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Aktract l t  i s  we l l  known tha t  themass d i s t r i b u t i o n  of the Szekeres 
quasi- spher ical  so lu t ions  can be reduced t o  a monopole plus a d ipo le  on 
one, f r e e l y  chosen but j u s t  one, r=const . ,  t=const .  spher ical  she l l .  We 
g i ve  global  evidences tha t  t h i s  i s  t r ue  fo r  the whole mass d i s t r l b u t i o n ,  
i .e. for  the t r cons t .  3-surfaces. 

1. INTRODUCTION 

The Szekeres m e t r i c l S 2  i s  an exact s o l u t i o n  t o  E ins te i r i  f i e l d  

equations fo r  a c loud o f  colapsing, non- rotat ing,  pressureless dust. I t  

has no Ki  1 l i ng  vector3 and ye t  i t  does not  rad ia te  as i t was shown by 

b n n o r 4 ,  by smoothly matching a b a l l  o f  a q u a s i - s p h e r i c a l  S z e k e r e s  

spacetime onto the Schwarzschild e x t e r i o r  so lu t i on .  C o v a r r u b i  a has 

shown tha t  the  E ins te in  l i n e a r  approximation formula f o r  g r a v i t a t i o n a l  

r a d i a t  ion gives zero energy loss. Berger, Eardley and 01son6 shocred tha t  

the  comoving space s l i c e s  t=constant a re  conformal ly  f l a t .  

I n  sec t ion  2 we review some r e s u l t s  about Szekeres quaa;isphe- 

r i ca1  so lu t ions ,  S Q S .  bk concentrate on those ones we a re  going t o  use 

i n  the  fo l lowing sect ion.  Sect ion  3 contains the paper m a i n  c o n t r i  - 
but ion .  We present g lobal  evidences tha t  the mass d i s t r i b u t i o n  o f  the 

SQSS i s  o f  a monopole p lus  a d ipo le .  Szekeres has shown t h a t  th~e mass 

d i s t r i b u t i o n  on a spher ical  she l l  r=constant ,  t=constant ,  bounded by 

spheres r a n d  r=&, has a monopole plus a d ipo le  c o n f i g u r a t i o r i .  H e  

notes however t ha t  " the axes o f  the d ipo les  on d i f f e r e n t  s p h e r e s  a r e  

o r i en ted  a r b i t r a r i l y  (up t o  smoothness) r e l a t i v e  t o  each o ther ,  Án the 

sense t h a t  no coordinate t ransformat ion e x i s t  i n  general t o  b r i ng  the 

surface dens i t i es  on d i f f e r e n t  spheres simultaneously t o  t h i s  canonical 

form a t  any i ns tan t  t=constant." 

The mass d i s t r i b u t i o n  depends on four ,  no t  independent, rea l ,  

a r b i  t r a r y  r - f unc t i ons :  a ( r )  , c (r) , f b), and g(r) . So tha t ,  f o r  ci given 



r=r,=constant, t=t,=constant, they can be made i n t o  constants a = c =  O, 

f = g = O .  I t  i s  i n  these r=r,, t = t ,  2-surfaces Spt t h a t  the  mass d i s -  

t r i b u t i o n  assumes t h i s  simple monopole plus d ipo le  form. But t h i s  i s  a 

loca l  property i n  the sense t h a t  i n  any o ther  S r=r,+dr, t=t,, f o r  
rt' 

instance, the  mass d i s t r i b u t i o n  w i l l  have con t r i bu t i ons  from poles o f  

a11 orders. This i s  simply because the r - d e r i v a t i v e  o f  a, c, f, and g 

are  not  n u l l .  Otherwise we would have a spher ical  d i s t r i b u t i o n .  So we 

cannot say tha t  the bu lk  mass d i s t r i b u t i o n  i s  a monopole p lus  a d ipo le .  

The most we can say i s  t ha t  i t  can be reduced t o  t h a t  i n  anyone chosen 

2-sphere Srt. 

I n  sec t ion  3 we g i ve  equ iva lent  bu t  g lobal  proof  f o r  t h  i S .  

F i r s t  we separate i n  the mass d i s t r i b u t i o n  the spher ical  d i s t r i b u t i o n ,  

pS, from the non-spherical one,Ap. Then we show the existence o f  two 

time-independent, open and planewise i n f i n i t e  hypersurfaces o f  symmetry: 

1) a hypersurface o f  m i  r r o r  symmetry, SM; 2) a hypersurface o f  "quasi- 

-antisymmetryl' o f  Ap, SS. ihen crossing SS Ap changes o f  s i g n  and on S 
S 

Ap i s  n u l l .  And there  i s  no o the r  hypersurface w i t h  s i m i l a r  p roper t ies .  

