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Abstract In this paper we study a fam 
r TI 

ly of integra Is of the form 

where O 6 k < 1, Re(p) > - and m is a nonnegative integer. Such inte- 
grals occur in radiation field problems. We obtain a series expansion 
and establish its relationship with Gauss' hypergeometric function. 
Asymptotlc expansions val id in the neighbourhood of k2=l are given.0ne 
of these formulas has been obtained by the use of an Abel ian theorem. 
Some recurrence relations are established. Results obtained earlier by 
Epstein and Hubbell, and Weiss follow as particular cases of our for- 
mulae given here. Some numerical values of ~ ~ ( k , m )  for selected values 
of the parameter are tabulated, using different formulae. 

1. INTRODUCTION 

Epstein and Hubbell ll,p.l] have treated a family of integrals 

where O < k < 1. Such integrals are found in the appl i cat i on of the 

Legendre polynomial expansion method p, p.1091 to certain problems in- 
volving computation of the radiation field off-axis from a unifoi-m cir- 

cular disc radiating according to an arbitrary distribution law E1 p.249]. 
In continuation of the Epstein-Hubbel 1 workl, Weiss @,p.l] has obtained 

an expansion of (1) in the neighborhood of k2=1 and established its re- 

lationship with Legendre and hypergeometric functions. 

Recently, ~ a l l a ~  and Kalla, Conde and ~ubbell~ have definedand 

studied certain generalized elliptic-type integrals. 

In the present work, we study the family of integrals 
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where O L k < 1, ~e(u) > - $ and m is a non-negative integer. We observe 
that for m=O and p=j, a positive integer 

and further 

whe re 

and 

are the complete elliptic integrals of the first and second kind re- 

spectively [7,p.295; 8,p.58q. 

First, we obtain a series expansion of K (kSm) for small values 
I1 

of k. We establish a relation between our generalized elliptic-type 

tegral and Gauss' hypergeometric function. Asymptotic expans i ons 

K,,(k,m) , val id in the neighborhood of k2=1 are obtained. One of the 

sults has been obtained by the use of the transformatíon formulae 

the hypergeometric function, while the other, by an appeal toan Abel 

theorem. Some recurrence formulae are established. 

i n- 

of 

re- 

for 

í an 

2. SERIES EXPANSICRN 

We have 
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where O L k < 1, R e h )  > - $ and m i s  a non-negative in teger .  We use the 

binomial expansion f o r  small values o f  k t o  ob ta in  

Evaluat ing the 8- in teg ra l ,  by using 

we get  the requ i red  expansion 

whe r e  

From (1 I ) ,  we can der ive  

a r e s u l t  g iven e a r l i e r  by Epstein and Hubbell  [ l , ~ .3 ] .  

3. RELATION WITH GAUSS HYPERGEONIETRIC FUNCTION 

We use the w e l l  known r e s u l t  

t o  ob ta in  



Revista Brasileira de Ffsica, Vol. 16, no 1, 1986 

t o  obta i n  

Interchanging the order  o f  i n teg ra t i on ,  which i s  j u s t i f i e d  due t o  the 

absolute convergence o f  the  i n t e g r a l s  involved, we get  

Now, expressing cor2% as (1  - 2 ~ i n ' ; ) ~ ~  and us ing the binomial ex- 

pansion, the & i n t e g r a l  reduces to:  

This can be rewr i  t t e n  as, 

by v i r t u e  o f  the i n t e g r a l  representa t ion  f o r  t h e  c o n f  1 u e n t  hyper- 

geometric f unc t i on  [9,p.255, 10,~.266] 
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Evaluating the x-integral, we obtain 

From (19), we deduce that 

a result given by Weiss L4,p.z (g)]. 

4. ASYMPTOTIC EXPANSIONS 

By recast (19) by using [9, p.105 (i)] 

and then [9,p.105 (317 leads to 
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Now the formula [9,~. 107 (3411 can be used t o  ob ta in  

Hence an expans ion  formula va l  i d  i n  the neighbourhood o f  k 2= 1 ,  can be ex- 

presses as 

A p a r t i c u l a r  case o f  (24) 

(provided i s  not  an in teger )  i s  i n  agreement w i t h  a specia l  case o f  a 

r e s u l t  g iven by Kal la,  Conde and I iubbel l6.  

