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Abstract The p h y s i c a l  p r o p e r t i e s  o f  g l a s s  a r e  d i r e c t  consequences o f i t s  
non- crys ta l  1 i n e  s t r u c t u r e .  The s t r u c t u r e  i s  d e s c r i  bed f rom a  t o p o l o g i c a l  
p o i n t  o f  v iew,  s i n c e  topo logy  i s  t h e  o n l y  g e o m e t r y  s u r v i v i n g  non- 
c r y s t a l l i n i t y ,  i .e .  absence o f  m e t r i c  and t r i v i a l  space group.This  f a c t  
has two main consequences: t h e  o v e r a l l  homogeneity o f  g l a s s  i s  a gauge 
symmetry, and t h e  o n l y  extended, s t r u c t u r a l l y  s t a b l e  c o n s t i t u e n t s  a r e  
odd 1 i nes  (or 2 v d i s c l  i n a t i o n s  i n  t h e  e l a s t  i c  cont inuum 1  imi  t )  . A gauge 
theory  o f  g lass ,  based on odd l i h e s  as sources o f  f r o z e n- i n  s t r a i n ,  can 
e x p l a i n  those p r o p e r t i e s  o f  g lasses which a r e  b o t h  s p e c i f i c  to,and u n i -  
v e r s a l  i n  amorphous s o l i d s :  low- temperature e x c i t a t i o n s ,  and r e l a x a t i o n  
a t  h i g h  temperatures.  The methods o f  s t a t i s t i c a l  mechanics c a n  b e  a p -  
p l  i e d  t o  g i v e  a  minimal d e s c r i p t i o n  o f  amorphous s t r u c t u r e s  i n  s t a t i s t í -  
c a l  e q u i l i b r i u m .  C r i t e r i a  f o r  s t a t i s t i c a l  e q u i l i b r i u m  o f  the  s t r u c t u r e  
and d e t a i l e d  balance a r e  g iven ,  t o g e t h e r  w i t h  s t r u c t u r a l  equat ions o f  
s t a t e ,  which t u r n  o u t  t o  be wel l-known e m p i r i c a l l y  among b o t a n i s t s  and 
m e t a l l u r g i s t s .  T h i s  rev iew i s  b a s e d  o n  l e c t u r e s  g i v e n  i n  1 9 8 4  i n  
N i t e r o i .  I t  c o n t a i n s  f i v e  p a r t s :  I - S t r u c t u r e ,  f r o m  a  t o p o l o g i c a l  
v i e w p o i n t ;  I I  - Gauge i n v a r i a n c e ;  I I I  - Tunne l ing  modes;IV- Supercooled 
l i q u i d  and t h e  g l a s s  t r a n s i t i o n ;  V - S t a t i s t i c a l  c r y s t a l l o g r a p h y .  

I - STRUCTURE OF GLASS FROM A TOPOLOGICAL VIEWPOINT 

1.1 - I n t r o d u c t i o n  

Glass spans n e a r l y  60  c e n t u r i e s  o f  human a c t i v i t y ,  froin e a r l y  

g lazed  o b j e c t s  (4000 BC) and g lassy  beads which appeared i n  Egypt b e t -  

ween 3200 and 2500 years  BC (dependi ng on t h e  encyc lopedi  a), t o  meta l  1  i c  

g lasses,  d iscovered  and developed i n  t h e  (19) s  i x t  i e s  a n d  seven t ies .  

Y e t ,  f rom a  condensed m a t t e r  p h y s i c i s t ' s  p o i n t  o f  view, i t  i s  ai1 i l l- 

-understood m a t e r i a l ,  f u l l  o f  f a s c i n a t i n g  and s u r p r i  s  i n g  p h y s i c a l  

p r o p e r t  i es. 

'Lnis is an mvited review article. 



The methodology o f  condensed m a t t e r  phys ics  c o n s i s t s  i n  i d e n t -  

i f y i n g ,  and r e l a t i n g  t o  each o t h e r ,  the  p h y s i c a l  p r o p e r t i e s ,  s t r u c t u r e ,  

and c o n s t i t u t i v e  elements o f  a  c l a s s  o f  m a t e r i a l s .  Glasses have severa1 

p h y s i c a l  p r o p e r t i e s  which a r e  b o t h  u n i v e r s a l  and s p e c  i f i c  t o  d  i s -  

o rdered  condensed m a t t e r  ( c f  s e c t i o n  1.2) , b u t  emphasis onl, and dem- 

o n s t r a t i o n  o f  (see eg.') t h e i r  u n i v e r s a l i t y  have o n l y  r e c e n t l y  been made. 