This g l o b a l l y  character izes the d ipo le  nature o f  Ap. k remark  tha t  

nowhere i s  made use o f  the freedom o f  making a, c ,  f, and g constants 

on a given S 
rt ' 

S can be v i sua l i zed  as the  l o c i  o f  the d ipo le  zeroes on every 
S 

srtj 
and S as the  hypersurface tha t  contains the monopole and the ex- 

M 
trema o f  the d ipo le  d i s t r i b u t i o n s  on every S The f a c t  t ha t  S and SS 

rt' M 
are  time-independent i s  an evidence o f  the  conforma1 t ime evo lu t i on  o f  

the t=constant comoving space-sl ices. 

We shouid emphasize t h a t  the mass d i s t r i b u t i o n s  being a super- 

p o s i t i o n  of a monopole and a d ipo le  d i s t r i b u t i o n s  does not  per s i  ex- 

p l a i n  the absence o f  g r a v i t a t i o n a l  rad ia t i on .  That i s  so becausethetwo 

d i s t r i b u t i o n s  are not  concent r ica l  (otherwise there  would be a K i l l  i ng  

vector  re la ted  t o  the azimuthal symmetry) . Therefore, the mass d i s t r i  - 
but ion  has c o n t r i b u t i o n  from quadrupole and higher order terms. 

Szekeres obtained h i s  so lu t ions  pos tu la t i ng  the existence o f  

coordinates i n  the space-time w i t h i n  which me t r i c  and matter  f i e ~ d s  as- 

sume a simple pre-establ ished form. However t h i s  simple f o r m  i s  n o t  

always the s implest  and the most convenient f o r  p h y s i c a l  i n t e r p r e t -  

a t i ons .  We be l ieve t h a t  coordinates def ined i n  terms o f  s o l u t i o n  sym- 



metr ies can make the physics more transparent even i f  the mathematical 

forms may become more complex. 

2. SZEKERES' QUASI-SPHERICAL SOLUTIONS 

Requir ing tha t  

d s 2  = d t 2  - x2 d r 2  - Y 2  d<dt 

where X and Y are  q u i t e  general funct ions o f  t, r, <, 5 ,  be a s o l u t i o n  

o f  E i n s t e i n ' s  equations 

i n  comoving coordinates, U = 6 f o r  a p r e s s u r e l e s s ,  non- ro ta t ing  
Fi Iio' 

f l u i d ,  Szekeres ca l cu la ted  the expl i c i t  i n teg ra t i on  o f  (1.2) , ob ta in ing  

an e n t i r e  c lass  o f  complete and exact so lu t ions .  O f  these, we are i n -  

te res ted here on j u s t  one subclass, the Szekeres' Quasi- spher icel  So l -  

u t i ons  ~ Q S S ) ,  f o r  which ( I )  i s  r e s t r i c t e d  by 

The so lu t i ons  o f  (1-2) a re  

w i t h  ~ ( r )  > L ,  an a r b i t r a r y  func t ion ,  and 

where b = f + ig, and a, c, f, and g are  rea l  a r b i t r a r y  func t ions  o f  r, 

r e s t r i c t e d  by ac - bb = 1/4. The mass densi t y  p ,  obtained from the zero 

-zero equation o f  (2) i s  g iven by 

P S ,  - 3 s  P ,  
P = 

o2 @o1 - @ P J  

where S i s  a l so  an a r b i t r a r y  f unc t i on  o f  r .  

We observe tha.t i t i s  the presence o f  P and P ,  t h a  t rnakes p 

asymmetrical. P ,  cannot be zero ( tha t  i s  a, b, and c c a n n o t  be con- 

stants)  because t h i s  would reduce the Szekeres metr i c  t o  a spher ical  



so lu t i on .  Also, f o r  the sane reason, we cannot have P1 propor t iona l  t o  

P ,  t ha t  i s :  al/a # c, /c # fl/f # gl/g. However, f o r  a f i x e d  r = const.,  

us ing the  t ransformat ion o f  coordinates 

we can absorb a, c, f, and g i n  the d e f i n i t i o n  o f  the  new coordinates 

i n  a such way tha t  i t  i s  equ iva lent  t o  make a = c = 1/2, and b = f = 0. 

