreciably 

the magnitude and nature o f  the in terac t io i ;  between the electror is  in  the 

plane. The bare p o t e n t i a l  between the eleccrons can now be foun~d f rom 

the i d e n t i t y  

w i t h  appropr iate boundary cond i t ions  f o r  the po ten t i a l  and e1 e c t r i  c  

f i e l d Z 5 .  The resu l  t, i n  q-space, i s  

where 

w i t h  6 defined through eq. (3.1). For e lec t rons  on the b u l k  I i e l i u m  

(d*) we recover the usual po te r i t i a l  f o r  e lec t rons  conf ined i n  e plane 

I n  the 1 i m i t  o f  t h i n  he l  ium f i lms (qd << 11, ~ ( q d )  assumes the fclrm 

205 



Revista Brasileira de Física, Vol. 16, n? 2, 1986 

For a  meta l  s u b s t r a t e ,  one o b t a i n s  a  p o t e n t i a l  wnich does n o t  depend on 

q, t h a t  i s  

Then, i n  t h i s  case the  i n t e r a c t i o n  between e l e c t r o n s  i s  s t r i c t  1 y d i -  

p o l a r ,  s i  nce i n  r e a l  space one can w r i  t e  

We rnust no te  the  d r a s t i c  sc reen ing  o f  t h e  Coulcinb i n t e r a c t i o n  c o m i  n g  

f rom t h e  s u b s t r a t e .  

For a  subst rat 'e  w i t h  l a r g e  d i e l e c t r i c  cons tan t  cS >> E, f o r  

example a  semimetal, ~ ( q d )  assumes the  form 

As one can see, t h i s  system c o n s t i t u t e s  an e x c e l l e n t l a b o r a t o r y  

t o  t e s t  many-body t h e o r i e s ,  s i n c e ,  by v a r y i n g  the  f i  lm th ickness  and the  

p a r t i c l e  d e n s i t y  wh ich  a r e  t h e  e x p e r i m e n t a l l y  a c c e s s i b l e  pararneters, one 

can change the  n a t u r e  o f  the  bare  i n t e r a c t i o n  between the  p a r t i c l e s  and 

t h e  plasma parameter .  

4. CORRELATIONS I N  THE 2D CLASSICAL ELECTRON PLASMA 

The s t a t i c  and dynamic p r o p e r t i e s  o f  e l e c t r o n s  on the  s u r f a c e  

o f  1  i q u i d  h e l  ium were s t u d i e d  i n  re ferences 26-28, As d iscussed i n  sec- 

t i o n  2, t h e  shor t- range  c o r r e l a t i o n s  a r e  q u i t e  impor tan t  i n  t h i s  system, 

so t h a t  an improvement o f  RPA i s  necessary. The c a l c u l a t i o n s  have been 

c a r r i e d  o u t  on the  b a s i s  o f  a k i n d  o f  genera l i zed  random-phase approx i -  

mation, t h e  s e l f - c o n s i s t e n t - f  i e l d  method (SCFA) developed by Singwi and 

c o l  labor ator^'^, 
We s t a r t  w i t h  the  L i o u v i l l e  equa t ion  f o r  the  N - p a r t i c l e  d i s -  
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-+ 3 -+ -+ 
t r i b u t i o n  func t i on  fN(rl, p,. . . rN, p N l t ) ,  

4 -+ 
where the operator  &(ri ,pi) i s  def i ned as 

and V (G.,t) i s  an externa1 p o t e n t i a l .  I n t e g r a t i  ng t h e  L i o u v i  1 l e  
e x t  z 

equation w i t h  respect t o  the coordinates and rnomenta o f  N-1 p a r t i c l e s ,  

one obtains the equation of motion f o r  the one- par t ic le  d i s t r i b u t i o n  
3 -+ 

f unc t i on  fl (r,p,t) 

3 + +  3 
where f2(r,p,r1 ,pi I t) i s  the two- par t ic le  d 

equation o f  motion f o r  f, contains,  i n  turn,  

bu t i on  func t i on  and so on. I n  the SCFA,this 

s t r i b u t i o n  func t ion .  The 

the th ree- pa r t i c l e  d i s t r i -  

n f  i n i  t e  h ierarchy cjf equa- 

t i ons  i s  t runcated by decoupling the two- pa r t i c l e  d i s t r i b u t i o n  func t  

through the ansatz 

-+ -+ 
where g ( r - r ' )  i s  the s t a t i c  p a i r  c o r r e l a t i o n  func t i on ,  With t h i s  ansatz, 

the short- range co r re la t i ons  are  included, i n  an approximate way,thraigh 
-+ -+ 

g ( r - r ' )  which gives a measure o f  the probabi l i t y  o f  f i n d i  ng a second 
-+ + 3 

p a r t i c l e  a t  a p o s i t i o n  r: when the f i r s t  one i s  a t  r .  Assuming g ( r )  = 1 
-+ 

f o r  a11 r i n  eq. (4.4) i s  equ i va len t to  the decoupling o f  f, i n  RIPA and 

leads t o  the Vlasov equation. 

We assume now t h a t  
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where f , (p)  i s  the equi 1 ib r ium d i s t r i b u t i o r !  f unc t i on  and 6 f r e p r e s e n t s  

the dev ia t i on  o f  f, induced by the weak externa1 p o t e n t i a l .  Using eqs. 

( 4 . 4 )  and ( 4 , 5 )  one l i nea r i zes  the equat ion o f  motion. Proceeding i n  the 

standard way, one obtains the induced p a r t i c l e  dens i ty  i n  Four ie r  space 

-+ 
where x(q,w) i ç  the dens i ty-densi t y  response func t i on  given by 

The e f f e c t i v e  p o t e n t i a l  $ ( q )  i s  r e la ted  t o  the s t ruc tu re  f a c t o r  

the Four ie r  t ransform o f  g(r) , through the expression 

The second term o f  eq. ( 4 . 8 )  i s  responsible f o r  the loca l  f i e l d  e f f e c t s  

due t o  short- range co r re la t i ons  neglected i n  RPA, which i s  recovered 

by s e t t i n g  a(;) = $(;) i n  eq. ( 4 , 7 ) .  I n  t h i s  sense RPA i s  a  t r i v i a l  

specia l  case o f  the SCFA. 

