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Abstraa Weshow t h a t  the Schwinger func t ions  associated w i t h  t h e  i n -  
f i n i  t e  l a t t i c e  c o r r e l a t i o n  func t i ons  o f  the pe r i od i c  t w o- d  imens i o n a l  
I s i n g  model can be represented by a  Feynmann-Kac (F-K) f o r m u l a  i n a  
Fermion Fock space H .  The energy-momentum and f i e l d  operators are ex- 
pressed i n  terms o f  two se ts  o f  canonical Fermion f r e e  f i e l d  operator-  
-valued d i s t r i b u t i o n s  a c t i n g  i n  H. These two se ts  are  r e l a t e d  b y  a  
proper l inear canonical t rans format ion  (pc l  t )  , i .e. there  i s  a  uni  t a r y  
operator  U whi ch implements the  t ransformat ion.  S e r  i es representa t ion  
f o r  the Schwinger func t ions  are  obtained by s u b s t i t u t i n g  the spect ra l  
representat ions o f  the energy-momentum operators i n  the F-K formula. 
Below the c r i t i c a l  temperature P+_ = ( I + u ) / z  are commuting o r t h o g o n a l  
p ro jec t i ons  which reduce the algebra o f  observables andg ive  a n e x p ' l i c i t  
decomposition o f  the  p e r i o d i c  s t a t e s i n t o  two , t rans la t i ona l l y  i nva r i an t ,  
pure s ta tes .  

1. INTRODUCTION 

Much a t t e n t i o n  has been devoted t o  the  t h e o r e t i c a l  s o l u t i o n  o f  

the f i n i t e  and i n f i n i t e  l a t t i c e  two dimensional I s i n g  model o f  nearest  

neighbor i n t e r a c t i n g  spins (see [l-73). Also the time- c o n t i n u u m  and  

sca l i ng  l i m i t s  o f  t h i s  model have been s tud ied (see [8-111). I n  r e f .  4 

f o r  f i n i t e  volume and p e r i o d i c  boundary cond i t ions  an e f f i c i e n t  method 

f o r  handl ing the a lgeb ra i c  complexi ty i s  developed which emp loys  two  

f i n i t e  a u x i l  i a r y  se ts  o f  operators, (Ck,F$) and f.C,,C;) ( t he  { k )  anti {R)  

are  wavenumbers belonging t o  d i s t i n c t  sets)  which s a t i s f y  anticomniuta- 

t i o n  r e l a t i o n s .  A11 the  eigenvalues and e igenfunct ions  o f  the  t ra r is fe r  

m a t r i x  a re  obtained e x p l i c i t l y .  I n  r e f ,  7 a  l i n e a r  r e l a t i o n  b e t w e e n  

the { S k , S c }  and operators i s  exp lo i t ed  t o  ob ta in  a  ser ies  re- 

presenta t ion  f o r  the n- po in t  sp in  c o r r e l a t i o n  func t ions ,  f o r  f i r i i  t e  

and i n f  i n i  t e  volume. 
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Here we const ruc t  the i n f i n i t e  l a t t i c e  quantum f i e l d  theory o f  

t h i s  model s t a r t i n g  from the L M S ~  s o l u t i o n  (which i s  reviewed i n  s e c -  

t i o n  2) preserv ing as much o f  the a lgeb ra i c  s t r u c t u r e  as possi b l e .  I n  

sec t i on  3 f o r  the i n f i n i t e  volume theory we introduce two  s e t s  o f  

a u x i l i a r y  f r e e  Fermion operator- valued d i s t r i b u t i o n s  { t ( k ) , t * ( k ) )  and 

E(k) , i * (k ) ) ,  k ~ [ - i ~ , d  a c t i n g  i n  the Fermionic Fock space H. As i n  

the f i n i t e  volume case the - and " operators are  not  independent bu t  

a re  shown t o  be r e l a t e d  by a proper 1 inear canonical t r a n s f o r m a t  i o n  

( p l c t )  , J , i .e. the t rans format ion  is implemented by a un i  t a r y  opera- 

t o r  U a c t i n g  on H and have vacuum vectors  $ and $ = LT$, respect ive l  y .  

Also energy-momentum and sp in  o r  f i e l d  operators a re  def ined.  A Feynman 

-Kac formula i s  obtained f o r  the i n f i n i t e  volume Schwinger func t ions  i n  

sec t i on  4 and an i n f i n i t e  se r i es  expansion r e s u l t s  by i n s e r t i n g  the 

spect ra l  representat ions of the energy-momentum operators.  Using the 

e x p l i c i t  form o f  $ as given by the theory o f  p l c t  (see ~ e r e z i n ' ~ )  eva- 

l u a t i o n  o f  the se r i es  i s  i n  p r i n c i p l e  reduced t o  an a p p l  i c a t i o n  o f  

Wick's theorem. However, i n  r e f .  18 a general i z a t i o n  o f  Wick's theorem 

i s  proved and used t o  evaluate the terms o f  the ser ies ;  t h i s  same ex- 

pansion has been obtained by ~ b r a h a m ~  using i n f i n i t e  s y s t e m s  o f  i n-  

teg ra l  equations. The inverse o f  the p l c t ,  J, i s  J which impl ies  t ha t  

U can be chosen  t o  s a t i s f y  u2 = I so t h a t  V- '  = U* = U. I n  sec t ion  5 

we show t h a t  below the c r i  t i c a l  temperature the pe r i od i c  s t a t e  ($, .$) 

admits a n o n - t r i v i a l  decomposition ($,.$) = 1/2 ( i ( i + , . $ + )  + 1/2 ( $ - , . $ J  

i n t o  the two t r a n s l a t i o n a l l y  i nva r i an t  s ta tes  ($+, .$') where $+ = /i - 
P+ - $ = ($+$)/a and P, - = (I+u)/~ are  orthogonal p ro jec t i ons  s ã t i s f y -  

ing  P+P- = O .  P+ reduce the algebra o f  observables. Th is  decomposition 
- 

1 5 - 1 7  
has a l s o  been considered i n  

A proof  o f  the convergence o f  the c o r r e l a t i o n  f u n c t i o n  f o r  a11 

temperatures i s  g iven i n  appendix A. The operator  U and vacuum vector  

$ a re  constructed expl i c i  t l y  i n  appendix B .  I n  appendix C i t s  i s  shown 

tha t  the decomposition o f  the pe r i od i c  s ta te  i s  n o n - t r i v i a l  by showing 

tha t  the magnet izat ion i s  non-zero, 

2. REVIEW 9 F  THE LIEB-MAWISSCHULTZ SOLUTION OF THE TWO-DIMENSIONAL 
ISING MODEL 
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The p a r t i t i o n  func t ion ,  ZgrM, f o r  the pe r i od i c  I s i ng  model w i t h  

nearest neighbor sp in  i n te rac t i ons  wrapped on a N x  M to rus  i r  taken t o  

where K = J  T-' '> O wi t h  J >  O,  a constant, and T the tempeirature. 

