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Abstract A simple derivation of the Vlasov-Maxwell system of equations 
is presented using Darwin's approximation for the electromagnetic in- 
teraction. The one-particle averages are calculated directly from the 
expressions for the microscopic electric and magnetic field as opposed 
to working with the scalar and vector potentials. This formulation 
brings out an interesting property of the Vlasov equation according to 
which time derivatives of average fields can be evaluated using the 
Heisenberg or the schr8dinger picture. 

1. INTRODUCTION 

The Darwin model for the electromagnetic interaction consists 

in neglecting the transverse part of the displacement current in 

in Ampère's lawlS2' 3 .  This is a self-consistent model that is 

correct to order ( v / c I 2 ,  where v is a characteristic velocity of par- 

ticles or waves and c is the speed of light. Although electromagnetic 

radiation is not included in this model, it has been found to béi quite 

useful to describe lowest-order relativistic effects in atomic physics 

calculations~nd in particule simulation of low-frequency wavephenom- 

ena in plasmas5'6. In particular, in the latter application Darwi n's 

model allows the inclusion o f  the self-consistent magnetic field gen- 

erated by plasma ,currents without the requirement of using very small 

time steps to follow high-frequency electromagnetic phenomena. 

To compare the results of numerical particle simulations with 

approximate analytical results, one usual ly uses the VI asov-Maxwe l I 
system of equations dropping the transverse part of the displacement 

current from Ampêre's law, However, there is a subtle point in this 

procedure that is not fully recognized. From a kinetic point of view, 
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the e l e c t r i c  and magnetic f i e l d s  i n  Darwin's rnodel a r e  "microscopic" 

f i e l d s 3.  On the other hand, the f i e l d s  t ha t  appear i n  Vlasov's equation 

are "macroscopic" f i e lds  obta ined f rom averagi ng over a1 1 two-part i c l e  

i n t e r a c t i o n  processes. Thus, t o  f u l l y  j u s t i f y  the procedureofdropp ing 

the t ransverse p a r t  o f  the displacement cur rent  fromthevlasov-Maxwell 

system, one has t o  demonstrate t h a t  i n  Darwin's mode l  t h e  a v e r a g e  

f i e l d s  a l so  s a t i s f y  Faraday's law and the approximate form o f  Ampère's 

law. 

I t i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  a l though there  are  many books 

i n  Plasma Physics, we could f i n d  on ly  the one o f  Gartenhaus t h a t  ex- 

p l i c i t l y  deals w i t h  t h i s  p o i n t  . I n  t h i s  reference the author d e r i v e s  

the average equations us ing  the sca lar  and vec tor  po ten t i a l s .  Although 

t h i s  procedure i s  s t ra igh forward ,  i t obscures the l i n k  be tween  t h e  

microscopic and macroscopic f i e l d s  and the r o l e  o f  t ime de r i va t i ves  i n  

the averaging process. I n  t h i s  paper we ca r r y  out  an equ iva lent  calcu- 

l a t i o n  working d i r e c t l y  w i t h  the e l e c t r i c  and magnetic f i e l d s .  I n  our 

de r i va t i on ,  the problem o f  cornmuting t ime de r i va t i ves  w i t h  the a v e r -  

aging operator  appears expl i c i  t l y  and br ings  ou t  an i n t e r e s t  ing prop- 

e r t y  o f  the Vlasov equation. Namely, f o r  ca l cu la t i ng  the t ime der iva- 

t i v e  o f  average f i e l d s ,  the Heisenberg p i c t u r e  o f  c l ass i ca l  nonequi l ib-  

r ium s t a t i t i s c a l  mechanics i s  equ iva lent  t o  the ~ c h r g d i n ~ e r  p i c t u r e  ' .  
This proper ty  i s  not  on ly  o f  academic relevance, bu t  i t a 1 so  a 1 l ows  

more f l e x i b i l i t y  when apply ing quantum-mechanical methods t o  so lve  the 

Vlasov equation
g . 

