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Abstract In this paper we study a family of integrals of the form

coszm 8 do

4
1 - k2 cos )M Z

Ku(k,m) = J: (

where O < k < 1, Re(n) > - & and mis a nonnegative integer. Such inte-
grals occur in radiation field problens. W obtain a series expansion
and establish its relationshipwth Gauss' hypergeometricfunction.
Asynpt otl ¢ expansi ons val id in the nei ghbourhood of %?=t are given.0One
of these formulas has been obtained by the use of an Ael ian theorem
Sone recurrence relations are established. Results obtained earlier by
Epstein and Hubbel |, and Wi ss followas particular cases of our for-
mul ae given here. Sone nurerical val ues of Ku(k,m) for sel ected val ues
of the paraneter are tabul ated, using different formilae.

1 INTRODUCTION

Epstein and Hubbell [1,p.1] have treated a famly of integrals

1r . 1
-~}
Qj(k) = J (1 - k% cos®) ’ de (1)

]

where 0 < k < 1. Such integrals are found in the appl ication of the
Legendre polynomial expansion method [2, p.109] to certain problens in-
vol ving conputation of the radiation field off-axis froma uniform cir-
cular disc radiating according to an arbitrary distributionlaw[3 p.249].
In continuation of the Epstein-Hibbel 1 wor k!, Wi ss [4,p.1Thas obtai ned
an expansion of (I in the nei ghborhood of k?=1 and established its re-
lationship with Legendre and hypergeonetric functions.

Recent |y, Kalla® and Kalla, Conde and Hubbell® have defi nedand
studied certain generalized elliptic-type integrals.

in the present work, we study the famly of integrals

*n sabbatical |eave from Division de Postgrado, Facultad de Ingenieria,
Uni versidad del zulia, Maracai bo Venezuel a.
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T 2m
Ku(k,m) =j cos 0 do (2)

1
O (1 - k% cos 6)M 2

where O < k < 1, Re(n) > - + and m is a non-negative integer. W observe
that for mO and u=7, a positive integer

Kj(k,O) = Qj(k) (3)
and further
K, (,0) =q (k) = (VZ2A/k)k(A) (4)
Kk (&,0) =0 &) = (VD/ k(1-k?)) EQ) (5)
vhere
A2 =212/00 + k?) {6)
and
(n/2) .
Q) = J (1 - A2 sin%0)” 7 g (7)
0
(n/2) 1
() = (1 - 2% sin?g)? gp (8)

l

are the conplete elliptic integrals of the first and second kind re-
spectively [7,p.295; 8,p.587].

First, we obtain a series expansion of Ku(k,m) for small values
of k. W& establish a relation between our generalized elliptic-type in-
tegral and Gauss' hypergeonetric function. Asynptotic expansions of
Ku(k”")’ val id in the neighborhood of k?=1 are obtained. Che of the re-
sul'ts has been obtained by the use of the transformation fornulae for
the hypergeonetric function, while the other, by an appeal toan Abel ian
theorem Some recurrence formul ae are establ i shed.

2. SERIES EXPANSION

\¢ have
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U

‘ 2m
X (k,m) = f cos 6 d8 u+1
u o (1 ~ k2% cos 6)772

where 0 € kK < 1, Re{u) > - %— and m is a non-negative integer. W use the
binomial expansion for small values of k to obtain

2r 1
© kT (n+g), qm :
K (km) = ) iy J cos Mg, 4o 9)
H r=0 r. 0
Evaluating the 8-integral, by using
" ntl
2
J Cosne do = D + (“)nj (/T?/Z);"(nT— (10)
0 - wa
we get the required expansion
K o) = T i Gemi )
i ’ = » 9
where
W+, M Im+r+3) '
W, (um) = 22 2 (12)
(22)!' Tm+ 2+ 1)
From (11}, we can derive
o by . .
k T I'(,7+l)l"(2,j+llr+l) (]3)

K. (k, 0) =
J r=0 (64)T (»!)2 T(2j+1)T (j+2r+1)

a result given earlier by Epstein and Hubbell [1,p.3].