To r e l a t e  these p r o p e r t i e s  t o  t h e  s t r u c t u r a l  c o n s t i t u e n t s  r e q u i r e s  an 

unders tand ing  o f  t h e  s t r u c t u r e  o f  g lass ,  which, a t  f i r s t  s i g h t , c o n s i s t s  

a lmost  e x c l u s i v e l y  o f  n e g a t i v e  s tatements:  no m e t r i c  geometry, t r i v i a l  

space group, no g e n e r a t i v e  symmetry, no Bloch s t a t e s ,  no s i n g l e  ground 

s t a t e ,  no un ique  b e s t  s t r u c t u r e ,  e t c .  

By c o n t r a s t ,  p e r f e c t  c r y s t a l l i n e  m a t e r i a l s  have e a s  i 1  y  d i s -  

c e r n i b l e  s t r u c t u r e  (space group) and c o n s t i t u e n t s  (a t o m s ,  e1  e c t  r o n s ,  

ho les,  u n i t  c e l l ) .  However, r a r e  a r e  t h e  p h y s i c a l  p r o p e r t i e s  o f  p e r f e c t  

c r y s t a l s  wh ich  depend s p e c i f i c a l l y  on t h e i r  space group. E?ut Urrperfect 

c r y s t a l s  have p r o p e r t i e s  d i r e c t l  y  and c r u c i a l  l y  a f f e c t e d  b y  e x t e n d e d  

s t r u c t u r a l  c o n s t i t u e n t s ,  o r  d e f e c t s  ( v o r t i c e s ,  d i s l o c a t i o n s ,  f l u x  1  ines) , 
whose d e f i n i  t i o n ,  l a b e l  and e x i s t e n c e  ( s t r u c t u r a l  s t a b i  l i t y )  i s  g ran ted  

by t h e  s t r u c t u r e  o f  t h e  m a t e r i a l 3 .  We s h a l l  see t h a t  the p h y s i c a l  p roper -  

t i e s  o f  g lasses a r e  a l s o  governed by a  s i n g l e ,  extended c o n s t i t u e n t , t h e  

odd l i n e  o r  2 ~ - d i s c l i n a t i o n ' ,  which i s  t h e  o n l y  s t r u c t u r a l  e l e m e n t  

s u r v i v i n g  t h e  absence o f  g e n e r a t i v e  h o m g e n e i t y  and t h e  t r i v i a l i t y  o f  

t h e  space group. 

The main purpose o f  t h i s  p a r t  i s  t o  i d e n t i f y  those u n i v e r s a l  

p r o p e r t i e s  and s t r u c t u r a l  c o n s t i t u e n t s ,  b o t h  a t  t h e  lowest  l e v e l  o f  

s p e c i f i c i t y .  The l e v e l  of unders tand ing  o f  g l a s s  i s  s i m i l a r  t o  t h a t  o f  

c r y s t a l  1 i n e  s o l  i d  s t a t e  phys ics  be fo re  1920-30, i .e. b e f  o r e  quanturn 

s t a t i s t i c s ,  Bloch theorem, e l e c t r o n  bands and d i s l o c g t i o n s  were i n t r o -  

duced. General concepts a r e  r e q u i  

than t h e  s o l u t i o n  o f  a  p a r t i c u l a r  

t u r n  o u t  t h a t  even such a  s i r n p l i f  

su l  t s .  

1.2 - Un iversa l  p r o p e r t i e s  o f  g l a  

ed, h o w e v e r o v e r s i r n p l i f i e d ,  r a t h e r  

problem f rom f i r s t  p r i n c i p l e s .  I t  w i l l  

ed d e s c r i p t i o n  y i e l d s  n o n - t r i v i a l  r e -  

ses 

We s h a l l  l i s t  those p r o p e r t i e s  which o c c u r s o w i d e l y  i n  g lasses  

t h a t  t h e y  can be regarded as u n i v e r s a l ,  and so r a r e l y  o r  never  i n  c r y s -  



t a l s  t ha t  they can be viewed as s p e c i f i c  t o  d isordered condensed matter. 

a) Tunnel i ng modes 

At low temperatures, the glass i s  an e l a s t i c  s o l i d  w i t h  overa l l  

homogenei t y ,  capabl e o f  support i ng phonons o f  wavel ength long enough t o  

average over any inhomogenei t y .  Glas; can r i ng ,  as Mozart, and piobabl y 

o thers  found ou t  long ago. S u r p r i s i n g l y ,  t h i s  i s  no t  a l l .  At low tem- 

peratures, the s p e c i f i c  heat i s  l i n e a r  i n  temperature, and t h i s  c o n t r i -  

bu t ion  dominates the T~ phonon c o n t r i b u t i o n  below 1K. The thermal con- 

d u c t i v i t y  i s  lower than t h a t  o f  the corresponding c r y s t a l l i n e  mater ia l  

(eg. quartz) and goes as T'. The spec i f  i c  heat betrays the preserice o f  

add i t i ona l  l oca l i zed  elementary exc i t a t i ons  (1-10 per 106 atoms)? which 

can absorb phonons and thereby reduce the thermal conduct iv i  ty5. I t was 

suggested by Anderson, Ha lpe r i n  and Varma, and independently by W. A. 