As before, the f l uc tua t i on- d i ss ipa t i on  theorem (eq. (2.13)) and 

Krarners-Kr&-iig r e l a t i o n  pu t  together a l l ow  us t o  w r i  t e  the dens i ty-  

-densi ty response func t i on  a t  zero frequency as 

so t h a t  the s t r u c t u r e  f a c t o r  turns ou t  t o  be 

This 

have t o  be so 

208 

completes 

lved numer 

the SCFA scheme. The equations ( 4 . 2 ) -  and ( 4 . 4 )  
i c a l  l y  i n  a  se l f - cons i s ten t  way. From ~ ( q ) ,  the 
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p a i r  c o r r e l a t i o n  can be evaluated s imply by a Four ie r  t ransforniat ionop- 

e r a t  ion.  

For the e l e c t r o n  gas o n  b u l k  h e l  ium, we cain w r i  t e  

the se l f - cons i s ten t  equations i n  a s i m i l a r  way t o  the 3D classical  e lec-  

t r o n  .plasma, i .e. 

where G ( ~ )  i s  the l oca l  f í e l d  f unc t i on  def  ined by the r e l a t i o n  

such t h a t  

where K ( x )  and E(x) are  the complete e l l i p t i c  i n teg ra l s  o f  the F i r s t  and 

second k i n d  respect ive ly .  

The sel f -cons i s t e n t  s o l u t i o n  i s  obtained by the s tandard method 

of i t e r a t i o n .  With a reasonable input  ~ ( q ) ,  the  e f f e c t i v e  p o t e n t i a l  $@ 

i s  calculateci and from i t  a new ~ ( q )  i s  obtained. The procedure i s  re- 

peated u n t i l  se l f- cons is tency  i n  ~ ( 4 )  i s  achieved. 

For the bu l k  hel ium case the p a i r  c o r r e l a t i o n  func t i on  i s  p l o t -  

ted i n  f i g .  4 f o r  severa1 values o f  the plasma parameter r. The r e s u l t s  

agree s a t i s f a c t o r i l y  w i t h  those obtained from Monte Car lo ~ i m u l a t i o n s ~ ~ .  

Note tha t ,  cont rary  t o  RPA resu l t s ,  our g(r) i s  p o s i t i v e  f o r  a111 sep-  

a r a t  ions . 
The in f luence o f  the f i l m  th ickness on the s e l f - c o n s i s t e n t  

s t r u c t u r e  f a c t o r  f o r  two d i f f e ren t  substrates (metal and glass) i s  shwn  

i n  f i g .  5 and 6. I n  these f i gu res ,  the f i l m  thickness i s  i n  u n i t s o f  the 
-112 

core rad ius  a = (m) . For d > 100, S(q)  i s  independent of the nature 

o f  the subst ra te  and s i m i l a r  t o  t h a t  o f  the s t r i c t l y  2D e lec t ron  gas. 
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Fig .  4 - P a i r  c o r r e l a t i o n  f u n c t i  n  g ( r )  as a  !h func t i on  o f  r i n  u n i t s  o f  (m)- f o r seve ra l  
values o f  thep lasma parameter, T h e p o i n t s  
are  the Monte Car lo resu l  t s .  

For 1 < d < 100, the d i f fe rences i n  ~ ( 4 )  f o r  the two s u b s t r a t e s  a r e  

found on ly  f o r  smal 1 4. 

From S(q) obtained se l f - cons i s ten t l y ,  the c o r r e l a t i o n  e n e r g y  

can be evaluated as 

I n  f i g .  7, we present the resu l  t s  f o r  the c o r r e l a t  

dens i ty  E /nT as a  func t i on  o f  the f i l m  thickness f o r  a  meta 
C 

i on  energy 

1 substrate. 



Revista Brasileira de Física, Vol. 16, n? 2, 1986 

Fig .  5 - St ruc ture  f a c t o r  s ( ~ )  i n  both 
Sel f-Consistent-Field-  Approx ima  t i o n  
(SCFA) and Random-Phase- Approxima t ion  
(RPA) f o r  severa1 values o f  t h e  f i  l m  
thickness (di = 0.01, d2 = 0.1,d3=1.0, 
and d,, = 100) and plasma parameteri' =3, 
f o r  a  metal substrate.  

The value de = 100 i s  our est imate o f  the c r i t i c a 1  t h i c k n e s s ,  above  

which the r e s u l t s  t u r n  ou t  t o  be the same as i n  the bu l k  hel ium case. 

From the poles o f  the densi ty-dens i t y  response f unc t i  on, one 

can get  the d ispers ion  r e l a t i o n  f o r  the plasmons. I n  the l o n g  wave- 

length l i m i t  and f o r  weak damping, 

I n  f i g .  8, we show the r e s u l t s  o f  the plasma d i  s p e r s i o n  r e -  

l a t i o n  f o r  r = 3 and a  metal substrate.  I n  the l i m i t  o f  t h i n  f i lms ,  we 
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Fig.6 - S t ruc tu re  f a c t o r  s($) 
f o r  a glass subst ra te .Thepar -  
arneters are the same as those 
i n  f i g .  5.  

observe an unusual acoust ica l  rnode w = cq w i t h  
P 

where c, = (a121 'I2 9 Here a = s-S(O&S(O) i s  the f rac t i ona l  devi-  

a t i o n  o f  the constant S(q) and v = (2T/m)'/' i s  the thermal e1 e c t r o n  T 
v e l o c i t y .  I n  R P A ~ ' ,  aRpA = =&/E. 