3. RELATION WITH GAUSS HYPERGEOMETRIC FUNCTION

We use the well known result

[eod

-1 - .
1 - ! J M2 272 gg Relz) > 0, Re(n) >-2 (W)

1 1
U+ 'y + %)

2

to obtain
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to obtain
‘n’ e o) —
L2
Ku(k,"I) =[ Coszme {———l—i—- [ ‘bu 2 e (1-kcos 0)¢ dt|dd
0 | Tl + E) o B

Interchanging the order of integration, which is justified due to the

absolute convergence of the integrals involved, we get

o0 _l T 2
Ku(k’m) =__]_;_. J\e-ttu 2 [J coszme gkt cos® de}dt (15)
T'(p + 5) 0 [}

Now, expressing coszme as (1 - 2 sin? g)m and using the binomial ex-

pansion, the 8-integral reduces to:

2m -2 ! -1 1 2
G S b I J N L P (16)
= 0

This can be rewritten as,

-2
m (0727 (F e e+ DI
®(2, r+1; 2K%2)
=0 T{r+1)

by virtue of the integral representation for the confluent hyper-
geometric function [9,p.255, lO,p.266]

1
Q(u,Y; z) = ——«L(L)—-— J ZZt ta—] (‘-t)y—a-] dt (‘7)
T ()T (y-a) :

Re(y) > Rela) > 0

Hence, we have

am (1T 28 (3 )T (eed)
pX

Ku(k,m) = o
T (u+3) =0 T(r + 1)

J e (]+k )t 1/_11 2 (I)(

0

3, ral; 2k%t)dt

148



Revista Brasileira de Ffisica, Vol. 16, n? 1, 1986
R G M S GUINEIRIC)
T(u+ 3) r=0 (2k2)“+2 I(z+1)

l+k AL

0 2% M
J e 2 <I>(2,H] x) dx
4
Evaluating the x-integral, we obtain
2my o1 1
m (17 28 (YT )T (red)
Ku(k,m) - Z r 2 2
1
R LA )

i (B utd, el 2k%/14K2)

From (19), we deduce that

K, (k,0) = 0. (K) = ———— LF, (G, 3+ L 22/04K7)

(14k2)7+2

a result given by weiss [4,p.2 (9)].

4. ASYMPTOTIC EXPANSIONS

By recast (19) by using [3, p.105 (1)]

2n (D72 PMr(}) T(eed)

A1
K (kym) = (1 +k2) W72
u »r=0 T'(r+1)

1-%2)7H 1 1 z 2
[1 k2 JF, (p+3, routy; vl 2k%/(14K7%))
o+

and then [9,p.105 (3)7 leads to
(=17 2" M)

S "
K (km) = (1-k*)"M72 ¥
H r=0 T(r+1)

F (r+d, ped; rel; 26%/(K2-1))

(18)

(19)

(20)

(21)

(22)
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Now the formula [9,p.107 (34)] can be used to obtain

m (D72 (M) T(T(eed)

r=0 T(r + 1)

F (r+§, %; r-p+l; (k2-1)/2k2) (23)

[l‘(u-r)l‘(rﬂ) (1-x2)7H
TOTGH])  peyrtd

T (r-1) T (r+1) _

+

~ F, (u=r+}, g u-r+l;(k2-l)/2k2)J
T(p-pd)T(re+d)  (2k2)M'2

Hence an expansion formula valid in the neighbourhood ofk?=1, can be ex-

presses as

n
I 072 30 ririesd)

K (k,m) =
u ]
r=0 1 -
F(U'P)F(l'kz)r_u + F(p-u) (2k2)-u"§
P)T(ed) (22)PHE T (r4d)
A particular case of (24)
K G0) - @O r(w) (@)W
, 2
g _F(p+%)(zk2)% T (%-p) (25)

(provided 1 is not an integer) is in agreement with a special case of a
result given by Kalla, Conde and Hubbell®.