u(n,m) i s  the sp in  v a r i a b l e  a t  the l a t t i c e  p o i n t  n,m which takes values 

2 1 and C i s  the sum over a l l  2NM sp in  con f i gu ra t i ons .  
Ia) 
L e t t i n g  

we de f i ne  

w h e r e  .ri occurs i n  the mth fac tor  frorn the l e f t .  The -r' obey a mixed 
rn 

s e t  o f  commutation, anti-commutation r e l a t i o n s  

M 
These operators a c t  i n  the 2M dimensional Hi I b e r t  space %= .el @ ffrn 

1 O 2 where H i s  the 2-dim. space generated by and I n  terms o f  T 
m 

the p a r t i t i o n  func t i on  can be w r i t t e n  as the t race  o f  an operator  which 

we s t a t e  as 

Theorem 2.1 (see ~ u a n ~ ' ~ )  : Z = T~ (v : / '  V, - Tr fl 
N,M 

where 

M + -  
V ,  = (2s inh  2 x 1 ~ ' ~  expC-2K* 1 ( T ~  T~ - 1/2)] 

rn= 1 

and 
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tanh K* = e . - 2K 

The c r i t i c a l  temperature, Tc, i s  de f ined by K* = K o r  equ i va len t l y  

s inh  ( ~ J / T ~ )  = I. 

Let  BM = V:'* VI V:" whish i s  s e l f - a d j o i n t .  By r u i  t a b l e  t rans-  

formations B can be w r i t t e n  as M 

H i s  i d e n t i f i e d  as the f i n i t e  volume Hami l tonian,  M 
The f i r s t  t ransformat ion i s  a Jordan Wigner t ransformat ion.  Let  

the inverse t ransformat ion i s  

thus 

The advantage of t h i s  t ransformat ion i s  t ha t  the c obey a n t i -  commu- m 
t a t i o n  r e l a t i o n s  such as { c  c*,) = Ammr, (cm,cm,} = { c ~ , c i r }  = O.The m' m 
vec tor  

o O n =  (,) e . . .  e f u M  

w i t h  M fac to rs  has the proper ty  c R = O f o r  a11 m. A bas is  f o r  H 
m M IS 

(o, 
denotes the subspace generated .by the vectors w i  t h  an even (odd) 

number o f  c 's ,  the subspace corresponding t o  the eigenvalue I (-1) o f  
m 

the operator  
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Secondly, a l i n e a r  canonical t ransformat ion i s  de f ined by 

q € S+ o r  S-, bu t  not  both, where S' a re  the M element sets 

and M i s  assumed t o  be even. Throughout t h i s  sec t i on  the 1 e t t e r  ~ ( k )  

wi I 1  r e f e r  t o  elements o f  S' (5'-) , 

F i n a l l y ,  we make the l i n e a r  canonical Valat in-Bogol iubovtrans-  

format ion  

E = C O S ( I  Q +siri@ Q *  
4 4 4 4 -4 

where 

E E 
tan @ = C / (e  q - ~  ) = ( e  q - ~  ) / C  , q € S+ u S-/{O ,T), 

4 4 4 4 4 

o r  t an  24 = 2C / ( E  -A ) and we requ i r e  @ = - 4-q, 4q >' O f o r  q > 0. 
4 4 4 4  4 

For q = O we s e t  4, = O f o r  T > To; f o r  T < To, $ o  = n/2, = r$, and 

f o r  q = n, @ = O .  The choice 4, = ~ r / 2  f o r  T< Tc d i f f e r s  from t h a t  o f  Ir 
L M S ~  and i s  made t o  simpl i f y  the expression f o r  HM i n  Thm. l . 3 ,  i .e. 

E, > O .  A B C and E a re  given by 
4 '  4 '  4 '  4 

A = e  -"* (cosh K + s inh  K cos q )2  + e 2 K * ( s i n h ~ s i n  (?I2, 
4 

B = -"* (s inh K s i n  4) + eZK* (cosh K - s i nh  K cos 4) 2, 
4 

C = ( 2 s i n h K s i n  4)(cosh 2K* coshK-  s inh  2K* s inhKcos  q ) ,  
4 

cosh E = cosh 2K* cosh 2K - s inh  2K* s i  nh 2K cos q, E > 0. 
4 9 
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I t  i s  t o  be noted t h a t  f o r  T < Te, $I i s  discontinuous atq=O; 
9 

f o r  T >  C, i s  continuous. O (eiq) = e-2im~ admi tr an a n a l y t i c  con- 
$9 

t i n u a t i o n  i n  the v a r i a b l e  z = ezq which i s  

- 1 
(1-x1 z)[l-x;lz) - li'2 I f o r  T > T - ,  

where x ,  = ctnh K* ctnh K > 1 ,  x, = (ctnh K/ctnh K*) 1 f o r  T < > T  and 
C 

the phase angle i n  each fac tor  o f  ~ ( z )  i s  taken t o  be i n  (-:,: ) . The 

winding number o f  O(z) i s  + ] ( O )  f o r  T < Tc (T > T ~ )  . Even though em 
does not  have a simple expression i n  terms o f  C +C* does, and we 'q* m m 
f ind 

+ 
where q E S o r  S- bu t  not  both.  

I n  terms o f  the 5 operators we have: 
9 

Thm. 2.3. 

H M = H + + H -  M M ~ ~ M  + ( - I  = H ~ r " e ( o )  

The se ts  and {<k}kGS- obey anti-comrnutations re-  

l a t i o n s ,  However they are not  independent; from 
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- iklm 
u p o n r n u l t i p l y i n g b y a e  , s u m m i n g o v e r M a n d r e p l a c i n g k l w i t h k w e  

ob ta in  

which upon s u b s t i t u t i n g  i n  

Sk = COS @k 'Ik 

gives 

R x, 

+ s i n  @k Vk 

a l i n e a r  canonical t ransformat ion between (5 1 + and {SkIkES- . If 
R R6S 

T > T the same r e l a t i o n  holds w i t h  k and Rinterchanged, But f o r  T < T '  
C C' 

4 e 
-i% 

+ M - cos $ 5" 
-i% R 0 

I -e 

s (s-1 S- = O f o r  a11 The vacuum vectors $ + which s a t i s f y  5 $ + 
q ê s+(s-) are given by 

n n:(cos mk + s i n  mk n;)a T < T~ 
$5.- = o<,,,-<* 
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+ 1 - 1 The lowest eigenvalue o f  HM i s - - C  E and o f  H i s  -7  C E  
2 R  2 M 

By the un i  t a r y  transforrnation, 
k k '  

we have 

and Ve-H'~- '  har p o s i t i v e  m a t r i x  elements. By the P e r r o n- F r o b e n i u s  

theorem the eigenspace associated wi t h  the l a rges t  e i genva  1 u e  o f  

Ue -" u-' i s  one-dimensional and the  correspondi ng e i  genvector, 0' , can 

be chosen t o  have s t r i c t l  y  posi t i v e  components which irnpl ies  O ' € U e d f .  