P h i l l i p s ,  t ha t  these add i t i ona l  exc i t a t i ons  were tunne l ing  modes bet -  

ween po ten t i a l  minima, o r  val  leys,  d i s t r i b u t e d  a t  random i n  corif i gu r -  

a t i o n  space6. These va l l eys  are  few and fa r  away i n  conf igura t io r i  space, 

so t h a t  tunnel i ng occurs between pai rs ,  thereby forming two-leve1 sys- 

tems. The main evidence f o r  tunnel ing,  and f o r  a f i n i t e  number o f l eve l s ,  

comes from the fac t  t ha t  the u l t r a s o n i c  absorpt ion can be s a t u r a t e d .  

Also, echo spectroscopy can be performed, exac t l y  as f o r  an assernbly o f  

spins 1/2 7. 

The concept o f  tunne l ing  modes has been e n t i r e l y  s u c c e s f u l y  

both i n  exp la in ing  e x i s t i n g  experiments, and i n  suggesting new ones. 

Tunnel ing  modes occur i n  metal 1 i c  and covalent  glasses2. But, what i s  i t 

t h a t  moves, l e t  a lone tunnel? How a re  we t o  label  the va l l eys  i11 con- 

f i g u r a t i o n  space and determine t h e i r  d istances? ( ~ h e  he ight  o f  the sad- 

d l e  po in ts  between va l l eys  should be o f  the order  o f  the g l a s s  t r a n -  

s i t i o n  temperature). Answers i n  pa r t  I I I .  

b) V iscos i ty ,  r e laxa t i on  rates,  entropy and the Kauzmann paradox 

T r a d i t i o n a l l y ,  g lass t r a n s i t i o n  i s  def ined t o  co inc ide  w i th the  

change i n  the thermal expansion c o e f f i c i e n t  from a value c h a r a c t e r i s t i c  

o f  a l i q u i d  t o  t ha t  o f  a s o l i d .  This corresponds t o  a v i s c o s i t y  o f  the  

order of 1013 poises. The t r a n s i t i o n  i s  smooth and i t s  t e m p e r a t u r e  T 9 
depends on the coo l ing  r a t e  and on the thermal h i s t o r y  o f  the system. 



The v i s c o s i t y  (or any inverse t ranspor t  r e laxa t i on  r a t e )  i n c r e a s e s  

smoothly and r a p i d l y  w i t h  decreasing temperature, and fo l l ows  the  ern- 

p i r i c a l  Vogel-Fulcher formula" '05 

over a wide range o f  temperatures. Equation (1.1) i s  used by the National 

Bureau o f  S tandards f o r  cal  i b r a t  i ng references glasses8.  The var ious 

names under which i t i s  known i n  d i f f e r e n t  f i e l d s  (wLF, Cohen-Turnbull , 
Tammann, D o o l i t t l e ,  e t c . ,  f o r  glasses, polymers, o i l s ,  etc. )  , s h o u l d  

support i t s  c la im t o  u n i v e r s a l i t y ,  even though, f o r  some g l a s s e s , f i n i t e  

v i s c o s i t i e s  have been measured below To,  and the v i s c o s i t y  seems t o  

cross over from (1.1) t o  Arrhenius behaviour as the  t e m p e r a t u r e  i s  

lowered
g . Thus, roughly, glass behaves l i k e  a supercooled f l u i d  above 

To,  and an e l a s t i c ,  random s o l i d  below To. To i s  we l l  above room tem- 

perature f o r  window glass (a-Si0J whereas To = 127.1K f o r  g l  y c e r o l  . 
Slow modes i n  the supercooled f l u i d  become frozen (quenched) below To. 