Increasing the f i l m  thickness, the long range interactioncomes 

t o  be q u i t e  important u n t i l  the bu lk  l i m i t  i s  reached, w i t h  

where y = (1/4im)< cik [s (k ) -~J  i s  the co r rec t i on  t o  RPA due t o  shor t -  

-range e f f e c t s .  
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THICKNESS (d/a) 

Fig. 7 - Corre ia t ion  energy dens i ty  g c h T  as a  
func t i on  o f  thickness f o r  a  metal s u b s t r a t e  and 
r = 3 .  The l i n e  i s  a  guide t o  the eye. Note t h a t  
the assymptotic l i m i  t corresponds t o  t h e  bu lk  
l i m i t .  

Fig.8 - Long-wavelength disper-  
s i on  r e l a t i o n  curves i n  u n i t s  
o f  w, = (2.rrne2kD/m)''2 f o r  a  
metal substrate.  The dashed 
l i nes  are  the r e s u l t s  from RPA. 
The parameters are the (,ame as 
those o f  f i g .  5. Observe the 
t r a n s i t i o n  from an acoust ica l  
mode t o  an usual 2D plasmon. 



Revista Brasileira de F isica, Vol. 16, no 2, 1986 

5. POLARONIC EFFECTS 

The quantum e lec t ron i c  s ta tes  described i n  previous s  ec t i ons 

are  formed by assuming a  planar l i q u i d  boundary. However,aperturbat ion 

o f  the surface p r o f i l e ,  due t o  the presence o f  the normal modes o f  os- 

c i l l a t i o n  o f  the l i q u i d  surface, modi f ies the form o f  the wave equat ion 

[eq. (2.20 governing the motion o f  e lec t rons .  We w i l l  descr ibe now the 

e lec t ron  i n t e r a c t i o n  w i t h  these exc i t a t i ons ,  c a l l e d  r ipp lons ,  which are 

the quantized c a p i l l a r y - g r a v i t y  waves o f  the  helium surface.  F i r s t ,  we 

consider a  s ing le  e lec t ron  p i c t u r e  f o r  the e lec t ron- r i pp lon  c o u p l  i ng, 

d isregarding the e lec t ron- e lec t ron i n t e r a c t i o n ,  La ter ,  the Coulornb i n-  

te rac t i on  between l oca l i zed  e lec t rons  over the deformed surface w i l l  be 

introduced. 

The r ipp lons  are bosons w i t h  a  d ispers ion  given by 

u2 r = [g 'q + ( õ / ~ ) 4 ~ ]  tanh q d  ( 5 . 1 )  

where q  i s  the r i p p l o n  wave vec tor ,  a the surface tension, p  the dens i ty  

o f  l i q u i d  helium. The van der Waals acce le ra t i on  g' = g+f, where g i s  

the acce lera t ion  o f  g rav i  t y  and f = 3a/pd4, w i  t h  a the van der Waals 

constant responsible f o r  the a t t r a c t i v e  forces exerted on the h e  1 i um 

atom from the s ide  o f  the substrate.  
+ 

I n  terms o f  the r i p p l o n  c rea t i on  and a n n i h i l a t i o n  operator  a 
+ 4 

and a the displacement o f  the helium surface u(r) can be w r i  t t e n  as 
4 '  

where 

,I2 4 = (hq tanh qd)/2wr 

The treatment of e lec t ron- r i pp lon  sca t te r i ng  based on the Born 

-0ppenheimer ad iabat ic  p r i n c i p l e ,  which takes i n t o  account the ad jus t-  

ment o f  the e lec t ron i c  s ta tes  to' the long wavelength o s c i l l a t i o n  o f  the 

l iqu id ,  has been discussed i n  detai  1 by Sh i k in  and ~ o n a r k h a ~ ' .  

The e lec t ron- r i pp lon  i r i t e rac t i on  p o t e n t i a l  can be w r  i t t e n  i n  
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the following form 

V (z) = A E-&e2/z2 + &e24~, (qz)/z + &,e2/(z+d) + eFI 
4 4 - (5.4) 

and Kl(z) is the modified Bessel function of second kind. At low tem- 

perature and high externa1 electric fields, the electron-ripplon inter- 

action can induce a self-localized electronic surface state. l'he elec- 

tron deforms the hel ium surface forming a smal 1 dimple i n wti i ch i t 

localizes itself3lS3'. This electron-ripplon bound complex is cal led a 

polaron. 

In the long wavelength 1 imi t where experiments have been per- 

formed, the motions parallel and perpendicular to the surface can be 

separated, and the polaron is described by a Frohlich type Hamilton ian 

The path-integral formalism, as introduced by Feynman for the 

polaron problem, was first worked out by   ar ias^^ and later by HipÕlito 
et aZ34 in order to evaluate the ground-state energy and effective mass 

of the polaron, 

The appl ication of the Feynman theory to this specific problem 

was motivated by the fact that Feynman's treatment isthemost successful 

overall theory of the optical polaron, giving the lowest upper bound to 

the ground state energy, In this method, the ripplon coord inates are 

exactly eliminated in favor of a non-linear retarded interaction of the 

electron with itself, The physical meaning of this interaction with the 

past is that the perturbation caused by the moving electron spend time 

to propagate in the medium. 
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The path i n teg ra l  a r i ses  i n  the c a l c u l a t i o n  o f  the propagator 

(or  the p a r t i t i o n  func t i on  f o r  f i n i t e  temperature) 

which i s  the p r o b a b i l i t y  amplitude f o r  the dynamical e v o l u t i o n  o f  the 

system, I f  we know IK ,  the e i g e n v a l u e s  and e i g e n f u n c t i o n s  o f  t h e  