Thus, the eigenvector  associated w i t h  the lowest eigenvalue 

I n  terms o f  the 5 operators,  the momenturn operator ,  PM, i s  4 
given i n  

and the equations 

are  s a t i s f i e d .  

The f i n i t e  volume c o r r e l a t i o n  func t ions  are  given by 

Thm. 2.5. If 1 6  n; f n  ,,.. f nk < N, then 
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Let  = H M -  i n f  spec HM and 6 +(-) = 6 H 
M M M e ( 0 ) '  

L e t t i n g  N->m we ob- 

t a i n  the f i n i t e  volume Feynman-Kac formula as 

Coro l l a r y  2.5.1. If 1  = nl á . . . 6 nk, then 

"+ + 
-H (n  -n2) -ipM(m3-m2) -i;(nk-nkml) - i ~ - ( r n  -m ) 

e  M 3  e  . . .< e e 
M k  k- l  

.r; Jls+ 

+ - 
Remark: By making a  1- 1  correspondence between S and S B e r e z  i n ' s  

theory o f  p l ~ t 1 2  gives a  u n i t a r y  U  such tha t  = U ~ < ~ U ~ ' .  Knowing 
- 1 

M 
the nu11 space o f  t,, U  and UM are g iven e x p l i c i t l y  i n  terms of { E  1 M R 
so tha t  the energy-momentum fac to rs  w i  t h  4, P; can be expressed i n  

terms o f  o n l y  the one se t  o f  fermions { S I ) .  

A se r i es  representa t ion  f o r  Sm i s  obtained by i n s e r t i n g  the 

spect ra l  representa t ion  o f  H and P. For T > Tc, 

generate H, and He, respect ive ly .  Thus we have 

Coro l l a r y  2.5.2.  
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-+ + 
where y .( y ) i s the eigenvalue o f  5- + {P- (HM + iPM)correspondi ng 

"3 Ba M M  
t o  the e i genvector x (xB j) w i t h  

9 

The a. (B. )  are  mu l t i - i nd i ces  tak ing  odd (even) values. A s i m i l a r  ex- 
3 3 

pansion holds f o r  T < C w h e r e  

"+ , c;, ';,"+ , ... , c;, e . .  c* QS+ R~ 

generate H, and He , respect i v e l  y. 

x 
Remarks: 1 .  As noted by ~ b r a h a m ~  by using the expression f o r  'r1 i n  

terms of the  5 ' s  and the l i n e a r  r e l a t i o n s  = s t kk  Sk + s~~~ , 
4 

ck = tlkR cR + t2kR c;, Coro l l a r y  2.5.2 reduces the determinat ion o f  

the c o r r e l a t i o n  func t ions  t o  the determinat ion o f  a gener ic ma t r i x  e l -  

ement 

s ince 5 $ + = O and ck QS- = 0 .  R S 

2. By ~ e r e z i n ' s ' ~  theory o f  p l c t  i f  we know the nu11 space 

o f  tl o r  s l  then we have e x p l i c i t  formulas f o r  J, - and terms o f  c k  S 
and J, + and the above m a t r i x  elements can be obtained by  a p p l  y i ng s 
Wick's theorem. 
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This can a l so  be done i n  the i n f i n i t e  l a t t i c e  case bu t  in18 

a  gene ra l i za t i on  o f  Wick's theorem i s  proved and used t o  o b t a i n  the 

ma t r i x  elements. 

3. CONSTRUCTION OF INFINITE VOLUME OPERATORS AND THEIR PROPERTIES 

I n  t h i s  sec t i on  we de f i ne  i n f i n i t e  volume analogs o f  the op- 
+ + 

e ra to rs  ck, Si, qk, vi, H i ,  P*, cm o f  s e c t i o n  2 a n d s t u d y  

t h e i r  p rope r t i es .  The theory o f  proper (improper) l i n e a r  c a n o n i  c a l  

t ransformat ions p l c t  ( i l c t )  as developed i n  ~ e r e z i n l ~  enters i n  an 

essent ia l  way. For re levant  d e f i n i t i o n s ,  r e s u l t s  and proofs  w e  r e f e r  

the reader t o  12. I n  sect  ion  4 these operators wi 11 be used t o  de f i ne  

the i n f i n i t e  volume c o r r e l a t i o n  func t ions  as a  Feynmann-Kac foi-mula. 

Le t  ff be the anti-symmetric Fock space over L ~ ( - T , T ; I ~ L  and 

l e t  t ( k ) ,  F ( k )  be the usual Fock ann ih i  l a t i o n  and c rea t i on  operator-  

-valued d i s t r i b u t i o n s  s a t i s f y i n g  the  canonical an t i -  commutat  i o n  re-  

l a t i o n s  

and l e t  $ denote the vacum vector ,  i .e.  = f o r  a l l  f € L .  

We de f i ne  the Hi  l b e r t  transform, H , as the ~ ~ ( - a , . r r )  c losure  

o f  H where 
C 

f) (x) = n-l (1 -ri(k-q) )-lf(q)dq , 

J%C F I T , ~ .  H s a t i s f  ies  IH I = 1 and = I . For any bounded operator  on - 
( - ~ , n )  de f i ne  A by (zf) (k) = (A?) (k) and A ' 5 Á* = 3. Thus H* = H. 

Also de f i ne  the  opera tor  V  by (Vf)(k) = f ( -k ) .  Thus 7 = V  = P. = V ' .  

i ( q )  and t * ( q ) ,  q E [-n,g, the analogs o f  Sk and E ; ,  are  

def i ned by 
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f 6 L2; TI, Tz a re  the  L closures o f  T  lc> T2c where 

(T~J) (k) = n P /" ( I  -ei('-q))-l c01 (mq-mi<)f(q)dq (2.2) 

-71 
lr 

(TJ) = P ( i  -o i ( k+q ) )  -1 s i n ($q+@k)f (q)dq , ( 2 . 3 )  

- 71 
fêC 1-n,n], and P denotes the p r i n c i p a l  value. Some o f  the proper t ies  

of T, and T, are  given by 

Thm. 3 . 1 ,  

v i )  T;F~ + T;?, = I 

v i  i )  dim ker  T, = l ( 0 )  f o r  T <  Tc (T > Te) 

= i ndex O ( z )  . 
P r f ,  o f  Thm 3 . 1 :  

i) - i v )  f o l l o w  from the d e f i n i t i o n s  o f  TI and T2. 

v) i s  proved by d i r e c t  ca l cu la t i on .  We have 
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The l a s t  two terms vanish s ince sin$cos$ i s  odd. Since s in2$ and cos2$ 

are even and n2 = I t he  r i g h t  s i  de becomes 

v i )  i s  p r o v e d  i n  a s i m i l a r  way. v i i )  i s  proved by ob- 

- 2i4 
serving Tlf = O iff POg + OHg = O where g = eimf and O = e , 

Abraharn has shown tha t  the kernel o f  HO + OH obeys the s taterneri t o f  v i  i) .  