I n  t h i s  hypersurface r = const.,  the 2-surfaces 
Srt, 

def ined 

by =const., a re  spheres o f  radius O(r,t) , as i t  can be shown w i  t h  a 

new transformat ion o f  coordinates 

which puts the me t r i c  induced on S i n  the standard spher ical  form 
rt 

However , 
constant o r  spher 

d":t = @ ( r , t I 2  (dei2 + ~ i n ~ e ' d $ ' ~ )  

the mass d i s t r i b u t i o n  on these 2-surfaces Spt i s  not 

i c a l l y  symmetric, being ra ther  a d ipo le  d i s t r i b u t i o n .  

For d i f f e r e n t  values o f  r, the spheres o f  S (which are  smooth func- 
rt 

t i o n s  o f  r )  have d i f f e r e n t  centers and d i f f e r e n t  d ipo le  o r  i e n t a  t i ons, 

and there i s  no one s ing le  t ransformat ion ab le  t o  make concent r ic  these 

2-spheres and. t o  a l i g n  a l l  these dipoles!  

3. HIDDEN SYMMETRIES 

In  t h i s  sect ion,  we want t o  prove the main r e s u l t s  o f  t h i  s  

paper, which a re  the fo l l ow ing  two: 

i )  the mass dens i t y  p ( t , r ,< ,a  i s  cons t i t u ted  by the super- 

p o s i t i o n  o f  two mass d i s t r i b u t i o n s :  a sphe r i ca l l y  s y m m e t r i c a l  one,  

p ( r , t ) , a n d o n e w i t h  thesymmetr ies o f  a d i p o l e  d i s t r i b u t i o n ,  s 
~ p ( t , r , ~ , S )  ; 

i i )  there  are  two time-independent, open and planewise i n f i -  

n i t e  hypersurfaces o f  symmetry: a) hypersurface o f  m i r r o r  symmetry, 
s ~ 9  

and b) hypersurface o f  spher ical  symmetry, SS, (where p reduces t o  pS) . 
S i s a Ap-hypersurface-of-"quas i -ant i symmetryrl. s 

Let us s t a r t  r e w r i t i n g  the mass dens i ty  (6) as 



where ~ ( r , t )  i s  an a r b i t r a r y  f unc t i on  t o  be determined l a t e r ,  and (O& 

= @,P-OP,, the no ta t i on  being t h a t  f o r  any func t ions  of r, A and B ,  

(A,B) = A , B  - A B , ,  the subindex 1 meaning r - d e r i v a t i v e .  

The l a s t  term on the r i g h t  hand s ide  o f  (10) contains a1 1 the 

assymetrical pa r t s  o f  p, 

w h i l e  the  other term represents a  spher ica l  mass d i s t r i b u t i o n ,  

H k , t )  
pS ( r ,  t )  E (1 2) 

We want now t o  f i nd  the l o c i  o f  nu1 1 Ap. They are  given by 

On the o the r  hand, using (5) and (8) we can w r i t e  f o r  P 

where C = a + c  # 0, D = a - c ,  and ( x ' ,  y ' ,  z ' )  are  quasi-  C a r t e s i a n  

coordinates def ined by 

x '  = r  s i n o '  tos$' 

y '  = r  s i n e '  siri$' 

z '  = r  cose' 

So, w i t h  (14-15) i n  (131, we have 

which we can i d e n t i f y  as the equation o f  a  3-surface i n  spacetime. I t  

i s  now c l e a r  the  r o l e  o f  ~ ( r , t ) .  I t  gives the i n te rcep t i on  o f  t l i i s  3- 



s u r f a c e  w i t h  t h e  c o o r d i n a t e  l i n e s .  S ince we do n o t  l o s e  g e n e r a l i t y ,  we 

can choose a coord inace system w i t h  o r i g i n  on t h i s  3- sur face,  demanding 

t h a t  

There i s  a theorern demonstrated by  szekeres2  which says t h a t  @ ( r ,  t) = 

4 (r) @ (t)  woul d reduce Szekere '  m e t r i  c t o  a F r  iedmann model . Be s i d e s  

t h a t ,  we a r e  i n t e r e s t e d  o n l y  on open and i n f i n i t e  p lanewiçe s u r f a c e s .  

