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Abstract We discuss the phase t r a n s i t i o n  o f  a  vers ion  o f  the spher ica l  
model w i t h  anticommuting var iab les .  As w i t h  the usual spher ical  model 
i t  e x h i b i t s  a  phase t r a n s i t i o n  w i t h  long range order and s p o n t a n e o u s  
magnetization f o r  dimension V 2 3. 

1. INTRODUCTION 

There has been great  i n t e r e s t  i n  the study o f  the s t a t i s t i -  

ca l  mechanics o f  Grassmann var iab les .  I n  f a c t  these systems appear nat -  

u r a l l y  i n  severa1 s i t u a t i o n s  i n  t heo re t i ca l  physics, f o r  instance i n t h e  

study o f  d isordered ~ ~ s t e m s " ~ ' ~ ,  i n  the eucl idean fo rmula t ion  o f  f i e l d  

theor ies  i nvo l v ing  f e r m i ~ n s " ~ ,  e t c .  

I n  t h i s  note we introduce and discuss the p r o p e r t  i e s  o f  a 

model s i m i l a r  t o  the  usual (mean)-spherical m 0 d e 1 ~ ' ~ .  The rnain d i f f e r -  

ence i s  t ha t  a t  each l a t t i c e  s i t e  x we have a  p a i r  o f  anticommutating 

var iab les  $(E), ~ ( z )  instead o f  the usual sp in  var iab les .  The spher ica l  

cons t ra in t  i s  introduced i n  i t s  average vers ion , which i n  the  usual 

model i s  equ iva lent  ( v i a  a change o f  ensemble) t o  the o r i g i n a l  Kac- 

- B e r l i n  model. Due t o  the Gaussian nature o f  the Grassmann algebra i n -  

t eg ra t i ons ,  the model carn be e x p l i c i t l y  solved and i t s  most s t r i k i n g  

feature i s  t h a t  as i n  the usual model the system e x h i b i t s  a  phase t ran-  

s i t  ion w i t h  long range order and spontaneous magnet izat ion f o r  V $_ 3 ,  
w i t h  no phase t r a n s i t i o n  f o r  v S 2.  Apart from i t s  i n t r i n s i c  i n t e r e s t ,  

t h i s  model, as discussed in9 (whose no ta t i on  and l a n g u a g e  we f o l  l ow  

c lose l y ) ,  should be the pro to type o f  phase t r a n s i t i o n  f o r  a  c lass  m d e l s  
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wi t h  Grassmann var iab les  s a t i s f y i n g  I n f  ra red Bounds and Sum Ruler; ( t h a t  

might be dynamically generated). I n  f a c t ,  the nature  of the  phase t ran-  

s i t i o n  i s  t h a t  o f  a  Bose-Einstein condensation o f  "spinl'-waves. 

2. THE MODEL 

v '  
Le t  A b e  a  f i n i t e  subset o f  Z . At each l a t t i c e  s i t e  x we 

have the anticommuting var iab les  $J,(x), qR(x) ,  i .e. we cons  i d e r  t h e  

Grassmann algebra a,, , generated by {$,(x), $3(y) ; x,y 6 A, a  B = 1,. . ., 
n), wi t h  

We de f i ne  the i n t e g r a t i o n  on Grassmann algebra as usual 

j á s ~  , e ts .  

The i n t e r a c t i o n  i s  g iven by the  Hami l tonian H € % A 

w i t h  the no ta t i on  

where e i s  the u n i t  vec tor  i n  the P - t h  d i r e c t i o n .  i n  eq. (3 )  we use u 
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per i o d i c  boundary condi t i o n  on A = I - ~ N , + ~ N ) ~  , N 6 2. 
The expecta t ion  value o f  an observable f € a*, a t  f i n i t e  tern- 

perature 6, i s  def ined by 

The model i s  de f ined choosing the parameter mA, which p lays  

the r o l e  o f  a chemical p o t e n t i a l ,  i n  such way t h a t  

which by t r a n s l a t i o n  invar iance amounts t o  

The "sum ru le "  (9) i s  the analogue o f  the spherícal  con- 

s t r a i n t  i n  the mean spher ical  mo de^^^^. I t  amounts  t o  a change  o f  

ensemble i n  the o r i g i n a l  Kac-Ber l in model. 