I n  the next sec t i on  we b r i e f l y  r e c a l l  the bas ic  procedure f o r  

' de r i v i ng  the Vlasov equation from the L i o u v i l l e  equat ion '09" .  l n  sec- 

t i o n  3 we der ive  the Vlasov-Maxwell system f o r  the average f i e l d  using 

the Darwin model. F i n a l l y ,  i n  sec t ion  4 we conclude by p o i n t i n g  ou t  the 

analogy between Quantum Mechanics and Plasma K i n e t i c  Theory w i t h  r e -  

spect t o  the p i c tu res  o f  Heisenberg and schr8dinger t o  ca l cu la te  t ime 

de r i va t i ves  o f  average q u a n t i t i e s .  

2. THE VLASOV EQUATION 

Class ica l  s t a t i s t i c a l  mechanics o f  many-body systems i s  r i g -  
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orous ly  based upon the L i o u v i l l e  equation f o r  the probabi 

D(E1 ,E2,. . . ,EN;t) i n  the 6N-dimensional space, where N i s  
+ + 

p a r t i c l e s  i n  the system and 5. = ( x  v.) a re  the coordina i' z 
i n  the phase space of the i t h z p a r t i c l e ' 2 .  The propabi 1 i t y  

1 i t y  densi t y  

the riumber o f  

tes o 1  a point 

den~,  i t y  i s 

def ined such tha t  ~(<1,<2, ,  . . ,EN; t)dEi...dF;N i s  the p r o b a b i  l i t y  o f  

f i nd ing  a given system i n  the volume dF;ld<2., . . The L i o u v i  1 l e  

equation can be w r i t t e n  i n  the form" 

where $:O) i s  the externa1 fo rce  on the p a r t i c l e  (i), d i s  the fo rce  i j  
on p a r t i c l e  ( i )  due t o  p a r t i c l e  ( j ) ,  and m i s  the mass o f  the p a r t i c l e  

(here we a re  consider inq a plasma made o f  e lec t rons  w i t h  a u n i f o r m  

backqround o f  neutra1 i z i n g  ions) . The Vlasov equation i s  der ived v i a  

the BBGKY h ie rarchy  o f  equations as an approximation t o  the L i o u v i l l e  

equat ion"y13*1'  . It can be w r i t t e n  i n  the form 

(2) 

where f (51) denotes the  one- pa r t i c l e  d i  s t r i  b u t i o n  func t ion ,  normal i zed 

such tha t  n / f (E;t)d< = N, where n i s  the average p a r t i c l e  .dens 

The quan t i t y  

g ives the average fo rce  on p a r t i c l e  1 due t o  the remaining p a r t  

the plasma. I n  the sequel, we sha l l  employ the  f o l  

no ta t  ion  f o r  averages : 

owing c o n v e n i  e n t  

, (4) 

where < = <r and 5 '  = 5 2 .  Using eq. ( 3 ) ,  the Vlasov equat ion can be 

s imply w r i t t e n  as 

g+;.q+ f g . a f . 0 ,  ( 5 )  
ax av 
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where $ = ($(O) + &)/m denotes the  average acce le ra t i on  o f  each par- 

t i c l e .  Thus, the Vlasov equat ion describes the i n t e r a c t  i o n  be tween  

p s r t i c l e s  through o n l y  an average f i e l d ,  neg lec t ing  con t r i bu t i ons  from 

c lose encounters. This p o i n t  i s  a1 ready wel 1 known and i 

discussed i n  standard t e x t b o ~ k s ' ~ .  

To ca l cu la te  the average fo rce ,  eq. ( 3 ) , i t  i s  
-+ 

spec i f y  F I Z ,  i .e . ,  the expression f o r  the f o r c e  between 

i n  the plasma. I n  t h i s  paper we assume t h a t  t h i s  f o rce  i 

the Darwin approximate e 

next  sec t  ion. 