A rneasure o f  the entropy o f  a glass i s  obtained by i n teg ra t i ng  

under the s p e c i f i c  heat curve, w i t h  a known va lue f o r  the e n t r o p y o f t h e  

l i q u i d  as i n i t i a l  cond i t ion .  I t s  va lue  depends on the coo l i ng  ra te ,  but, 

i f  extrapolated t o  zero cool i ng  ra te ,  the entropy becomes n e g l  i g i  b l  y 

small a t  and below the swne f i n i t e  temperature To,  a t  which the ex- 

t rapo ia ted v i s c o s i t y  (1.1) diverges1'. Th is  vanishing entropy a t  a f i -  

n i t e  temperature i s  c a l l e d  Kauzmann's paradox, even though i t  was prob- 

ab ly  known t o  Simon. A good discussion o f  the meaning o f  entropy o f  

glasses as measured by t h i s  method, can be found i n  a recent paper by 

~ a e c k l e "  . 
Unl ike  gases, whose v i s c o s i t y  i s  p ropor t iona l  t o  the atomic 

d i f f u s i o n  r a t e  and increases w i t h  increasing temperature, viscous o r  

supercooled f l u i d s  have f l u i d i t y  I / q  - a b i l i t y  t o  y i e l d  t o  a shearing 

s t ress  - propor t iona l  t o  the m o b i l i t y  o f  a d i f f u s i n g  ob jec t  o r  "defect ' ;  

i .e. t o  i t s  d i f f u s i o n  r a t e  D, by E ins te in ' s  r e l a t i o n .  One would expect 

D t o  be ac t i va ted  i n  condensed matter ,  and l / n  t o  dec r e a s e  w i t h  de- 

creasing temperature as i n  eq. ( 1  . I )  

problem i s :  which "defect"? Answers 

but  w i t h  T o  = O 1 2 .  The o t h e r  

n I V .  

Window glass i s  t ransparent  and amorphous semiconductors have 



a gap. Despite the  absence o f  long-range order and o f  Bragg r e f l e c t i o n ,  

the existence o f  a  gap was shown by k a i  re13 t o  be a  consequence o f  the 

f ixed valence i n  amorphous semiconductors, i .e. t o  the  u n i  f o r m i  t y  i n  

ve r tex  coord inat ion  z, o r  r e g u l a r i t y  o f  the  graph d e s c r i  b i n g  t h e i r  

s t r u c t u r e  (c f  sec t ion  1.3). Furthermore, f o r  a  simple b u t  r e a l  i s t  i c  

model , Weaire and ~ h o r ~ e "  have shown t h a t  the  energy spectrum cons is ts  

o f  degenerate s ta tes  and o f  the spectrum o f  eigenvalues o f  the connec- 

t i v i t y ,  o r  adjacency ma t r i x  (a m a t r i x  descr ib ing  the  t o p o l o g y  o f  the 

graph) . The gap i s  f i 1 l ed  by l oca l  i zed def ec ts  (eg. dangl i ng bonds) and 

modif ied  by many-body e f f e c t s  (polarons, exc i  tons) . The s u b j e c t  i s  

t rea ted i n  M.H.Cohenls work i n  re f .  106, 

d) H a l l  e f f e c t  

T h e H a l l  e f f e c t  i s  doubly anomalous i n  amorphous semiconduc- 

to rs :  I'. . . two orders o f  magnitude less  than expected.. . , a l m o s t  i n -  

va r i ab l  y  i t  has the wrong ~ i ~ n " ' ~ .  The magni tude o f  the  e f f e c t  suggests 

i n t e r f e r e n c e o f  the  e lec t ron  wave packet, d u e t o  the  f a c t  t h a t  the 

space i n  which i t  propagates i s  no t  simply connected. The cores o f  l i n e  

l'defectsll puncture the space avai l a b l e  t o  the charge c a r r  i e r s .  

1.3 - S t ruc tu re  

See references 16 and 17 f o r  de ta i  1s. 

Glasses belong t o  e i  t he r  o f  two classes: covalent  glasses (1 i ke 

window glasses o r  a-Si) o r  random packings (1 i k e  metal 1 i c  glasses) . I n  

both cases, t h e i r  s t ruc tu re  can be described by a  reguZar graph. 

I n  covalent  glasses (P1 .1) , v e r t i c e s  and edges o f  the graph a re  

atoms and bonds, respect ive l  y, (non-planar) faces a re  r ings ,  and ce l  1s 

do not  have a  d i r e c t  physical  i n te rp re ta t i on .  The a toms  have  f i x e d  

valency, so t h a t  the graph has f ixed ver tex  coord inat ion  z  (z=4 f o r  S i  ), 

and i s  sa id  t o  be regqZar. Dangling bonds are  permit ted.  This graph i s  

a  1 so ca 1 1  ed a  continuous random netuork  (CRN) . 
I n  m e t a l l i c  glasses, on l y  ve r t i ces  have d i r e c t  p h y s i c a l  i n -  

t e r p r e t a t i o n  (atoms) , and neighbourhood (edges) must be  d e f  i n e d  pre-  

c i s e l y .  This i s  done by Vomnoi construction, a p a r t i t i o n  o fspace whereby 

any po in t  belongs t o  the t e r r i  t o r y  o f  the nearest atom. Every atom i s  



P1.l-Continuouç random n e t w o r k , e x h i b i t i n g  homogeneity, n o n - c o l l i n e a r i t y  
and odd 1 ines ( the r ibbons ,  which th read  through odd r i n g s  e x c l u s i v e l y ) .  