Thm. 3.2, 

i )  i(f), g*(f) s a t i s f y  CACR. 

i i )  eqs. (Z.la,b) ho ld  w i t h  and interchanged. 
e . .  

i i i )  the transformation (2.la,b) i s  a p l c t ,  i .e .  there e x i s t s  

a unique (up t o  a constant A, ( A (  = I )  u n i t a r y  U such tha t  f o r  a11 fiL 

and 51 = i s  the vacuum vector  f o r  g(f), i .e .  i ( f )  $ = O f o r  a1 1 

m. 
i v )  the U o f  i i i )  s a t i s f  ies U* = =I, = 1,  U and 51 can be 

redef ined so tha t  17 = U* and 5 = u$. 

Remarks : 

1 .  I n  the seque1 we take U = u*; t h i s  choice plays an impor- 

t an t  r o l e  i n  the 'one-Fermiohl Schwinger funct ions (see Thqorem 4 .  2) 

and i n  the decmpos i t i on  o f  the pe r iod i c  s t a t e  i n  sect ion  5. 

2. Formulas f o r  U and $ are given i n  Appendix 6 i n  terms of  

[h?), t * ( k )  and 6. 

P r f .  o f  Thm. 3.2: i )  Follows frm v)  and v i )  o f  Thm. 3.1. i i ) .  We see 

tha t  

h , f )  = S(T, 'f) + 5*(T2Tlf) , 

i * ( ~ ~ f )  = i(?>2~2f) + <*(?1~2f) . 
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- 
From Thm, 3.1 v i ) ,  T:?, + Ti?, = I o r  T 1 2  + T,?, = I ( s i n c e  T :  = T l  
and T l  = T ,  ) .  Thus T 1 2  + F2T2 = I. From Thm. 3 .1  v ) ,  T:T l  + T:T, = O 

o r  T,Tl + FlT2 = O .  Thus 

S i m i l a r l y  one shows ? ( f )  = i(!?,?) + i * ( T l f ) .  

i i  i )  ~ r o m ' ~ ,  i )  and i i )  i t i s  s u f f  i c i e n t  t o  show t h a t  TI has p roper ty  A 

and t h a t  T 2  i s  H i l be r t -Schm id t .  As T l  i s  s e l f - a d j o i n t  i t  has p roper ty  

A .  T ,  ( k , q )  , t h e  kernel  o f  T 2  , i s g iven  by 

- 1 
T z ( k , q )  = IT siri(+ ++ ) ( l - e  

-i (k+q) ) - 1  

4 k 
Si nce T ,  (k  ,q) i  s  bounded and p iecewise con t  i nuous on L-T,T] x [-T,T] 

i t  i s  i n  L ' ( ( -a ,n )  x ( - x , a ) ) ,  thus i t  i s  H i lber t -Schrn id t .  

i v )  By i i )  and i i i ) :  

= S(T~ .F )  + +*(TJ) = .& = U- l  S W U  
o r  U2S(f) = S ( f l 2 U f o r  a11 fiL. S i m i l a r l y  u2E*( f )  = P ( f ) u 2 ,  ~ h u s  u2 
comutes  wi t h  a1 1 g ( f ) ,  g * ( f )  wh ich  (see r e f .  12) impl ies U2 = M ,  IAI= l ,  

T h i s  r e s u l t  a l s o  f o l l ows  a b s t r a c t l y  f rom t h e  f o l l o w i n g  group p roper ty  ; 

assoc ia te  t h e  m a t r i x  

w i t h  t h e  t r ans fo rma t i on  o f  eqs. ( 2 , l a , b ) .  The l c t  form a  group(success- 

i v e  t ransforrnat ions corresponding t o  m a t r i x  m u l t i p l i c a t i o n  o f  t h e  as- 

soc ia ted  ma t r i ces )  and t he  inverse  t r ans fo rma t i on  has t he  m a t r i x  

1 
By Thm. 3.1 i i i )  and i v )  T : =  T 1  and T: = T i  so t h a t  f = J o r  JJ =I. 
As t h e  u n i t a r i e s  wh ich  implement t he  t rans fo rmat ions  form a  ray  rep- 

r esen ta t i on  o f  t h e  l c t  group we have u2 = A I ,  I A I  = 1 .  
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It i s  always poss ib le  t o  redef ine U and $ = U$ such that  u2 = 

I Indeed, f o r  the new U take the operetor 4 = UU w i t h  U* = ?L-'( l i i l= l )  

and f o r  the new $ the vector  6 = Thus U: = I ,  V  = U; and $ =V 6 . n n n n 
Let be the subspace o f  H wi t h  an even (odd) number o f  

i - p a r t i c l e s .  More p rec i se l y  fie(fio) i s  the eigenspace o f  exp(n i: N) as- 

sociated w i t h  the eigenvalue +I(- 1) where 

Ir 
ij = t * ( k )$ (k )dk  . 

-lT 
- 

S i m i l a r l y  def ine We have 

Thm. 3.3. - - - - 
H = H. , H, = He f o r  T < Tc and e 

H = H  , %=H, f o r  T > T ~  . 
e e 

P r f .  o f  Thm. 3 . 3 .  Follows from the form o f  $ given i n  Appendix B. 

I n  analogy w i t h  the f i n i t e  l a t t i c e  case we def ine i i i f i n i t e  

volume energy and momentum operators H and P, respect ive ly ,  by 

I t  i s  i n te res t i ng  t o  note 
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Thm. 3.4. Let 

These transformations are improper linear canonical transformations, i. 

e. there does not exist a unitary U which implements the transform- 

ation. Furthermore t(f) = ;(~f), 

Prf. of Thrn 3.4: Write {(f) = i(fl) + i*(f2) for ~EL' and 

By direct calculat 

f2 (k) 

ion we f 

f1 (k) E (sl f) (k) = cOs$k f (k) 

E (S2f) (k) = f(-k) . 
i nd 

SíS, + sp, = O 
- 

s;?, + s;s, = I 

and as in the proof of Thm. 3.3 the lct is invertible, 

S(f) = kf) - ;*(s2f) 9 

and (n(k), {*(k)) satisfy 

transformation is irnproper, 

-Schmidt operator. 

;(f) = ;i(~f) foll1 

canonical anti-commutation rel 

i.e. not proper, since S2 is 

ows frorn the explicit evaluati 

ations. The 

not a Hilbert 

- a r iq(m-i) 
c m = ~ p  :(C?)&, m 2 1  and 
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We have 

- - 
Thm. 3.5. em = %, m> 1 .  