3. DARWINS APPROXIMATION 

lectromagnet ic potent  

t i s  c l e a r l y  

necessary t o  

two p a r t i c l e s  

s der i ved f rom 

i a l s ,  as described i n  the 

Let  us consider a p a r t i c l e  o f  charge q moving w i t h  v e l o c i t y  
-+ 
V '  through the  plasma. We assume t h a t  i t s  acce le ra t i on  i s  so m i l d  t h a t  

r a d i a t i v e  e f f e c t s  a re  n e g l i g i b l e .  I n  t h i s  c a s e ,  the electromagnetic 

f i e l d  produced by the p a r t i c l e  can be obtained from the sca lar  poten- 

t i a 1  

and the approximate vec tor  p o t e n t i a l  

int roduced by ~ a r w i n ~ .  These p o t e n t i a l s  belong 

tha t  

v.;(&) = O . 
Thi s rneans tha t  the expans ion  f o r  C$(z,t) would 

a 1, +' t) 1 - x- x  ( a t  (7) 

t o  the Coulomb gauge so 

be the co r rec t  one even 
+ 

i f  f u l l y  r e l a t i v i s t i c  e f f e c t s  were included. However, eq. (7) f o r  a i s  

an approximate one and eqs. (6) and (7) cannot be r e w r i t t e n  i n  the forrn 

o f  the proper Liénard-Wiechert p o t e n t i a l s .  The "microscopic"  f i e l d s  are  

g iven by the  usual expressions 
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and the fo rce  on another p a r t i c l e  o f  charge q (unprimed) i s  simply given 

b Y 
-+ 
F ~ ~ ( S , S ~ ; ~ )  = $(Z,t) + qSd(Z, t )  (10) 

We have t o  keep i n  mind tha t  i n  eqs. (7) and (8) the obser- 
-+ 

va t i on  p o i n t  x i s  assumed f ixed.  Thus, the  t ime d e r i v a t i v e  i n  these 

equations and i n  the ones fo l lowing frorn thern apply on ly  t o t h e  variables 
-+ -t 
x r ( t )  and u r ( t )  r e f e r r i n g  t o  the  source. Ca lcu la t ing  the averagt? o f  eq. 

(10), we ob ta in  

where 

and 

-f -+ 
The f i e l d  equations, r e l a t i n g  theaverage f i e l d s  E and B 

P 
and  t h e  sources can be ca l cu la ted  d i r e c t l y  frm eqs. (12) and (137. 

I n  p a r t i c u l a r ,  i t  i s  s t ra igh t fo rward  t o  ob ta in  Poisson's equat ion by 

c a l c u l a t i n g  the  divergence o f  eq. (121, i .e., 

The d e r i v a t i p n  of Faraday's law i s ,  however, more involved. Taking the  

c u r l  o f  eq. (12), we ob ta in  
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+ 
From t h i s  equation and the express i on  f o r  3 eq. (131, we see tha t ,  t o  

P ' 
ob ta in  Faraday's law, we have t o  show t h a t  the t ime d e r i v a t i v e  can be 

taken ou t  o f  the averaging brackets.  F i r s t  we note tha t ,  i f  h ( < , < ' )  does 

not  depend e x p l i c i t l y  on time, i t  fo l lows tha t  

-+ + -i-+ 
Since t h i s  i s  the  case f o r  h = v r / ( x - x r ( t )  1 ,  we have t o  s imply prove 

t h a t  

The Ief t- hand s ide  o f  t h i s  equat ion can be w r i t t e n  as 

-+ + 
where g t ( t )  = a v r ( t ) / a t  i s  the acce lera t ion  o f  t h e  p r i m e d  p a r t i c l e .  

3 -+ + 
Using the i d e n t i t y  6. .  = av;/avr we can wr ice  g f f  as g i ( a v r / a v f ) f  and 

23 i' 
i n teg ra te  by pa r t s  the v e l o c i t y  i n teg ra l  appearing i n  the  f i r s t  term i n  

the r ight- hand s ide  o f  eq, (18). Then,we ob ta in  

( 1  9) 
The second term i n  the r ight- hand s ide  o f  eq. (18) can a l ço  be easi l y  

calculated by i n teg ra t i on  by pa r t s  w i t h  respect t o  the space coordinate.  