We f i r s t  remark tha t  the " spher ical  condi t ion l '  can always be 

met be an unique choice o f  mA. I n  f a c t ,  in t roducíng the Fouríer  t rans- 

formed var iab les  

we have 
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Therefore 

where 

and 

The func t i on  fA(.) has the fo l l ow ing  proper t ies  

a)  i t  i s  monotonic i n  x € (+V,") 

b) 1 im fA(x) = 
x+v 

C) l i m  f,,(x) = O 

from a ) ,  b)  and c) we c o n c l u d e  t h a t  t h e r e  e x i s t s  one and  o n l y  
1 

m,(B3 E ( v , ~ )  s . t . - f  ( m )  = 1 .  B A A  

3. PHASE TRANSITION - LONG RANGE ORDER 

I n  the fo l l ow ing  we consider n = 1 but  a l l  r e s u l  t s  cari be 

e a s i l y  extended t o  any value o f  n. 

For V = 1,2 there  e x i s t s  a @ )  > V such t h a t  m A ( B )  2 a ( @ ) .  This 

fo l lows from the f a c t  t ha t  

( t he  f i r s t  equal i t y  f o l  lows f rom the domi nated convergence theorem) . 
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This impl ies m(B) = 1 i m  mA(B) (where the l i m i t  does e x i s t  
A 

along a convenient subsequencey 

Consequently, there  i s  no long-range order s ince the  two p o i n t  

f unc t i on  

(V = 1,Z) decays exponential l y  wi t h  ( r - y l  . Again the  existente o f  the 

thermodynamic l i m i t  f o r  the c o r r e l a t i o n  func t ions  

fo l lows from the dominated convergence theorem. 

For V 2 3 the system wi l l exh ib i  t long-range order provided 

To prove t h i s  we f i r s t  show that ,  if B > Bc then 

This fo l lows from the sum r u l e  

I n  f ac t ,  s ince mA(fi)> V ,  and 1 i m  mA(B) = m(B) > v,( the 1 i m i t  
A- 

taken a long a convenient ,subsequence) , the domi nated convergence the- 

orem gives f o r  v 2 3 

Now 

70 
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there fore  

1 1  dV 
= -7 

> O  i f  B > B c  
( 2 ~ 1 1  I v n(B):D(p) 

C-% r1 
From the Riemann-Lebesgue lemma we have 

concluding the proof .  

4. SPONTANEOUS BREAKDOWN OF SYMMETRY 

The model has an ant i ferromagnet ic nature as suggested by the 

condensate a t  p = - 71/2, i = 1,. . . ,v. Therefore we i ntroduce an ex ter -  
i 

na1 staggered anticommuting source 

( 2 2 )  

where 

Here we are  consider'ing an enlarged Grassmann algebra g e n e r a t e d  by 

{$(x) ,q(y)  ,h,h,x, y € A}, w i t h  rn (@,h)  bejng again uniquely d e f i r ~ d  by A 
the spher ical  cons t ra in t  
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An e x p l i c i t  computation shows tha t  

A 71 q <  -9 $ c-q 1 > - - h 2  h h 1 
B,A,h BhA(B,A) - v 1 B mA(B,X) (24) 

and 

The sum r u l e  (23) reads then 

Therefore f o r  A # O there  e x i s t s  a(B,A) > v such tha t  rnA(B,A) > a ( f 3 , ~ ) ,  

V A ,  and so 

From t h i s  and the dominates convergence theorem i t  fo l l ows  tha t  

f o r  B > B,, V A Z  O.  

Therefore 
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Since the r.h.s. o f  (31) i s  independent o f  X, i n  p a r t i c u l a r  we 

have 

i f 6 > Bc, t h a t  i s ,  the symmetry i s  spontaneously broken. 
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Discute-se. uma versão do modelo e s f é r i c o  com v a r i á v e i s  
grassmannianas. Ass i m  como no modelo e s f é r i c o  usual esse s istema apre- 
senta uma t rans ição de fase com ordem de longo alcance e quebra expontâ- 
nea de s ime t r i a  para dimensão V 1 3 