Mud c r a c k i  ng. 



thus ascr ibed a (convex) polyhedron o r  c e l l ,  and the packing i s  a space 

-f i 1 1  ing  assembl y o f  such c e l l s .  The assembl y o f  Voronoi pol yhedra,with 

t h e i r  (planar) faces, ( s t ra igh t )  edges, and ve r t i ces ,  form a g r a p h ,  

ca l  l e d  Voronoi froth, which i s  regu lar  (z=4 i n  30 and z=3 i n  2D) because 

any ver tex  w i t h  h igher coord inat ion  can be s p l i t  i n t o  severa1 r e g u l a r  

ve r t i ces  by an i n f  i n i  tes imal  deformat ion  o f  the packing (through t rans-  

formation T I  o f  sec t ion  1.5). They are  not  t o p o l o g i c a l l y  o r s t r u c t u r a l l y  

s tab le ,  and occur w i t h  n e g l i g i b l e  p r o b a b i l i t y .  Thus the F o u r  C o r n e r s  

boundary between Colorado, Utah, Ar izona and New-Mexi co, i s a car togra-  

pher 's  conspiracy and i s  no t  geographical ly  s tab le .  S i m i l a r l y ,  i n  3D,  

onl  y edges where 3 faces o r  ce l  1s meet are  s t r u c t u r a l  1 y s tab le .  S t ruc-  

t u r a l  s t a b i l i t y  i s  what ~ e w i s * l  c a l l s  "random avoidance o f  the  n i c e t i e s  

o f  adjustment", and the s t r u c t u r a l  elements ( ve r t i ces ,  edges, e t c )  a re  

simply t e r r i t o r i a l  boundaries o f  a random packing. By c o n t r a s t : ,  C R N  

(cova1 ent glasses) have ver tex  coord i n a t  ion g iven by chemical , not  t e r -  

r i  t o r i a l  considerat ions,  and more than 3 (non-planar) faces can rneet on 

a s i n g l e  edge, even though t h e i r  ve r t i ces  are s t i l l  - i n  SiO, o r  a-Si - 
a l l  tet ra- coordinated.  The c r y s t a l l i n e  analogues t o  thevoronoi ccinstruc- 

t i o n  a re  the  WignerSe i tz  c e l l s ,  o r ,  i n  reciproca1 space, the B r i l l o u i n  

zones . 
Let  us re tu rn  t o  the o r i g i n a l  packing. Each atom corresponds t o  

a Voronoi polyhedron o r  c e l l .  Two atoms are neighbours, and w i l l  be 

j o i ned  by an edge, i f  t h e i r  Voronoi polyhedra share a face. Thus, two 

graphs, re la ted  by d u a l i t y ,  descr i  be the same packing, t he o r  i g  i na1 

atomic packing, and the  Voronoi f r o t h .  Only the Voronoi f r o t h  i!; reg- 

u l a r .  The packing has high,  f l u c t u a t i n g  ver tex  coord inat ion  (e*> ~ 1 3 . 4 ,  

increasing w i t h  anisotropy o f  the Voronoi polyhedra, and decreasing i f 

the polyhedra have d i f f e r e n t  v o ~ u m e s ' ~ ,  as happens i n  r e a l  m e t t a l i c  

glasses made o f  a t  l eas t  two d i f f e r e n t  elements) . The se1 f - d u a l  con -  

d i t i o n  i s  s = z * =  6 i n  3D and 4 i n  2D (cubic and square lat t ice: ; ,  re -  

spect ive ly )  . 
The essent ia l  fea ture  i s  the considerable v a r i e t y  o f  shapes o f  

Voronoi polyhedra. ~ a t z k e "  has i d e n t i f i e d  100 d i f f e r e n t  k inds i r i  soap 

bubble f r o t h ,  ou t  o f  which 20 occur f requent ly .  Thus, there i s  ncl s i ng le  

u n i t  c e l l  i n  glasses, not  even smooth deformations t h e r e o f .  The 20 

Voronoi polyhedra are a l l  topo log ica l  l y  d i f f e r e n t ,  and the s t ruc tu re  o f  

one metal l i c  glass i s  a member o f  a s t a t i s t i c a l  ensemble (of m s t  prob- 



ab le  d i s t r i b u t i o n s  - see pa r t  V) .  Moreover, glasses belong t o  a d i f -  

f e ren t  c lass  o f  packings than the aper iod ic  t i l i n g s  o f  R o b i n s o n  and 