Cmbi n ing these resu l  t s ,  we have 

a S t ( t )  
+ 

< V ' ( * )  /(;r. 2g +;I. g) , (20) 
E [;-2(t) 1 /f = t ) l  

x-x ( ax r ao 

I f  fo l l ows  from Vlasov's equation, eq. (5) ,  t h a t  the term in parenthesis 

i n  the r ight- hand s ide  of eq. (20) i s  j u s t  -a f /a t .  Thus 
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Using eqs. (13), ( l s ) ,  and (21), we f i n a l l y  ob ta in  Faraday's law 

To ob ta in  Ampere's law, we take the c u r l  o f  eq. (13). Since 
+ + 
v '  and x f  are  independent var iab les ,  i t  fo l l ows  t h a t  

Subs t i t u t i ng  t h i s  expression i n t o  the c u r l  o f  eq. (13), i t  fo l l cws  tha t  

Ampere's law can be w r i t t e n  i n  the form 

where 

i s  the plasma cur rent  dens i ty  and 

i s  the l ong i t ud ina l  component o f  the 

Equations (51, (14), (22), 

e l e c t r i c  f i e l d .  

(24), (25), and (26) form the bas i c 

se t  o f  equat ion f o r  the  Vlasov-Maxwell system i n t h e  D a r w i n  model .  

C lear ly ,  the on ly  approximation i n  t h i s  model i s  t o  neglect  the t rans-  

verse p a r t  o f  the displacement cu r ren t  i n  ~ m ~ ê r e ' s  law. 

4. THE HEISENBERG AND SCHRt)DINGER PICTURES 

A bas ic  p o i n t  i n  the ca l cu la t i ons  j u s t  presented i s  the proof  

t h a t  the t ime d e r i v a t i v e  commutes w i t h  the average over t h e  one- pa r-  

t i c l e  phase space, as ind ica ted i n  eq, (21).  I n  analogy wi t h  (luanturn 

Mechanics, we can say t h a t  the f i r s t  form o f  ca l cu la t i ng  the t ime de- 

r i v a t i v e  o f  an average quan t i t y  corresponds t o  the Heisenberg p i c tu re ,  
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whereas the second form corresponds t o  the schr&Jinger p i c tu re ,  

Actual l y ,  i t can be r i go rous l y  s h w n  tha t  the Heisenberg and ~ c h r b ' d i n ~ e r  

p i c tu res  o f  nanequi l ibr ium s t a t i s t i c a l  mechanics a re  equ iva lent  a t  the 

leve l  o f  L i o u v i l l e ' s  equat ion8.  However, t h i s  i s  not  necessari l y  t r ue  

a t  the  k i n e t i c  l eve l  described by reduced d i , s t r i bu t i on  f u n c t  i o n s  and 

approximate equations. Since the Vlasov equation can be viewed as anone 

- p a r t i c l e  L i o u v i l l e  equation, one cou ld  suspect t ha t  the same proper ty  

would ho ld  f o r  t h a t  equation. l n  t h i s  paper we have s h w n  t h a t  t h i s  i s  

indeed t rue  and leads t o  a co r rec t  de r i va t i on  o f  the equations r e l a t i n g  

the average f i e l d  quant i t i .es i n  the Darwin model. 
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O s  i s tema de equações de Vlasov e Maxwel 1 é ob t i do  de uma 
maneira simples u t i l i z a n d o  a aproximação de Darwin p a r a  a i n t e r a ç ã o  
eletromagnética. As médias de uma p a r t í c u l a  são calculadas diretamente 
das expressões para os campos microscópicos e l é t r i c o  e magnético a o i n -  
vés de u t i l i z a r  os potenc ia is  escalar  e v e t o r i a l .  Esta formulação per- 
m i te  rea lçar  uma propriedade interessante de equação de Vlasov segundo 
à qual as derivadas temporais de campos médios podem ser  calculadas u t i -  
l i zando o procedimento de Heisenberg ou o de ~ c h r g d i n g e r .  