P r f .  o f  Thm. 3.5: Follows from H eiw = (sgn m)eZw, Since there  i s  

no d i s t i n c t i o n  between c and C we denote these operators by cin. We 
m m 

def ine the f i e l d  operators, , by 

where C = C + C*. r n r n m  
We bel ieve,  but  have been unable t o  prove t h a t  l i n e a r  combi- 

nat ions o f  vectors o f  the forms 

are dense 

Thm. 3.6: 

Proof: It 

N 
i (  n 

i = l  

i; H. Assuming t h i s  resul  t, we have 

i s  s u f f i c i e n t  t o  show 

i s  symmetric i n  m, n. But t h i s  fo l lows from the Feynmann-Kac f o r m u l a  

(whose proof  wi 11 be given i n  sec. 4) which re la tes  the above inner- 

-product t o  an I + N' + 2 - po in t  c o r r e l a t i o n  func t i on  o f  the pe r iod i c  

I s ing  rnodel. 

4. INFINITE VOLUME SCHWINGER FUNCTIONS AND THEIR REPRESENTATION 

I n  terms o f  the vectors and operators introduced i n  sect ion 

3, def ine  the k- po in t  Schwinger funct ion,  Sk, as 
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where nl n2 ... 5 nk, We have 

Thm. 4.1, Sk o f  eq. (4.1) i s  indeed the k- poin t  c o r r e l a t i o n  func t i on  o f  

the pe r i od i c  I s i n g  model, i .e.  

We defer  the proof  o f  ~hm.4.1 t o  the  end o f  t h i s  sect ion.  

From the d e f i n i t i o n  o f  H and P i n  sec t i on  3 we see tha t  the 

e o r  - operators occur i n  H o r  P depending on the p a r i t y  o f  the vec tor  

on which i t  ac ts .  However, S o f  eq. (4.1) can be expressed i n  terms o f  k 
the e operators on ly  as seen i n  

Thm. 4.2. Let  

and U be i  ng expressed i n  terms o f  the e operators. Then UQ = U- ' o: and 

Then eq. (4.1) can be w r i t t e n  as 

S u b s t i t u t i n g  - operators by - operators according t o  Thm.3.2i i i  g ives 
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The theorem f o l  lows s ince V-' u: = u: using Thm. 3.5 and U = U* = U-'. 

Remark: I f  we are  consider ing vacum expectat ion values o f  Heisenberg 

operators ( replace n by -it .) then the energy-momentum operators can be 
z j 3 

incorporated i n  a,U by using the r e l a t i o n  

and i t s  a d j o i n t  where 
71 

P = 1 f(q) i * ( q ) i ( d d q ,  
-71 

f rea l .  

An i n f i n i t e  se r i es  representa t ion  f o r  Sk i s  obtained by i n -  

s e r t i n g  the spect ra l  representa t ion  o f  H and P i n  eq. (4 .1) .  We have 

Thm. 4.3, For T > Tc 

generate ao and 0, respect ive ly ,  where {f . I  i s  a complete orthonormal 
Z 

se t  i n  L. Thus 
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where 

and 

B and the i n t e g r a l  J dq" (J dq ) extends over the u (6) q va r i ab les  oc- 

cu r i ng  i n x  a n d x  
c1 B' 

S im i l a r  r e s u l t s  ho ld  f o r  !i' < Te where 

A 

generate H, and He, respec t i ve l y .  

Remark: Using the e x p l i c i t  form o f  3 i n  terms o f  5 ,  and $ the above 

rnatr ix  can i n  p r i n c i p l e  be evaluated by app ly ing  Wick 's theorem.However 

i n  ref .18 a gene ra l i za t i on  o f  Wick's theorem i s  proved a n d  u s e d  t o  

eva 1 uate (x", xB) . 
Proof o f  Thm. 4.1: The proof  i s  g iven f o r  the two-point  f unc t i on .  A 

s i m i l a r  argument holds f o r  the k > 2 p o i n t  func t ions ,  We begin by show- 

ing t h a t  both systems o f  p o i n t  func t ions  can be expressed i n  t e r m s o f a n  

i n f i n i t e  se t  

the f i r s t  se t  f o r  the Schwinger funct ions,  the second f o r  the cor re-  

l a t i o n  func t ions .  The funct ions w i t h i n  each se t  w i l l  be shown t o s a t i s f y  

a set  o f  coupled i n teg ra l  equations i d e n t i c a l  i n  form to those described 

i n 7 .  Th is  wi ll imply t ha t  the two expectat ions,  ca l  1 thern < O > ,  and < * > 2  

are  r e l a t e d  by < * > I  = c<.>z; c = 1 f o l l ows  from <a.o.>l = <a.a.>2 = 1 .  
Z 2 Z Z 
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We establ  i s h  a usefu l  representat ion o f  the two-point f unc -  

t i o n  o f  the pe r iod i c  s t a t e  as i n 7.  From Cor. 2.5.1, assuming n2 5 nl , 
and i n s e r t i n g  a complete se t  o f  energy-momentum eigenvectors i n  SM2 we 

have 

'M2, = 1 
n even k.€S 

2 

SM2 = (same as above wi t h  n odd) . 

In  these formulas, 

The l a s t  asser t ion  fo l lows from 

i i m  í 1 
M+ L€s+(~€s- )  

Let ,  as i n 7,  

and 

Fol lowing ~ b r a h a m ~  we use the no ta t i on  Ail.. . i%(k )  ,n t o  mean t:he se t  

i k  2iOk Theorem4.4. Ref.7 If 0 ( e  ) = e  then 
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1 ik, 
$((k)l,n) = E  L - ~ ( e  ~ ~ ( ( k ) ~ , ~ )  + 

k,6 S 
n ik - 1  
1 (-1)j-l e(e j> F~(A~(~) 
j= 1 

Prf: Follows imnediately from the representation 

Theorem 4.5. Let 

Then 

together with the relation (T < T ) 
C 

we have 

After e ?  iminating 6; in the second term using anti-commutation the re- 
O 

sult follows by direct substitution. For T > T the relation between c 
C II 



Revista Brasileira de Física, Vol. 16, nQ 1, 1986 

and Ck does no t  con ta in  the l a s t  term invo l v ing  E* but  s t i l l  the above 
o 

formula i s  obtained. 
'C 

It has been argued i n 7  t ha t  the func t ions  FM and qq have 

l i m i t i n g  values F and ,f, respect ive ly ,  as M-tm, sa i s f y i n g  

1, n> 1 (4.2) 
,n 

and 

I n  add i t i on ,  the  two-point f unc t i on  can be w r i t t e n  as 

(a) T < Tc 

(b) T > Tc, the  sum on the RHS above i s  now over odd % ' S .  

Since we have not  been ab le  t o  conf i rm the argument ir1 r e f . 7  

a proof  o f  the above f a c t s  i s  presented i n  Appendix A. 