Penrose, which have on l y  a few elementary geometric t i l e s Z 0 .  The s i t u -  

a t i o n  has been summarized i n  1943 by the bo tan i s t  F.T. Lewis: "The aver- 

age 14-hedral shape observed i n massed bodies o f  d iverse  surface tens íon 

may be due t o  random avoidance o f  the n i c e t i e s  o f  adjustment. Fa i l u re  

t o  arrange the bodies so t h a t  5 o r  6 meet a t  a mathematical p o i n t ,  o r  

form in te rsec t i on  where 4 meet a long a mathematical l i n e  i s  s u f f i c i e n t  

t o  account f o r  prorniscuous, unomented poZyhedra having an average o f  14 

f a c e t ~ " ~ ' .  This f a i l u r e ,  associated w i t h  s t r u c t u r a l  s t a b i  l i t y ,  g i v e s  

r i s e  t o  a substant ia l  v a r i e t y  o f  c e l l  shapes, and t o  s t a t i s t i c a l  equi-  

1 ibrium. 

Voronoi f r o ths  and continuous random networks a re  topo log i ca l l y  

equivalent :  they have the same, low ve r tex  coord inat ion  z=4, but  CRN1s 

have bent edges, nonplanar faces, nonconvex c e l l s  and two faces shar ing 

more than one common edge, whereas Voronoi f r o t h s  have s t r a i g h t  edges,  

p lanar faces, convex c e l l s ,  but  unequal edge lengths. The r i n g  s t a t -  

i s t i c s  i s  accordingly d i f f e r e n t :  Voronoi f r o t h s  have a m a j o r i t y  o f  5- 
-bond r ings ,  CRN1s 7-bond r i n g s Z 2 .  

The Voronoi p a r t i t i o n  o f  space can be extended t o  packings o f  

d i f f e r e n t  atoms (as b e f i t s  rea l  m e t a l l i c  glasses) and unequal ce l ls .Th is  

i s  no t  as elementary as i t s  sounds: Consider 3 atoms i n  2D; they form 

the ve r t i ces  o f  a t r i a n g l e ,  whose perpendicular  b issec tors  are concur- 

ren t ,  by an elementary theorem o f  geometry. l f  the  atoms are  unequal, 

which perpendicular  d i v i s i o n  re ta ins  concurrence, and thus s p a c e - f i l l -  

ing? There i s  on ly  one known answer, the  radica2 m i s ,  a s t r a i g h t  l i n e  

(a plane i n  3D) wich i s  the locus o f  po in t s  w i t h  equal tangents t o  two 

c i  r c l e s  (spheres) represent ing the atoms. I t i s  obvious t h a  t rad i ca l  

axes are concurrent, less so tha t  they are s t r a i g h t  l i nes ,  and the proof 

o f  t h i s  l a s t  statement2' (an elegant exerc ise i n  invers ion  geomet ry )  

s t rong ly  suggests t ha t  the rad i ca l  f r o t h  i s  the on ly  genera l iza t ion  o f  

the Voronoi f r o t h  t o  unequal atoms. I t has been appl ied  t o  me t a l  1 i c 

glasses by Gel l a t l y  and ~ i n n e ~ ~ ~ .  

The Voronoi const ruc t ion  has been used t o  d e s c r i  be n o t  on ly  

glasses, but  a l s o  eco log ica l  and geographical problems, soap bubbles 

f ro ths ,  metal l u r g i c a l  aggregates, convect ive ce l  l s ,  e t c .  17. 



1.4 - The need f o r  topology and i t s  consequences 

Mani fest ly ,  amorphous s t ruc tures  have ne,i t h e r  g l o b a l  length  

scale ( ru le r )  , n o r  u n i  que g l o b a l  r e f e r e n c e  f rame o r i e n t a t i o n  

(compass) . I n  f ac t ,  a morphous o r  non-crystal  l ine mater ia ls  a re  charac- 

t e r i zed ,  a t  f i r s t  s i gh t ,  by what they are o r  have no t :  No g e n e r a t i v e  

symmetry ( t r ans la t  ion  o r  r o t a t  ion) , t r i v i a l  space- o r  po in t  groups, no 

unique ground s t a t e  (see tunnel ing  modes) , no Bloch theorem,. . . , so tha t  

non-negative concepts are required,  which are  s t r u c t u r a l l y  s tab le  under 

those transformations which keep the s t ruc tu re  unchanged. 

At a  glance, one d is t ingu ishes the th ree main s t r u c t u r a l  fea- 

tures, not  on ly  o f  glasses, but  o f  a l i  large, space- f i 1 1  i n g  random 

s t ruc tu res  (meta l lu rg ica l  aggregates, und i f f e ren t i a ted  b i o l o g i c a l  t i s -  

sues, geological  j o i n t i n g s ,  etc.)  : 

i )  Non- co l l i nea r i t y  o f  l oca l  reference frames (or v a r i e t y  o f  c e l l  

shapes)  . 
i i )  Overa I 1  , but non-generat i v e  homogene i t y .  