Hamiltonian would be, i n  p r i n c i p l e ,  determined. I f  we l e t  the "time" 6- 

where E i s  the ground s t a t e  energy. 
g 

The a c t i o n  S, corresponding t o  the polaron H a m i l t o n i a n ,  i s  

g iven by 

Obviously the func t i ona l  i n teg ra l ,  being i n t rac tab le ,  must be 

replaced by a  simple exac t l y  so lub le  func t iona l  S,, The use o f  Jensen's 

i nequa l i t y  

F 
< e > ? e  

<F> 

a1 lows us t o  ob ta in  a  v a r i a t i o n a l  upper bound on the ground s t a t e  ene 

s o 
where E ,  = log  J &(.r)e and <. . ,> means average wi t h  weigth e+so, 

Feynman was able t o  choose a  model t o  ca l cu la te  S, which c o n  t a i  ns  the 

physical  s i gn i f i cance  o f  the t rue  a c t i o n  S .  I n  t h i s  model, the so-ca l led  

two-parameter model , instead o f  the e lec t ron  being coupled t o  the normal 

modes o f  the medium, i t  i n te rac ts  w i t h  a  s i n g l e  f i c t i t i o u s  p a r t i c l e  v i a  

a  spr ing,  and the p a i r  o f  p a r t i c l e s  are f r e e  t o  wander, The mass o f  the 
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ex t ra  p a r t i c l e  and the spr ing  constant a re  the v a r i a t i o n a l  parameters. 

A f t e r  e l im ina t i ng  the coordinates o f  the f i c t i t i o u s  p a r t i c l e s ,  the t r i a l  

a c t i o n  assumes the form 

For our s p e c i f i c  e lec t ron- r i pp lon  complex, 

where 
v2-Q2 

F(u) = 7 ( 

and 0 i s  def ined i n  terms o f  the v a r i a t i o n a l  paraméter C and Q as 

The v a r i a t i o n a l  parameters and C are  determinedby minimiz ing 

the express i on  f o r  the  energy. The numeri ca l  ca l cu la t i ons  f o r  tbie ground 

s ta te  energy Óf the polaron f o r  f i l m s  on a metal a re  s k w n  i n  f i g .9 ,  as 

a f unc t i on  o f  the f i lm thickness and f o r  two values o f  the externa1 e l e c  

t r i c  f i e l d ,  The energies f o r  f i l m s  deposited on o t h e r s u b s t r a t i s s  w e r e  

a l so  ca lcu la ted and the r e s u l t  i s  t ha t  the in f luence o f  t h e  s u b s t r a t e  

i s  s i g n i f i c a n t  on l y  f o r  d < 500 8. When the f i l m  thickness t s  o f  the 

order o f  50 8 the c o n t r i b u t i o n  o f  the substrate t o  the electr ic: f i e l d  

t o t a l l y  dominates the external  e l e c t r i c  f i e l d ,  The main r e s u l t  i s  t h a t  

i n  the l i m i t  o f  zero ex terna l  e l e c t r i c  f i e l d  @=O), the polaron energy 

i n  a metal subst ra te  i s  g reater  than i n  any o ther  substrate.  

S i m i  l a r  ca l cu la t i ons  have been made by Jackson and Platzman 

f o r  one p a r t i c u l a r  thickness o f  the f i l m  (d = 100 8 ) .  I n  order  t o  get  

a n a l i t y c a l  r e s u l t s  i n  the strong coupl ing and weak coupl ing l i m i t s  they 

introduced a c u t o f f  k = ( p g ' / ~ ) 1 / 2  (a being the  c a p i l l a r y  constant), i n  
C 

the e lec t ron- r i pp lon  i n te rac t i on  and approximated the r ipp lon d ispers ion  

[eq,(5.1)] by a sound l i k e  d ispers ion  f o r  q c kc, They found a phase- 

- t r a n s i t i o n  l i ke  behavior from an e lec t ron i c  delocal  ized s t a t e  t o  a 
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Fig.9 - Local i z a t í o n  energy o f  
an e lec t ron  as f u n c t i o n o f  the 
thickness o f  the helium f i l m  
on m e t a l l i c  substrate.  S o l i d  
and dashed curves correspond 
t o  F = 20.0 x ] o 3  V/cm and 
5 .0  x l o 3  V/cm. 

se l f- t rapped one a t  a  c r i t i c a l  value o f  the e lec t ron- r i pp lon  c o u p l  i n g  

constant. This " loca l  i za t ion"  t r a n s i  t i o n  re fered here i s  not t o  be taken 

l i t e r a l l y ,  bu t  ra the r  i n  terms o f  the r a p i d i t y  and magni  t u d e  of the 

change of the e f f e c t i v e  mass o f  the polaron over a  narrow range o f  the 

coupl ing  constant. Our numerical ca l cu la t i ons  using the p a t h -  i n t e g r a  1 

formal ism were performed i n  terms o f  t h e  e x p e r i m e n t a l  a c c e s s  i b l e  

var iab les ,  the externa1 e l e c t r i c  f i e l d  and f i l m  thickness, and do not  

inc lude any k ind  of approximation i n  the e lec t ron- r i pp lon  i n t e r a c t i o n  

o r  r i p p l o n  d ispers ion .  

The proper t ies  of t h i s  polaron i n  h igh  magnetic f i e l d  havebeen 
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i nves t iga ted by Sai toh wi t h  the use o f  pa th- in tegra l  ~ n e t h o d s ~ ~ .  

Very recent ly  Degani and Hipó l  i t o 3 7  have s tud ied i n  detai  1 the  

ground s t a t e  proper t ies  w i t h  emphasis on t h i s  nove1 and i n te res t i ng  po- 

l a r o n i c  phase t rans i  t i o n .  They used a  s  imple u n i  tary- transformat ion fo r -  

rnalism, based on a  genera l iza t ion  o f  the v a r i a t i o n a l  a p p r o x i m c i t i o n o f  

Lee, Low and Pines, which was prev ious ly  app l ied  t o  t h e  s t u d y  o f  the 

svr face polaron by de Bodas and t i i pó l  i to3' ,  The advantage o f  t h i s  method 

i s  the great  f l e x i b i l i t y  f o r  app l ica t ions  t o  Hamiltonians s i m i l a r  t o  

(5.5) w i  t h  severa1 k inds o f  i n t e r a c t i c n  po ten t i a l  and appropr iate d is -  

pers ion  r e l a t i o n ,  I t  was demonstrated t h a t  t h i s  approximation gives the 

same r e s u l t s  as Feynman's formalism i n  strong-coupl ing and weak-coupling 

l i m i t s  f o r  o ther  types o f  polarons. Furthermore, t h i s  un i t a ry - t rans fo r -  

mation method has been used i n  the study o f  the polaron phase t r a n s i t i o n  

For the e lec t ron- r i pp lon  ground s ta te ,  the v a r i a t i o n a l  wave- 

f unc t i on  I$> i s  pos tu la ted as a  product o f  an e lec t ron  wavefunction and 

a  coherent r i p p l o n  s ta te ,  This surface s t a t e  i s  not  an e i g e n s t a t e  o f  
+ 

the t o t a l  para1 l e l  momentum operator  p t ' 

+ 
where p i s  the e lec t ron  momentum. 