Remarks: 1 .  Assume T <  T_. The n=O term i n  (4.4) i s  (E"($) 1 2 ,  
x where $(I$) = i - ,  + i*. Eg, (4.2) i s  replaced by 

M+m 
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The funct ions $( (k) ,2n) for rn 5 1 are determined through (4.2) once 

we know the set (~((k) ) 1 for odd n. These obey the systern 
1 ,n 

where Y: L,(-r,r) -t L2(-~,d is the bounded operator given by 

It has heen shown in7 that dimker Y =  1 if T < T C a n d = O  if T > T  .ln 
C 

addition, it has been proved that the system (4.3) has a unique anti- 

symetric solution once F(k) is given. This function satisfies YF=O and 

therefore is therefore is uniquely specif ied except for a cons tan t, 

which is then fixed by (4.5). 

2 .  T > Tc. In this case, <~(n~,m~)~(n,.rn,)> is determined 

from {?((?ol,n)l, n odd, or { F ( ( k )  ) I  with even n. Since now dim Ler 
1," 

Y=O, these functions are uniquely specif ied onte F ( $ )  is given. I t is 

easy to show that the appropriate value is F($) = l i r n  ($s-,$s+). 

To show that M+m 

we proceed as follows: 

(a) T < Te. Inserting a complete set of energy-momentum 

eigenvectors 

Let 
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Theorem 4 . 6 .  

P r f :  F o l l o w s f r o m d i r e c t s u b s t i t u t i o n o f  ( 3 3 : = & ( g ) + i ( g )  , where 

g(k) = e I T 4  e i n  the expression f o r  $ ( ( k ) ,  ,%). 

Prf: Let  g,  ,. .. , gn be a r b i i r a r y  L' func f ions  and f E C such tha t  eim 

f i s  smooth. Then 
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Using the definition of G, together with 

one gets 

i$u 1 i(k,-u) ik, iu -1 
/*(e f(u))pI Tnaa<,~((k)o,n)(l-e )-l(i+e(e )e(e I =  

x G<A~(L)~,~) . 
The theorem follows. 

Assume T < Te. The functin ~ ( k )  satisfies YG= O and (h)- '. 

This implies 

~k , = o k m * ,  (n even) 

and therefore 

By evaluating the torrelation functions at coincident points we con- 

c1 ude 

I ($,of$)/m*I2 = 1 , 
hence 

S2 = <o(n1,m1)o(n2,m2)> + 

A similar argument holds for T > T 
C' 
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5. DECWPOSITION OF THE PERIODIC STATE 

I n  add i t i on  t o  proper t ies  i i i )  and i v )  o f  Thm. 3.2 enjoyed 

by U we have 

Thm. 5.1. [<,u] = O and f o r  T < Tc 

~p"~,u] = G ~ , u J  = O .  

Pr f .  o f  Thm. 5.1.: As o: = cl + C? i t  f o l 1 w s  from Thm. 3.5 tha t  

Furthermore, i f 

then 

Thus we have s h w n  tha t  

- 1  imP  u e ~ - r $ = ~ ~ ~ r  fie 

and simi l a r y  one shws  the equal i t y  f o r  H^, so t h a t  [e*,~] = O.  Sub- 

s t i t u t i n g  X f o r  P i n  the  above arguments shows tha t  Gimll, u]= 0. 

I + U  
Since V* = I and thus UX = U,P+ = - are orthogonal pro- 

2 

j ec t i ons  and P+P- = O .  Thus f o r  T < Te the subspace H+ - = P+H - reduce 1, 
e* and eid. We have 

- 1 
Thm. 5 . 2  Let  T < Te and $+ - = ~ / T P +  $ = - (c t i )  so tha t  \ $ + I  - = 1 . 

- n 
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(4, O 4) admi ts the decompos i t ion 

where o is a generic product 

- ~ / n . /  -i& 
D = n a T e  3 e  

i 
and ($+, . $*) are translationally invariant states. Furthermore, the 

decomposition is non-trivial since ($+, $+) = - ($-, ú, $-) # O. i f  

O has an even number of factors 

and for an odd number 

(4, O $1 = o, ($+, o $+) = (G, o $1 = (L o $1 . 

($+,.$+I and ($-, .$-) have the clostering property; thus they are in- 

decomposable. 

Rema rks : 
- - - 

I. By redef ining $, i f  necessary, ($+, a, $+)=($,o,$) can be taken to be 

positive and is usually called the spontaneous magnetization. 

2. Let H' denote the closure of the subspace of ff generated by applyi ng 
polynomials in iI D. (finiteproduct),where Z is the set of in- 

icZ Z 

tegers and -nInil im.P -im .P 
Z Z D. = e e 

Z O1 e , 

to $. Let H" be the physical Hi lbert space obtai ned f rom the GNS con- 

struction appl ied to the state ($, . $1 . We expect , but have been unable 
to show that ff' = H or H" = H. 

Prf.: We have, using P+P- = [P,, O] = O , 
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which shows the decomposition. I f  0 has an even number o f  f ac to rs  then 

0 .  + % and H. + H. so t h a t  

I f  O has an odd number o f  f ac to rs  then 

s ince 

- 1  - (6, o Ji) = (v$, o v-' i j) = ($, u-l o v lJ) = ($, u o u-l $1 = (;i, o i ) .  

I f  O = 6 then (++, o: Q,) = +-($,o: G )  i s shown t o  be non-zero i n Ap- - - 
pendix C which impl ies t ha t  the I sta tes  are  d i s t i n c t .  The c l u s t e r i n g  

o f  these s ta tes  i s  a consequence o f  the uniqueness o f  the vacuum i n  

ff+ = P,ff (which fo l l ows  from the k n w n  double degeneracy o f  the ground - - 
s t a t e  o f  ( H , P ) ) .  

APPENDIX A: THERMODYNAMIC LIMIT 

We remark t h a t  i t  can be shown tha t ,  f o r  h igh  temperatures, 

the sequence {SM) converges t o  Sk, g iven by (4.1). For a11 ternpera- 

tures compactness can be used t o  e x t r a c t  a convergent subsequence. I n  

t h i s  appendix we show t h a t  any subsequence o f  {sM2) where M i s  o f  the 
n 

f o r  2 contains a convergent subsequence w i t h  l i m i t  g iven by (4.4) i f  

T  < T  o r  the app rop r i a te l y  modi f ied  (4.4) f o r  T  > T w h e r e f l i s  g iven 
C C 

by (4,2) and F s a t i s f i e s  (4,3). The idea o f  the proof  i s  t o  show t h a t  

the sequence { F ~ )  i s  a normal fami l y  o f  a n a l y t i c  func t ions  i n  t h e v a r i -  

ab le  z = e
iq i n a neighborhood (independent o f  M) o f  lz 1 = 1 .  Then, we 

show t h a t  the l i m i t  F o f  any convergent subsequence s a t i s f i e s  (4.3) and 

i n  a d d i t i o n  the same subsequence o f  c o r r e l a t i o n  func t ions  converges t o  

(4.4). We w i l l  assume T < T  bu t  s i m i l a r  arguments apply f o r  T > T  and 
C C 

k > 2. 