... 
i i i )  Odd l i n e s .  

These th ree fea tures  are c h a r a c t e r i s t i c  o f  the amorphous s ta te ,  and can 

be taken as i t s  s t r u c t u r a l  d e f i n i t i o n .  I f  e i t h e r  ( i )  o r  ( i i i )  a re  miss- 

ing, one may s t i l l  have a  random s t ruc tu re ,  but  w i thout  topoZogicaZ d is -  

order.  

Homogeneity impl ies t h a t  atoms are d i s t i n c t ,  bu t  not  phys i ca l l y  

d is t ingu ishab le .  Glasses share t h i s  proper ty  w i  t h  c r ys ta l s .  H oweve r ,  

u n l i k e  i n  c r ys ta l s ,  t h i s  homogeneity i s  no t  a  generat ive symmetry, but  

on ly  the f a c t  t ha t  any o b j e c t i v e  (physical) statement (one whicti does 

not  conta in  "I", " th is" ,  "here",.. .) about one p a r t i c u l a r  a tom can  

equa l ly  we l l  be made about any o ther ,  even though t h e i r  l oca l  eriviron- 

ment (tetrapods at tached t o  t h e S i  atoms i n  a-Si o r  v i t r eous  s i l i c a ,  

non - Voronoi c e l l s  i n  m e t a l l i c  glasses) are man i fes t l y  d i f f e r e n t  and 

col  l inear .  (See P1 . I )  . 
A  CRN const ruc t ion  can be continued ad i n f in i tum.  This 

k i nd  o f  homogeneity experienced by g e t t i n g  l o s t  i n  a  f o res t ,  w i t h  

t ak ing  the p a r t  o f  atoms. This homogeneity o f  glasses rnanifests 

i s  the 

t rees 

i t s e l  f 

a t  a  microscopic leve1 , t o  the surpr ise  o f  e a r l  y  X-ray c r y s t a l  lographers: 

I'. . .one o f  the most i n t e r e s t i n g  discover ies made i n  the c o m p a r a t  i v e l  y  

e a r l y  h i s t o r y  o f  X-ray ana l ys i s  was the f a c t  t h a t  s i l k  and even paper 



are more c r y s t a l  1 ine  than glass."  (Dame Kathleen Lonsdale, quoted i n  

r e f .  [25], p.26) . Thus the scale o f  homogeneity i n  g lass i s  3  orders o f  

magnitude smal l e r  than the  smal l e s t  m i c r o c r y s t a l l  i tes (1 0  versus 1000 

atomic distantes) . 
The automorphisms probing homogeneity are  permutations o f  the 

atoms (or the trees) and the i  r surroundings, e f fec ted,  f o r  example, by 

ZocaZ ro ta t i ons  o f  the tetrapods.  The physical  p roper t ies  must be un- 

changed under these l oca l  transformations, and homogeneity o f  glasses 

i s  a  genuine, gauge symmetry. We sha l l  discuss gauge invar iance i n d e t a i l  

i n  p a r t  I I .  A t  t h e  s t r u c t u r a l  l e v e l ,  the most  e l e m e n t a r y  such  

automorphisms are automorphisms o f  the  graph, t h a t  i s ,  permutations o f  

the ve r t i ces  which preserve adjacency. At a  dynamical l eve l , l oca l  ro ta -  

t i o n s  must a l so  be included. 

I n  the absence o f  a  g lobal  me t r i c  and reference f r a m e  o r i en -  

t a t i o n ,  the on ly  i nva r i an t  under automorphisms probing the homogeneity 

o f  amorphous s t ruc tu re  i s  t h e i r  connec t i v i t y  o r  the spa t i a l  r e l a t i o n s h i p  

imparted by, eg., Voronoi const ruc t ion .  (We s h a l l  see i n  p a r t  V t ha t  

some transformat ions can swi t ch  neighbours (Tl) , but s t i l  l leave the 

s t a t i s t i c a l  p roper t ies  o f  the  s t ruc tu re  invar ian t )  . Thus, the re levant  

geometry f o r  amorphous condensed matter  i s  topology (rubber geometry) , 
which replaces me t r i c  geometry o f  c l ass i ca l  c rys ta l lography.  By the 

same token, the 230 me t r i c  space groups are replaced by homotopy groups 

which descr ibe connec t i v i t y .  k s ta tes  and Bloch theorem g i v e  way t o  

topo log ica l  sectors and t o  a  theorem, a l so  formulated by  B l  o c h  f o r  

supe rconduc to rs~~ ,  s t a t i n g  tha t  the f r e e  energy i s  a  pe r i od i c  f unc t i on  

o f  the f l u x  t r i g g e r i n g  the gauge t ransformat ion.  The per iod  corresponds 

t o  a  large,  o r  n o n - t r i v i a l  gauge t ransformat ion,  which br ings  the sys- 

tem from one topo log ica l  sector  t o  another. The best  i l l u s t r a t i o n  o f  

topo log ica l  invar iance i s  g iven i n  a  cartoon by Denis Weaire ( ~ i ~ . l ) .  