The min imiza t ion  o f  the  energy should be performed by c o n s -  

t r a i n i n g  the operator  so t h a t  
t 

-+ 
where i s  the Lagrange m u l t i p i i e r  (which ends up as the p o l a r o n  ve l -  

o c i t y )  introduced t o  keep the expectat ion va lue o f  the t o t a l  mornentum 

equal t o  a  g iven constant ,  

The method consists f i r s t  i n  s u b j e c t  i n g  t h e  Hami I t o n i a n  
+ -+ 

H = H - p , p  t o  a  canonical t ransformat ion S I ,  
t 

+ +  + 
SI = exp( - in  1 q,r a a ) , 

9 9 
(5.18) 

+ 
c 

where i s a  var i a t  iona l  parameter whi ch recovers the weak-coupl i ng ap- 
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proximat ion as n=1 and gives the strong-coupl ing theory i n  t h e  l i m i t  

q + o.  
Next the expectat ion value o f  the r e s u l t i n g  Hami l tonian i s c a l -  

cu la ted by choosing a v a r i a t i o n a l  wave func t i on  w i t h  the fo l l ow ing  form 

where 10> i s  the 

a ( O >  = O and <O 
4 

i s  the well-known 

r i p p i o n  ground-state wave func t ion ,  o b t a  i ned f rom 
+ 1 O > = ]  , h and p ,  are v a r i a t i o n a l  parameters and S2 

I second Lee-Low-Pines canonical t ransformat ion given by 

S, = exp [ 1 (L a i  - L aq)I 
4 
9 4 

and F s i s  a v a r i a t i o n a l  f unc t i on  t o  be determined, 
4 

Minimiz ing the energy w i t h  respect t o  the v a r i a t  i o n a l  par-  
+ + 

ametersh and p , ,  up t o  second order  i n  the v e l o c i t y  p, we f i n a l l y  ob- 

t a i n  the expressions fo r  the ground-stete energy and e f f e c t i v e  mass given 

Th is  c a l c u l a t i o n  fo rma l l y  reproduces the pa th- in teg ra l  r e s u l t s  

provided one introduces the upper c u t - o f f  kc = JpgSríi i n t 8  the i n te-  

g r a t i o n  over q i n  eq. (5,131, 

By analogy w i t h  the polaron problem we def ine  a coupl ing con- 

s tan t  a as 
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where FT = F + &,e /d2.  I n  the weak-coupl ing approximation a i!; smal 1 

and r~ = 1. I n  t h i s  l i m i t  i t  i s  c l ea r  from eq. (5.17) t ha t  a minimum o f  

E occurs a t  X = O .  Then, f o r  the energy and e f f e c t i v e  mass we ob ta in  
9 

= - 2 y a  , y = % m / h k c  (5.23a) 

mx/m 1 (5.23b) 

I n  the strong-coupl ing l i m i t ,  corresponding t o  la rge values of 

a, r l + O  , the energy behaves l i k e  

and the e f f e c t i v e  mass goes l i k e  

I n  general, the energy, def ined i n  eq. (5.17), i s  m i r i i m i z e d  

w i t h  respect t o  the v a r i a t i o n a l  parameters X and n. Hence, w i t h  the best 

-f i t values of those parameters the ground-state energy and the e f fec -  

t i v e  mass are  obtained. I n  f i g s .  10 and 1 1  the r e s u l  t s  a r e  p l o t t e d  

against  the externa1 e l e c t r i c  f i e l d  f o r  var ious values o f  the tt i ickness 

o f  the helium f i l m  adsorbed i n  s o l i d  neon (and k = 1.45 109/d2 cm-'1. 
C 

As we see from f i g .  10, f o r  each thickness o f  the helium layer  the en- 

ergy has two d i s t i n c t  branches corresponding t o  the s tab le  so lu t i ons  o f  

eq. (5.21). The f i r s t  branch, represent ing the w e a k- c o u p l  i ng ( 0  = 1) 

regime, crosses the second one which corresponds t o  the strong-coupl ing, 

a t  a c e r t a i n  c r i t i c a 1  value o f  the clamping e l e c t r i c  f i e l d  Fc, A t  t h i s  

crossing po in t  there i s  a discontinuous change i n  the slope o f  the en- 

ergy, cha rac te r i z i ng  a f i r s t - o r d e r  phase- transi t ions behavior i n  which 

the polaron s t a t e  transforms from a nea r l y- f ree  t o  a l o c a l  i z e d  s t a t e  

type. The extremely rap id  v a r i a t i o n  a t  the c r i t i c a 1  po in t  i s  more dra- 

m a t i c a l l y  seen i n  f i g .  11, where the e f f e c t i v e  mass, i n  u n i t s  o f  the 

e lec t ron  mass, changes by severa1 orders o f  magnitude. 