Recall  the d e f i n i t i o n  
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FM(k) = M e-i7r/4 

Thm.A.1. F as a func t i on  o f  z = eik extends as an a n a l y t i c  
M 

func t ion  i n  an annulus, independent o f  M bu t  dependent on T , around 

Iz I  = 1 and i s  un i fo rmly  ( i n  M) bounded on compact subsets. 

Proof: Using the r e l a t i o n s h i p  between Ck and 5 we w r i  t e  R 

Let the annulus o f  a n a l y t i c i t y  be described by r < l z l  < R, w i t h  r <  1 

and R > 1 .  The func t i on  (8-'(w) - 8 - l . ( z ) ) / ( z u )  i s  a n a l y t i c  i n  both 

var iab les  i n  r <  121, Iwl  < R and there fore  u n i f o r m l y  bounded i n  

r  < r'< l z ] ,  ] w i  6 R '  < R ,  w i t h  n t <  I and R '  > 1 independent o f  M .  

Le t  C be the bound. Then f o r  r '  S l z l  $ R', 

Since the se t  

R, < R, < R, <. . . form an orthogona 

I = (* -,* -1 = 
S s 

basis i n  H , we have 
e 

It fo l l ows  t h a t  IFM(z) ( < CR'. 

A s i m i  1 a r  r e r u l  t holds f o r  {FM(z , . . . ,e . Thus, any, 
2n+ 1 

subsequence o f  M contains a subsequence f o r  which ~ ~ ( z , ,  . . . ,z2n+l) con- 

verges un i fo rmly  oncornpact subsets o f  r < ] z . l  < R, For n o t a t i o n a l  
2 

conven ience, we s t i 1 1 ca 1 1 the converg i ng subsequence { F  and ca 1 1 the 
M 

l i m i t  ~ ( z , ,  ..., z ) .  We next  show t h a t  F s a t i s f i e s  (4 .3) .  Since M has 
2n+ 1 
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the form 2n t h i s  impl ies  S- C s;, i f  M <  > M. ~ e t  R- = i s i  , and l e t  

h ( z )  be an a r b i t r a r y  a n a l y t i c  function on r < (21 < R .  I f  

then 

Lemma A .  2 .  

uniformly i n  k E R-. 

Proof : Wri t e  

where 

i R h ,  (eia
)  = h(e ia )  and h , ( e  ) = O(eia)-I h(eiR) 

Let  
+ 

B, = { a  E S' : e i(%+) > O 

Then, 

Consider the funct ion  of two var iab les  
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This i s  a n a l y t i c  i n  r < I w l  , lzl < R, and i n  p a r t i c u l a r  u n i f o r m l  y  

continuous f o r  Iwl  = 1z.l = 1 .  From t h i s ,  i t  fo l l ows  t h a t  

un i fo rmly  i n  k6 R- .  The second term i n  (A. I )  i s  t r ea ted  simí l a r i y  and 

the proof  i s  complete, 

-71 

Proof: Since 

we have, upon m u l t i p l y i n g  by 2 N - I  h ( ~ )  and summing over R 6 si , 

Using the u n i f o r m i t y  o f  convergence o f  F and g i t  i s  easy t o  show M M' 
t h a t  

We see from Lernma A.2  t h a t  @,?h) = O, where the operator Y i s  def ined - 
by (Yf) = (~7) .  Us ing se l f- ad jo in tness  of 7 and the f a c t  t ha t  a n a l y t i c  

funct ionson a  neighborhood o f  1z.l = i a re  dense i n  L' ( to rus)  we con- 

c lude tha t  YF = 0 .  
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Using the same argument, i t  i s  easy t o  show tha t  

f i r s t  f o r  a11 k,, ..., k E R- and then f o r  a l l  ki by c o n t i n u i t y ,  Thus, 
n 

we see tha t  the se t  o f  l i m i t i n g  func t ions  F s a t i s f i e s  (4.3). 

Recall  from sect ion  4 t h a t  (T < Te, n2 2 n l )  

- M 
sM2' Z . . = 1 an ,nl-ni ,mr-mi 

n even n 

where 

ik, 
,n) = M-' 1 e(e ) ~ ~ ( ( k ) ~ , ~ )  + 

2,~s- 

(see Thm. 4.4). From'the r e s u l t s  above we see t h a t  I$ c o n v e r g e s  un i-  

formly i n  k .  € R- t o  
'L 

Th is  l a s t  formula a l lows a continuous extension o f  3 t o  a11 k.€[- r ,d.  

I t  f o l  lows tha t  
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Thm.A.4. There exists a constant c (inde~endent of M) such 

that 

Corollary A.5. 1 im S = 1 a 
w M2 n even n,nn-ni,m2-mi 

Proof: Follows from the dominated convergence theorem. 

Proof of Thm.A.4: Starting from the definition of FM(k) ) we get 
1 ,n 

The right hand side can be calculated by Wick's theorem. Terms involv- 

ing contractions 1 i ke (qs+, 5* <Ej QS+) or (qS+, Fki < i < .  $s+) do not 
'i J 

contribute because of the summation over the k's. Thus we see that 

pM12r 1 -  1 (-i)P("+,~* 5 $s+)...~~s+,~;~k.+s+)= 1 -det~ 
kiES perm. k~ $ L  n ' n  ki€S 

where the self-adjoint matrix A has elements 

(c, independent of M) . Then I A  . .I < 4c:/M and by Hadamardls i nequal ity 
Z J  
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I d e t  A I  I ( 4 c 2 / ~ ) " .  nnI2 and there fore  1 ~ ~ 1 ;  L (h:)" nnl* 2 c: nn12, 

and completes the proof o f  the theorem. 

APPENDIX 6 
- 

The s t r u c t u r e  of U and I/J depends on the nu11 space  o f  T ,  

which i n  t u r n  depends on the temperature by Thm. 3.1 v i  i, Let  V ,  ( , ) - 
denote the normal o rder ing  opera t ion  w i t h  the Ji vacuum p r o j e c t i o n  oc- 

cur ing  a f t e r  the l a s t  c rea t i on  operat ion.  For T > T  we have 
C 

Thm.B.l. 

a)  $ = (det  T{*T!) ' I* exp(- \ :*(i<) ( T I - ' T ~ )  ( k v k ' ) ~ * ( ' k t )  

C) U = U * ,  E H@, UGe = R  and Ufi0 = Go. 

Remark: 1 .  By expanding the exponential i n  ( 8 . 2 )  we see tha t  

( i . t ( k l ) i ( k , > & ) / ( + v $ )  = (T:-'T:) tul  ,r,) = ( F 2 ~ ; - ' ) *  ( k l  , k 2 )  
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These func t ions  are  obtained e x p l i c i t l y  i n  r e f .  18 b y  W i e n e r - H o p f  

met hods . 
2. With our convention f o r  i(f) we associate the m a t r i x  

3 = 
( 1 Ti T: T: T: I 

w i t h  the t ransformat ion eqs. (2. la,b) which d i f f e r s  from tha t  o f  r e f .  