Now we s h a l l  ob ta in  an another asymptotic expansion v a l i d  i n  

the neighbourhood o f  k2=1. To do so, we rewr i  t e  (18) i n  the f o l  lowíng 

form 

1 ~ ~ ( k , r n )  = --- 
r(~+:) ~ = o  (2k2)ii+: r ( r + l )  
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We have therefore expressed K (k,m) as a Laplace transforms i n  which the 
Fi 

coeff  i c i en t  i n  the f i r s t  exponential , (1 -k2)/k2, approaches zero as k2 

tends t o  1 .  Hence we can now apply an Abel ian theorem [I 1 , p.  28iJ for  

Laplace transform t o  determine the behaviour o f  K (k,m) i n  the neigh- 
!J 

bourhood o f  k2=1. We know that  the asymptotic expansion o f  the conf luent 

hypergeometric funct ion i s  CIO, p.271 o r  12, p.256] 

as x tends t o  i n f  i n i  ty .  Consequently an expansion formula f o r  K p  ( k  ,m) 

v a i  i d  i n  the neighbourhood o f  k2=1 i s  

provided that  (v-r) i s  nei ther zero nor a pos i t i ve  integer. We observe 

tha t 

i n  the neighbourhood o f  k2=1. 

Let p - r  = vr, a pos i t i ve  integer. I n  t h i s  case, we decomposethe 
m 

i n f  i n i t e  rum o f  (28) i n t o  two parts,  '7' and . As the second rum 
n =O n=Vr 

presents an indeterminate form, we take the 1 i m i t  and use the formula 

p3, p.131, 

$(m-n) /r(m-n) (- 1) n-m+l 
(n-m) ! (30) 

n > m  

to  obta in  an asymptotic expansion val  i d  i n  the neighbourhood o f  k2=1, 
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I f  we s e t  -0, v=j, i n  (31) we ge t  

a  resu l  t given e a r i  i e r  by Weiss [4,p. l] . 

5. RECURRENCE FORMULAE 

From the d e f i n i  t ions o f  K (k,m) we can o b t a i n  a  number o f  re-  
Fi 

curence re la t i ons .  For example, i f  we replace the numerator o f  ( 2  ) by 

(1 - s in28 ) .  c 0 s ~ - ~ 8  and then i n teg ra te  by par ts ,  we o b t a i n  

If we m u l t i p l y  the numerator and denominator o f  (2) by ( 1  - k' cos8) and 

then decompose i n t o  two i n teg ra l s ,  we get  the fo l l ow ing  formula 
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From (33) and (35), we ge t  

6. NUMERICAL COMPUTATION 

In t a b l e  1, we compute the general ized e1 

K,,(k,m) on an VAX/VMS e l e c t r o n i c  comput ing  rnachine 

l i p t i c - t y p e  integrais 

., using equations (11) 

and (12). The r e s u l t s  are given t o  e i g h t  s i g n i f i c a n t  d i g i t s .  

I n  t ab le  2, we compare some values o f  X (k,m) from e q s . ( l l )  and 
Fi 

(12) (mo, p j ,  non negat ive in teger )  w i t h  the r e s u l t s  g iven by (E:pstein 

and Hubbel l', Table I ) .  

I n  t a b l e  3, we compute the asymptotic approximations (24) and 

(28) o f  K (k,m); K1 and K2 represent equations (24) and ( 2 8 )  respect-  
lJ 

i v e l y ;  the r e s u l t s  a re  g iven i n  double prec is ion .  

I n  t a b l e  3, we observe a l i t t l e  d i f f e rence  i n  the e n t r i e s o f t h e  

two columns K1 and K2, and t h i s  i s  t o  be expected, due t o  the f a c t  t h a t  

the formula (24) i s  an approximate one, as o n l y  the f i r s t  term o f  the 

hypergeometric ser ies  has been taken i n t o  considerat ion.  

We propose t o  study some more proper t ies  and the numericai tabu- 

l a t i o n  o f  K ( k , m )  us ing the  representa t ion  (19) and ( 3 1 )  i n  a subsequent 
lJ 

paper . 
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T a b l e  1 

T a b l e  2 
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Table 3 
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Resumo 

Neste t raba lho nõs estudamos uma fami l  i a  de i n t e g r a i s  de fo r-  

onde O C k < I ,  ~e(1-i) > - and m é um i n t e i r o  não negat ivo.  Nós obtemos 
uma expansão em s é r i e  e estabelecemos sua re lação com a função hypergeo- 
métr ica de Gauss. Expansões ass i n t ó t i c a s  vá1 idas em uma vizinhança de k=l 
são fornecidas. Uma dessas fórmulas é obt ida  usando-se um teo rema abe- 
1 iano. Algumas relações de recorrência são estabelecidas.  Kesul tados ob- 
t i dos  anteriormente por Epstein e Hubbell e por Weiss se seguem como ca- 
sos pa r t i cu la res  de nossas fórmulas. Alguns valores numéricos de KFi(k ,m)  
para valores selecionados dos parametros são tabelados, usando d i  feren- 
tes fórmulas. 