Recent experimental measurements by ~ n d r e i ' ~  appear t o  corrob- 

o ra te  t h i  s t heo re t i ca l  p r e d i c t i o n  by observing the l oca l  i z a t i o n  o f  the 
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ELECTRIC FIELD (VOLT/ cm) 

Fig,  10 - Ground-state energy as func t i on  o f  the 
clamping externa1 f i e l d  f o r  three values o f  the 
f i l m  thickness i n  the case where the substrate i s  
so l  i d  neon (E = 1.24). Points are numer i ca 1 r e -  
s u l t s  and 1 ings are  on ly  guides t o  the eye. 

e lec t ron  as a po laron ic  s t a t e  f o r  d í: 1000 8 and 0.4 < T < 1 K. I n  her 

experiments Andrei makes measurements o f  the m o b i l i t y  and ef fect ivemass 

o f  e lec t rons  on a hel  ;um f i l m ,  She found tha t  a t  c e r t a i n  c r i t i c a l  p o i n t  
1 

a sharp b1 order o f  magnitude drop i n  the m o b i l i t y  occurs, The elec-  

t r o n i c  e f f e c t i v e  mass on the o ther  hand increases by 8 orders o f  mag- 

n i  tude, cha rac te r i z i ng  the observat ion f o r  the f i r s t  time, of the t ran-  

s i t i o n  t o  a surface polaron s t a t e  as pred ic ted Dy a s i n g l  e e l e c t r o n  

theory,  Although the experimental measurements support the basic polaron 

model ideas, many e lec t rons  are present i n  the experimental s i t u a t i o n ,  

suggesting tha t  Coulomb i n t e r a c t i o n  between e lec t rons  p laysan important 

ro le ,  in t roduc ing then a new sca le  o f  energy i n t o  t h e  p r o b l e m  ( t h e  

polaron s ta te ,  w i t h  b ind ing  energy o f  the order o f  m i l i k e l v i n s ,  as we 
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to2 

Fig.11 - E f f e c t i v e  mass i n  u n i t s  o f  the f ree  e lec t ron  
mass as func t i on  o f  the ex terna l  e l e c t r i c  f i e l d  f o r  
th ree values o f  the f i l m  thickness i n  the case where 
the subst ra te  i s  s o l i d  neon. Points are  numerical re-  
su l  t s  and l ines are  guides t o  the eye. 
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have ca lcu la ted before, i s  f a r  too low t o  be observable a t  the exper i-  

mental temperatures 0.4 K < T C 1 K ) .  

With many e lec t rons  present, an i n s t a b i l i t y  o f  the chasged he- 

1.0 

l ium surface can be generated by forming separate many-electron dimples 

w i t h i n  an energy sca le  which might a l l ow  e x p e r i m e n t a l  o b s e r v a t i o n .  

I- I I 

I 
I 
I I k&-- --*;*- A&&-- 

1 , 

With in  the context  o f  Andrei 's  experiment, we now describe the proper- 

t i e s  o f  an i nd i v i dua l  dimple f i l l e d  w i t h  severa1 e lec t rons  ( N  40 - 90) 

trapped a t  the surface o f  a he l  ium f  i l m  adsorbed on so l  i d  sapphi re3'. 

Since the  e f f e c t i v e  charge o f  the dimple (Ne) and the niass ( ~ m )  

IO* 103 io4 105 ioEi 
ELECTRIC FIEL0 (VOLT /cm) 

are  large,  the polaron coupl ing constant a becames propor t iona l  t o  the 

f i f t h  power o f  the number o f  e lec t rons  N. I n  t h i s  case, the polaron i s  

s t rong l y  bound t o  the surface even a t  zero external  pressing e l e c t r i c  

f i e l d .  Thus, from the strong-coupl ing regime o f  our model, we can ob- 

t a i n  the t o t a l  energy E associated w i t h  a many-electron dimple, j u s t b y  
9 

adding t o  the one- par t ic le  energy given by eq. (5.21) w i  t h  = O the  
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energy o f  the Coulomb i n t e r a c t i o n  Uc between e lec t rons  i ns ide  thedimplc 

The t o t a l  energy i s  then s t ra igh t fo rward  e v a l  u a t e d  and,  i n  u n i t s  o f  

h2k:/2~, has the f o l  lowi ng form 

B = a exp( 
9 

where EZ(X) i s  the Exponentia 

/A)E<(-l/A) + %(A) 

I n teg ra l  f unc t ion  and 

Also, M = Nm i s  the dimple mass, and $ ( r )  i s  g iven by eq. (5.19). 

Minimiz ing the ground s t a t e  energy, g iven by eq. (5.25), w i t h  

respect t o  h we f i n a l  l y  f ind  the t o t a l  energy o f  the system 

and the Coulomb i n t e r a c t i o n  energy 

U = ( N ~ F ~ )  2 / 4 ~ a  
C 

which i s  o f  the order o f  magnitude o f  Kelv ins.  

From eq. (5.27) we conclude t h a t  f o r  a simp 

ene rge t i ca l l y  advantageous (w i th  E- < O )  t o  be loca 

l e  d i m p l e  i t  i s  

1 ized a t  the surface 
Y 

o f  the he l  ium f i l m  i f  F' > 15.14 akc. For bu lk  he l  ium (d*) the min i -  
T 

mum externa1 f i e l d  necessary t o  l o c a l i z e  a dimple i s  Fc = 3120 V/cm, 

which i s  cons is ten t  w i t h  the experimental observat ion o f  L e i d e r e r  e t  

a ~ . ' + ' .  

I n  f i g .  12 we show the resu l  t s  f o r  the t o t a l  energy, g iven by 

eq. (5.27), as f unc t i on  o f  the hel ium f i l m  thickness, fo r  F = 80 V/cm 

and f o r  severa1 values of the number o f  e lec t rons  ins ide  t h e  d i m p l  e .  