12. Our operators are  the transpose o f  those i n  r e f .  12. I f  B , C are  

matr ices associated w i t h  p i c t  then BD corresponds t o  the transforrnation 

f i r s t  C f o l l w e d  by B ,  and i n  terms o f  the corresponding u n i t a r i e s  UBD 

= UBUD. 

Proof: a) .b) f o l l ow  from12 s ince dim ker  T I  = 0. 

Take T < T i n  what fo l lows.  
C 

Lemma 8.2. The ma t r í x  

J = [i; T;J 'i! 

associated w i t h  the p l c t  o f  eqs. (2. la,b) 

p l c t  v,, a and v,, i . e .  

irnply U = U*. 

where 

i s  the product o f  the three 

and VI, V2 are  the u n i t a r y  operators def ined by 

(V, +) (k)  = e 
- i k / 2  

+(k)  (8.4) 
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@ i s  the i n teg ra l  operator  

Proof : 

Using the group proper ty  o f  p l c t  and the f a c t  t h a t  TI can be 

w r i t t e n  as 

the decomposi t i ons  f o r  T, and J f o i  low. 

As CJ = @ * =  5 and dim ke r  CJ $ O the p l c t  a  o f  Lemma 8.2. i s  

a  spec ia l  case (dim ker  @ = I )  o f  a  decomposable p l c t  i n  the sense o f  

r e f .  12: 

I. L =  LI tB L, where L ,  = ker  (O). L .  are  i n v a r i a n t  under @, Ji, 4, Ji* Z 
1 

t h ~ ~ @ = @ , @ O , , i l , = i C , , @ J i , , J i ~  i s u n i t a r y o n L , .  O; i s  boundedon 

L 2 *  

2 .  The t ransformat ion  

b(@i) = a(@$i) + a*($i$i) ( ~ . 7 a )  

Thm. 8.3. Let  = a, h, h  = 5 E ker @, I h l  = 1 .  Let  F,(F) b e  

the vacuum vector  f o r  the a ' s  (b ' s )  o f  eq. (B.7a.b) s a t i s f y i n g  IFI = 

= (F,I = 1 ,  and let  FI be the u n i t a r y  which implements a. Then 
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where R, = a*(h) and RaFo i s  g iven by eq. ( ~ . 1 )  wi t h  O,, JI,, F , ,  a*(k)  

rep lac ing  

T;, Ti, $, t * ( k )  . 
c )  Le t  a ,  6 s a t i s f y  J a J  = 161 = 1 ,  6 = a y, then 

where W ,  = a(ah)  + a*(Bh) and V ,  i s  g iven by eq. (8.2) w i t h  -O,, - Q 2 ,  

a ( q ) ,  a*(q) rep lac ing  T:, T:, g(q),t*(q) and N o  r e f e r r i n g  t o  the a's. 

Proof: b) F i r s t  we show b ( @ )  F = O f o r  a11 4, 

and ~ ( @ , ) R , F ,  i s  zero by Thrn. 0.1. c ) .  W ,  s a t i s f i e s  b ( + , ) ~ ,  = W ,  a ( + , ) ,  

b*(+,)W1 = ~ , a * ( @ ~ )  and V, s a t i s f i e s  -b(@,)W, = W,a(@,), W 2  = 

= ~,a*(+,)  and as b(@,)W1 = -Wlb (4,) we have 

A s i m i l a r  argument shows t h a t  b * ( @ ) ~  = ~ a * ( @ ) .  

Thm. 8.4. Let  V , ,  V , ,  W = W  W , U = U ,  W Ul  be t h e u n i -  
a a 

t a r i e s  corresponding t o  the p l c t  v,, v,, a ,  J. Then 

a )  4 = LY; = U, R, R, iI, 
and 

U = U , W  W v ,  
a ,  a2 
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where U1 , V, a r e  the usual Fock i f  i ed  operators o f  V, and V2 ; R, , R, , 
W W a re  as i n  Thm. 8.3. w i t h  V, S(k)vL1, U~C*(~)U;'  r ep lac inga (k1 ,  
a1 a, 

a*(k) and Wa rep lac ing  W 
i i' - 

b) i E H,, VHe = $ and Vio =c. 
Proof: a) Follows from Lemma 8.2 and Thm. 8.3 s ince the u n i t a r i e s  cor-  

responding t o  the p l c t  g i ve  a  ray representa t ion  o f  the p l c t  group. b) 

H O I ~ S  s ince vi : fie(ol -+ and 'a : ' ~ ( 0 )  f 'o(e). 

- * 
5 = L Cln) (cn) 6 , 

n odd 

and c i s  an ant i -symnet r ic  L ~ ( [ - I T , ~ ] ~ )  func t ion .  
n 

i ( f ) f i  = O f o r  a l l  f 6 L imp l ies  (~,f,<) = O , 
- 

o r  c, E ker  TI, and we have 

L e t t i n g  g = eim E, the requi  rement t h a t  C, € ker  T, becomes 

o r  passing t o  Four ie r  c o e f i c i e n t s  

C o-I 
n=O n-m g- h+ I ) = O  n > O ,  
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where 

By us i n g  Wiener-Hopf f a c t o r i  z a t i o n  (see   rei n14) we f i nd 

and i t i s  conf i rmed t h a t  

We thank P ro f s .  B.Schroer and J.A.Swieca f o r  many h e l p f u l  con- 

ve r sa t  ions.  
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Resumo 

Mostramos neste t rabalho que as funções de Schwinger associa- 
das as funções correlação do modelo de I s i n g  bidimensional com condi-  
ções de f r o n t e i r a  per iód icas  no l i m i t e  termodinãmico podem s e r  repre- 
sentadas por uma fórmula de Feynmann - Kac (F-K) num espaço de Fockfer- 
miÔnico H. Os operadores de campo e energia-momentum são expressos em 
termos de do is  conjuntos de campos 1 i v res  fermiõnicos agindo em H. E:- 
tes doi s conjuntos estão relacionados en t re  s i  por uma t ransformaçao 
1 inear canõnica p róp r i a  (pcl  t ) ,  i .e. e x i s t e  um operador u n i t á r i o  U que 
implementa a transformação. ~epresentações em s6r ies para as f unções 
de Schwinger são obt idas subs t i t u i ndo  as representações espectra is dos 
operadores de energia-momentum na fórmula de F-K. Abaixo da temperatu- 
r a  c r i t i c a  Pt = ( I + u ) / ~  são projeções or togonais que comutam ent re  s i  
e que reduzem a álgebra de observávei s, fornecendo a decomposição ex- 
p l i c i t a  do estado pe r i ód i co  em dois estados puros, i n v a r i a n t e s  por 
t ranslação.  