Therefore,  we can say t h a t  

W i  t h  (1 8) i n  (1 7) and ( 1  6) , we have 

~ ( r  t )  
CS, -3SC 

"=?-  = o*  (@,C) 

and t h e  Ap = O 3 -su r face  i s  d e f i n e d  by 

The c o e f i c i e n t s  o f  x', y '  and z '  i n  (21) a r e  r e g u l a r  f u n c t i o n s  o f  r. I f  

they were cons tan t  we would have j u s t  an Eucl idean hyperp lane;  be ing  r- 

dependent they  j u s t  c r e a t e  c i  r c u l a r  r i p p l e s  on i t .  

ik want now t o  r o t a t e  o u r  coord ina tes  1 i n e s :  

x ' = c o s ~ { c o s v x - s  i nv (s i nqy+cosqz) 1-s i nu (cosqy-s i nqz) 

where 

@,C) (9, ù 4 9 ~ 1  -g 11, tan  p =  - ; t a n  v =  
2- 

; t a n  q =  (2 3) 
(f ,C) {(a,~) 2+(f,C) 1 2m Cf, D) 



and 

So, S becomes the  x = O coordinates hypersurface. I t  i s  time-indepen- s 
dent and there  i s  on ly  one such a Ap = O hypersurface. For a f i x e d  t ime 

t, i t reduces t o  a spacel i ke 2-surface (quas i -plane) . From (20) and (22) 

we have f o r  Ap, w r i t t e n  i n  terms o f  these new coordinates 

where 

n2 = (f,C)' + ( a , ~ ) '  ; P2 = ( g l ~ 1 - 4 g ~ ~ ) 2  + 4rn2Cf,~)'  

I t  becomes c l e a r  t ha t  

and 

Therefore, we can say tha t  SS i s  a sypersurface o f  "quasi-antisymmetry" 

o f  Ap. The word "quasi" i s  necessary because the d e n o m i n a t o r  i n  the 

r i g h t  hand s ide  o f  (26) i s  not  an even func t  ion o f  x. Again @,Cl-4LCQ#O. 

Equations (28) and (29) reveal the d i  pole-1 i k e  character  o f  Ap. 

On the o ther  hand, from (26) we conclude tha t  Ap i s  .an even 

func t i on  o f  y. Therefore, we can conf i rm our  next  statement: 

"There i s  a time-independent hypersurface o f  m i r r o r  sy imetry:  

For a f i x e d  t, S reduces t o  a spacel ike 2-surface." M 



The existence o f  S cou ld  have been i n f e r r e d  f r o m  t h e  i n -  M 
variance o f  (1) under the f o l  lowing t ransformat ion,  f o r  a f i x e d  r, 

where a i s  the argument o f  the complex func t i on  b = f + ig, and b i t s  

complex conjugate. With (8) we can see tha t  (32) corresponds t o  a re-  

f l e c t i o n  

JI + a(r) -t - (J i  + a(r) I (33) 

4. CONCLUDING REMARKS 

!de have found some new s y m e t r i e s  f o r  the Szekeres quasi-spherí- 

ca l  so lu t ions .  The f a c t  t h a t  they do not  have any K i l l i n g  vec tor  does 

not  preclude the presence o f  a s t i l l  very much symmetric conf igura t ion .  

The mass dens i ty  p i s  a superposi t ion o f  two mass d i s t r i b u t i o n s ,  pS and 

Ap, a spher ical  and a d i p o l e - l i k e  d i s t r i b u t i o n ,  respect ive ly .  A mass 

d i s t r i b u t i o n  so symmetrical and so simple tha t  i t  

us anymore tha t  i t  does not  rad ia te .  A more deta i  

mass conf igura t ion  described by p can substant ia l  

standing7. 

The existence o f  the two time-independen 

SS, sends l i g h t  on 

-ant i synunetry" hype 

The a r b i  t r a r y  func t  

sines o f  S and SS. M 
i b l e  t o  e laborate a 

should not  surpr ise  

ed ana lys is  o f  the 

y he lp  i n  t h i s  under- 

hypersurfaces S and M 
p. S being a "quasi- M the spacetime con f i gu ra t i on  o f  

rsurface o f  Ap r e v e a l  s i t s  d ipole-1 ike  character .  

ions a, c, f ,  and g o f  SQSS a re  indeed d i r e c t o r  co- 

With the knowledge o f  these symmetries i t  i s  poss- 

mechanical model.of mass d i s t r i b u t i o n  h a v i n g  the 

same dynamics and symmetries o f  theSQSS. Then the  physical  p i c t u r e  o f  

the SQSS w i l l  be very c lea r .  A Newtonian model of t h i s  s o r t  i s  being 

completed and wi 1 1  be presented and d i  scussed i n  a subsequent paper7. 
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Resumo 

Sabe-se que as d i s t r i b u i ç õ e s  de massa das soluções quase-esfé- 
r i c a s  de Szekeres podem ser reduzidas a um monopõlo mais um d ipõ lo ,  em 
qualquer uma, mas apenas uma, camada es fé r i ca  r=const .  e t=const..  Mos- 
t ra- se que isso  é globalmente verdadeiro para toda hypersuper f íc ie  t = 

const.. 