Not ice tha t ,  f o r  each number o f  e lectrons i n  the dimple, t h e r e  i s  a 

c r i t i c a 1  thickness o f  the hel ium f i l m  above which the e n e r g y  becomes 

pos i t i ve ,  and therefore, the dimple can not  e x i s t  i n  a s tab le  form. The 

c r i t e r i o n  f o r  the s t a b i l i t y  o f  the charged surface i s ,  on the otherhand, 

re la ted  t o  the average dens i ty  o f  charges above the surface,  There i s  a 

c r i t i c a 1  concentrat ion n o f  charges, 
C 



Revista Brasileira de Flsica, Vol. 16, n? 2, 1986 

( 0 )  N - 4 0  
I I )  Na50  
(2 )  N.60 
13) Na70 Fig.  12 - B i  n d i n g  e n e r g y  o f  a 
14) N - 8 0  s ing le  dimple f i  l led  wi t h  N elec- 
( 5 )  N.90  t rons as func t i on  o f  the h e l  ium 

f i l m  thickness f o r  an  e l e c t r i c  
f i e l d  F = 80 V/cm, The dashed  

F = 8OV/crn par t  o f  each curve corresponds t o  
an unstable s o l u t i o n  where the 
average e l e c t r o n  dens i t y  i s  
la rger  than the c r i t i c a 1  dens i ty  
n . Th e so l  i d curves rspresent 
th% f i l m  thickness regions where 
the dimple i s  s tab le .  Tht: shaded 
reg ion corresponds t o  Andrei ' s  
experimental region (n = '10' crn") 
where a dimple w i t h  more than 40 
e lectrons can be forrned. 

FILM THICKNESS (10 % I  

above which the dimple i s  no t  s tab le .  For n = n the surface becomes 
C 

unstable á t  a wave vector  kc = (3g1/o) l l2/d2 . I n  f i g .  13, the dens i ty  

n i s  p l o t t e d  as a f unc t i on  o f  f i l m  thickness, c r i t i c a 1  dens i ty  nc and 

the experimental concentrat ion n = 108 recent ly  used by ~ n d r e i  14. 

I t  i s  c l ea r  from our r e s u l t s  t ha t  the appearance o f  a s tab le  maiiy-elec- 

t r o n  dimple i s  l i m i t e d  by f i l m  thickness as w e l l  as by the e l e c t r o n  

densi'ty above the surface. From f i g .  13, we note tha t ,  a t  experimental 

dens i t ies ,  on ly  dimples w i t h  more than N = 40 e lectrons can be f o r m e d  

on the surface o f  the helium f i l m .  We can a l ço  see the rap id  increaseof  

the dens i ty  w i t h  decreasing c r i t i c a l  th ickness.Consequent ly ,at  smal ler  

thickness the e lec t rons  become more concentrated a t  the center  o f  the 
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Fig.13 - Average e lec t ron  dens i t y  o f  a 
s ing le  dimple as func t i on  o f  t h e  f i l m  
thickness f o r  an externa1 e l e c t r i c  f i e  1 d 
F = 80 V/m, The curves are  described i n  
the same way as i n  f i g ,  12. 

dimple and the whole s t r u c t u r e  o f  the dimple becornes sharper, as can be 

seen d i r e c t l y  from the average radius R o f  the mu l t i - e lec t ron  dimple 

F i n a l l y ,  we can v e r i f y  from eqs. (5.27) and (5.30) t h a t  t h e  

existence of a s tab le  m u l t i - e l e c t r o n  dimple i s  poss ib le  under the con- 

d i t i o n  kcR 5 1/2. This means tha t  the s i z e  o f  the region conta in ing  the 
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0.0 - - - 
Fig. 14 - The phase diagram f o r  
bu lk  he l  ium and f o r  a  c? = 100 8 
f i l m  l y i n g  on t w o  s u b s t r a t e s  
(sapphire 6=0.9 and metal A=]) .  
n, = 2.4 x 1012 c K 2  and T,=33 K. 
(A f te r  Peeters and Platzman ref .  
41). 
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e lec t rons  i s  smal ler  than a  t y p i c a l  r i p p l o n  wavelength, j us t i l ' y i ng  the 

v a l i d i t y  o f  our model ca l cu la t i on .  

6. THE PHASE-DIAGRAM 

Very recent ly ,  the phase diagram o f  e lec t rons  on helium f i l m s  

has been invest iga ted3 ' .  As we have discussed i n  sec t ion  2, a  s t r i k i n g  

fea ture  o f  the behavior o f  these surface electrons i s  the p o s s i b i l i t y  

t ha t  they can undergo a  phase t r a n s i  t i o n  from a  l i q u i d  phase t o  an o r-  

dered s t a t e  as one increases the densi t y  o r  lowers the temperature f o r  

a  f i x e d  densi ty,  i .e . ,  f o r  la rge values o f  the plasma parameter r .  This 

c lass i ca l  f reez ing t r a n s i t i o n  has been observed f o r  e lectrons on bu l k  

he l  ium17. The mechanism o f  t h i s  t r ans i  t i o n  has been proposed i n  a  semi- 

na1 paper o f  K o s t e r l i t z  and Thouless ( K T ) ~ ~  and l a t e r  e laborated on by 

Ha lper in  and Nelson ( H N ) ~ ~ .  This c l ass i ca l  t r a n s i t i o n  occurs by unbinding 

o f  d i s l o c a t i o n  pa i r s  a t  rm t o  a  new phase, a  l i q u i d - c r y s t a l  phase, w i t h  

no long-range t rans la t i ona l  order but  w i t h  bond o r i en ta t i ona l  order.  At 

r = ri the system undergoes a n o t h e r  t r a n s i  t i o n  b y  u n b i n d i n g  o f  
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d i s c l i n a t i o n  pa i r s  t o  the usual l i q u i d  w i t h  no long order .  The value o f  

I' i s  given, i n  the contex o f  KTHN theory as m 

where ct  and cR are the t ransversal  and l ong i t ud ina l  sound v e l o c i t y  o f  

the s o l i d ,  These constants must be renormalized by tak ing  i n t o  account 

the e f f e c t s  o f  c rea t i on  o f  defects i n  the s o l i d .  Using zero temperature 

values o f  ct and cL, ~ h o u l e s s ~ ~  found ou t  a t r a n s i t i o n  a t  r, - 79. More 

re f i ned  numerical ca lcu la t ions  by ~ o r f " ,  who solved the renormal izat ion 

group equations o f  HN, r a i s e  the me l t i ng  t r a n s i t i o n  t o  r - 125 which i s  

cons is ten t  w i t h  the experimental resul  t . 