Now we shall obtain an another asymptotic expansion valid in

the neighbourhood of k?=1. To do so, we rewrite (18) in the following
form Lo (DT BT
Ku(k,m) = ——— Z - =
F(~+:)~"= (k2)*7 T(r41)
12
-(.]_l‘_;)_)x .
e % 272 T @(é, r+l;x) dz (26)
Jo
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VW have therefore expressed Ku(k,m) as a Laplace transforms in which the
coefficient in the first exponential, (l—kz)/kz, approaches zero as k?
tends to 1. Hence we can now apply an Abelian theorem [ll, p. 2!81] for
Laplace transform to determine the behaviour of X (k,m) in the neigh-
bourhood of k%=1. V& know that the asymptotic expansion of the confluent
hypergeometric function is DO, p.271 or 12, p.256:|

T'(y) & Y S (Y-a)n (]-a)n

ola,y;x) ~ o " (27)

neo n!

as X tends to infinity. Consequently an expansion formula for x (k,m)
u

valid in the neighbourhood of k3=1 is

. v
K bem) = —L— T (-7 2" ()

I‘(u+é) r=0 (28)
4 T (r4n43) T (341) T (u-n-r)
=0 r(g)n:(1-kZ)“‘”"’(zz&)"‘"’“’zr

provided that (v-r) is neither zero nor a positive integer. W observe

that

1 Y T(nd)T(n+d) T (u-n) (29)

K (k,0) =
H I(+d) n=0 T(D)n! (1-k2)WT (212)m+d

in the neighbourhood of k?=1.

Let p-r = Vi @ positive integer. In this case, we decomposethe

vp-1 m
infinite sum of (28) into two parts, ) and ) . As the second sum
no n=v,

presents an indeterminate form, we take the limit and use the formula

03, p.13],

Plm-n) /T (n=n) = (=1)" (o) (30)
nzm

to obtain an asymptotic expansion valid in the neighbourhood of k2=1,
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-1" (3

{’Vr'] I (24 )T (Gam) T (v, 77) []_kz}n-vr

n=0 T(3) n! 23 k?

n=v_+1
s (~n T T (r4m43) T (34n) 2,723~V I—kz)
+ ((1-%3/%?) 1
r@) nt 2% (v ) rores { %7

If we set m=0, u=4, in (31) we get

2 [?-1 P () T (G-n) (-1) " [k2 Jj'”
K (k,0) = .(K) =
g g .

rg+d) [n=0 T-mT(d) At M 1k
¥l 1-k )*7d 1-%%)
o 'n‘(-]) i (n+%) [—kz—] ]09{ k2 J
+ — (32)
n=j () (3=n) n! 2% (n-j)!

a result given earlier by Weiss [4,p.1].

5. RECURRENCE FORMULAE

From the definitions of Iﬂl(k,m) we can obtain a number of re-

curence relations. For example, if we replace the numerator of (2) by

(1 - sin?0). Cos?m-Ze and then integrate by parts, we obtain
2m-2) 3
(kym) = K, (kyn-1) + 1222 g e - 2
KIJ U kz(u__;_) u-1 2
y o2y (k,m-3 (33)

2. _1 u=1
k* (u-1)
if we multiply the numerator and denominator of (2) by (1 - k% cosf) and

then decompose into two integrals, we get the following formula

Ku(k,m) = Ku+|(k,m) - k2 (k,m+§) (34)

Ku+ ]
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2m 1
K (k,m) = K (kml) + —F— K _ (k,m=3
s u k*(G-w) M
Aoz (s (35)

k*(3-w)

From {33) and (35), we get
%2 é"U) [Ku(k,m-l) - Ku(k,m‘)]

= Ku_,(k,m-g) - (142m) Ku_,(k,mg) (36)

3
+ 2(1-m) Ku_](k,m-;)

6. NUMERICAL COMPUTATION

In table 1, we compute the generalized elliptic-type integrals
Ku(k,m) on an YAX/VMS electronic computing rnachine, using equations (11)
and (12). The results are given to eight significant digits.

In table 2, we compare some values of Ku(k,m) from eqs.(H) and
(12) (m=0, u=g, non negative integer) with the results given by (Epstein
and Hubbel1', Table 1).