On the o ther  hand, there i s  a region o f  the phase diagramkhere 

the Fermi energy i s  l a rge r  than the thermal energy, EF >> T ,  i.e., a low 

temperature phase where the Fermi energy dominates the k i n e t i c s  o f  the 

e lec t ron  system. 

This region cannot be reached exper imental ly  f o r  e lec t rons  on 

bu lk  he l  ium, because an dectrohydrodynamic i n s t a b i l  i t y  o f  the charged 

surface occurs. Th is  i n s t a b i l i t y  a r i ses  when one cons ide rs the in f l uence  

of the e lec t rons  on the d ispers ion  r e l a t i o n  o f  r ipp lons .  I t  i s  expected 

tha t  the frequency o f  r ipp lons  w i t h  a wave vector  around k ( t he inve rse  
C 

o f  the capp i la ry  length)  i s  considerably lowered as the e l e c t r o n  den- 

s i t y  i s  increased. lndeed, f o r  n > n the frequency becomes imaginary, 
c '  

suggesting tha t  the surface becomes unstable against  deformations. For 

bu lk  hei  ium nc = (ogp) "*/(2ne2)"* = 10' cm-' . However, f o r  e lec-  

trons on hel ium f i l m s ,  the van der Waals hel ium-substrate i n t e r a c t  i o n  

i s  incorporated i n  the d ispers ion  r e l a t i o n  o f  r ipp lons  and d r a s t i c a l l y  

increases the c r i  t i c a l  densi t y  nc. Remember t ha t ,  i n  t h i s  case g ,  the 

g r a v i t a t i o n a l  constant, i s  replaced by g = 3 d p d 4 .  For t h i n  f i l m s  n i s  
C 

given by eq. (5.29). So, the quantum region o f  the phase diagram can be 

achieved f o r  e lectrons on t h i n  hel ium f i l m s .  Indeed, a r e c e n t  exper- 

imenth6 has demonstrated tha t  e lec t ron  densi t i e s  up t o  10" cm-2 above 

saturated f i lms  on both i nsu la t i ng  and conducting substrates are  stable.  
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Peeters and ~ l a t z m a n ~ ~  have proposed a phase diagram o f  e lec-  

trons on helium f i l m s  by using a simple dimensional argument and KTHN 

theory. Accordi ng t o  them, the r e l a t  ion  

must ho ld  i n  the gas phase, where i s  the po ten t i a l  energy given by 

eq. (3 .5) .  Now, the eq. (6. I )  turns ou t  t o  be 

where ct(d)  and cR(d) are  the zero-temperature sound ve loc i  t i e s  i n  a 

s o l i d  formed by p a r t i c l e s  i n t e r a c t i n g  v i a  a p o t e n t i a l  $d, and I'm(-) i s  

taken as the experimental r e s u l t  f o r  e lec t rons  on bu l k  helium.The phase 

diagram i s  d isp layed i n  f i g .  14. These are  q u a l i t a t i v e  r e s u l t s ,  because 

they must take i n t o  account the values o f  sound v e l o c i t i e s  a t  f i n i t e  

temperature, where the renormal izat ion e f f e c t s  i n  these consta~nts are  

q u i t e  important. One important conclusion i s  t ha t  f o r  a metal substrate 

one f i nds  a f l u i d - l i k e  region as n -+ O and T -+ O f o r  small f i t i n  t h i ck -  

n e s s . A t h i g h d e n s i t i e s  t h e s o l i d m e l t s a g a i n a t a d e n s i t y  n w h e r e  
t] 

the quantum t r a n s i  t i o n  occurs. These densi t i e s  depend upon d ir1 such a 

way tha t  f o r  d - 70 8 ,  the s o l i d  region shr inks  t o  a po in t .  Th is  i s  an 

e f f e c t  o f  the d i p o l a r  i n t e r a c t i o n  a t  small f i l m  thickness. I t  i s  very 

i n t e r e s t i n g  t o  analyse the quantum proper t ies  o f  a d ipo le  gas o f  e lec-  

trons which, now, has a physical  experimental r e a l i z a t i o n .  The study o f  

t h i s  system i s  i n  progress47. 
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Resumo 

Resul tados teÕr i cos de. a1 gumas propriedades do s i  s  tema formado 
por e lé t rons  bidimensionais sobre um f i l m e  de hé l  i o  l í q u i d o  a d s o r v i  do 
em um subst ra to  s ó l i d o  são rev i s tos  neste t rabalho.  Descrevemos os es- 
tados s u p e r f i c i a i s  e le t rôn icos  tan to  para e lé t rons  sobre h é l i o  volumé- 
t r i c o  quanto para e lé t rons  sobre f i lmes de h é l i o .  Propriedades t a i s  co- 
mo o f a t o r  de es t ru tu ra  e energia de correlação são determinadas em fun- 
ção da largura do f i l m e  para d i fe rentes  t i pos  de substrato através de 
uma Aproximação de Fases A leatór ias  Generalizada. Descrevemos também as 
exci  taçÕes co le t i vas  deste sistema. Os resultados para e lé t rons  sobre 
h é l i o  volumétr ico e f i lmes f i nos  são faci lmente obt idos.  Examinamos a 
interação en t re  o e l é t r o n  e as exci  tações da superf i c i e  do hél i o  1 Í qu i -  
do resultando na formação de um novo estado polarônico,  que f o i  observa 
do recentemente. A energia do estado fundamental e a massa e f e t i v a  des- 
t e  polaron são determinadas pe lo  formalismo de i n teg ra l  de t r a j e t ó r i a  e 
método de transformação u n i t á r i a .  Discutimos ainda algumas especulações 
sobre o diagrama de fase dos e lé t rons  sobre o f i l m e  de h é l i o .  