In table 3, we compute the asymptotic approximations (24) and
(28) of Ku(k,m); K1 and K2 represent equations (24) and (28) respect-
ively; the results are given in double precision.

In table 3, we observe a little difference in the entriesofthe
two columns K! and K2, and this is to be expected, due to the fact that
the formula (24) is an approximate one, as only the first term of the
hypergeometric series has been taken into consideration.

We propose to study some more properties and the numerical tabu-
lation of Ku(k,m) using the representation (9} and (31) in a subsequent

paper.

153



Revista Brasileira de Ffsica, Vol. 16. n? 1, 1986

154

Table 1

B

Ku(k,m)

NN =TV~ = e OVIVINN = = O O\ WO

OC DOLOOVLOODLOLOLOLOOOLODOODODOOoOODODCOoOOoO O
. e e e s s s e e e e s . e 4 e s e

NS v—

Vi o

viviwva v

u

v

NN OOTVNMVNTIWWWRNNRINNNONNNN = ~ e s OO0 O0 O

. « o e .
OVMIUVTOUVIOoOOUVMTUNOOVMOoOoOUVMoOoOunoo o

~ NN~ OO W~ NOONO 0L —=JOUVNIN—O O

. « e e e
Vovvoownnooo

A WS W WY A AW W W L2 U W W0 W0 L0 Lo W0 W0 S L0 W) WA W AW W AW T W W W W W

.1415927
.1416516
.1418871
.21910763
.93922114
.h212322
14160013
14
14271164
.14338326
.19930172
.21872687
.2192810
.5090652
L1k
14162946
14512992
. 14252520
1465704k
19887257
.1655648
.3373113
1416249
14506412
1978967
.15872002
.1k17255
14305162
.3473928
.1416866
-148867113

182734

159513

Table 2

Kj(k,O)

Qj(k)

Coocooc o
e a4 s e
NW S N —

FOVNIW O o

3.1416516
3.1425359
3.1428299
4,65059471
3.4647567
3.17284656

3
3
3.
!
3
3

1416516
. 1425360
1428299
.6505957
.4647569
.1728L466




Revista Brasileira de Fisica, Vol. 16, n® 1, 1986

Table 3

k m U K1 K2
0.9 0 0.4 .51673832D 01 0.53422165D 01
0.93 0 0.4 0.58063225D 01 0.60271455p 01
0.99 0 0.4 0.12212198D 02 0.12537396D 02
0.90 0 1.9 0.26462283D 02 0.25033953D 02
0.99 0 1.9 0.16737238D ok 0.16771601D 04
0.90 0 8.6 0.76841550D 06 0.7714%110D 06
0.99 0 8.6 0.18678756D 15 0.18684947D 15
0.99 1 7.6 0.39494292D 13 0.39509315D 13
0.99 1 1.1 0.89914795D 02 0.82548744D 02
0.96 2 1.6 0.45686106D 02 0.49430874D 02
0.99 2 1.6 0.53002991D 03 0.53419490D 03
0.99 2 8.1 0.27019611D 14 0.27028985p 14
0.93 8.6 0.13102725D 08 0.13131210D 08
0.99 8.6 0.18529050D 15 0.18535068D 15
0.90 8.6 0.69726588D 06 0.69930287D 06
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Resumo

Neste trabalho nés estudamos uma familia de integrais de for-

Ul
coszm 6 do

K(k)r
TR

1
o (1 - k% cosp)P*2

onde 0 € k < t, Ref(u) > - Landm é um inteiro néo negativo. N6s obtemos
ura expansao an série e estabelecemos sua relacdo com a funcéo hypergec-
métrica de Gauss. Expansdes assintoticas validas en uma vizinhanca de k=|
sdo fornecidas. Uma dessas férmulas € obtida usando-se um teorema abe-
Tiano. Algumas relacdes de recorréncia sdo estabelecidas. Resultados ob-
tidos anteriormente por Epstein e Hubbell e por Weiss se seguem como ca-
sos particulares de nossas férmulas. Alguns valores numéricos de Ku(k,m)
para valores selecionados dos parametros sdo tabelados, usando diferen-
tes férmulas.
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