Consequences o f  t h i s  enforced r e t r e a t  from me t r i c  t o  topology 

are t h a t  

a) One cannot d i s t i n g u i s h  s t r u c t u r a l  const i tuents  by t h e i r  s izes alone. 

b) The existence,  and the d e f i n i t i o n  o f  a  s t r u c t u r a l  cons t i t uen t  depends 

on i t s  s t r u c t u r a l  s t a b i l i t y ,  so tha t  i t  cannot be made t o  disappear by 

small,  continuous deformations. 

c) I t s  on l y  d i s t i n c t i v e  f,eature i s  i t s  shape. Hence randomness and 

topo log ica l  d isorder impZy t h a t  c e l l s  have many d i f f e r e n t  shapes, l i k e  

3 20 



Fig.1 - Topologícal invar iance and t ransformat ion,  i l l u s t r a t e d  by Denis. 
Weaire (based on a  rea l  event) . 

the var ious soap bubles i d e n t i f  ied  by ~ a t z k e ' ~ .  Glasses cannot be made 

of on ly  one type o f  c e l l ,  as a  r e s u l t  o f  "random avo  i dance  o f  t h e  

n i c e t i e s  o f  adjustment" The problem o f  the s t ruc tu re  i sa  s t a t i s t i -  

cal  one, and the methods o f  s t a t i s t i c a l  mechanics y i e l d  t h e  a v e r a g e  

features ( i t s  "equation o f  state", which i s  c a l l e d  Lewis 's law i n  the 

case o f  c e l l u l a r  s t ruc tures ,  see re f s .  [27] ,[57], o r  p a r t  V) o f  the idea l  

random, space-f i I 1  i ng  s t ruc tu re  (the c lass  o f  most probable members o f  

an ensemble o f  s t ruc tures) .  This equation o f  s t a t e  i s  a  c o r r e l a t i o n  

b e t w e e n s i z e s a n d s h a p e s o f  t h e c o n s t i t u t i n g  ce l l s ,  and i m p l i e s  a  

medium-range c o r r e l a t i o n  (one should not  say order) i n  t h e  amorphous 

s t  ruc tu  re.  



1.5 - Elementary s t r u c t u r a l  t r a n s f o r m a t i o n s  

There a r e  th ree ,  l o c a l ,  e lementary t rans fo rmat ions  o f  a  random 

s t r u c t u r e  under sma l l ,  cont inuous d e f o r m a t i o n ~ ~ ~ ' ~ ~ .  

i )  T I ,  o r  ne ighbour- sw i tch ing .  (Fig.2) . 
i i )  T2, o r  c e l l  disappearance. ( ~ i g . 3 ) .  

i i ' )  M i t o s i s ,  o r  c e l l  d i v i s i o n .  ( ~ i ~ . 4 ) .  

A l l  o f  which occur  i n  2D and i n  3D. I n  a d d i t i o n ,  i n  3D, one has 

i i i )  Face d  i sappearance . 
AI1 these processes (or  t h e i r  inverse)  occur  i n  f r o t h s ,  foams o r  emul- 

s ions ,  i n  rock  o r  mud c r a c k i n g ,  and i n  convec t ion  c e l l s .  Voronoi f r o t h s  

have a  conserved number o f  c e l  l s ,  and do n o t  accomodate (i i) o r  (i i ') . 
Covalent networks (CRN) o n l y  have T1 t r a n s f o r m a t i o n s ,  which i s  t h e r e  a  

l o c a l  va lence o r  bond exchange. (The te rm "valence a l t e r n a t i o n "  i s  now 

used t o  descr ibe  a  p a r t i c u l a r  c l a s s  o f  non- loca l  t rans fo rmat ions ,  ac- 

companied by charge t r a n s f e r  and change i n  v e r t e x  c o o r d i n a t i o n ,  wh ich  

c o n t r o l  t h e  e l e c t r o n i c  a n d  o p t i c a l  p r o p e r t i e s  o f  a m o r p h o u s  

c h a l c o g e n i d e s Z 8 ) . ~ h e  T1 o r  ne ighbour- sw i tch ing  process i s  a l s o  t h a t  which 

r e s t r i c t s  t o p o l o g i c a l  s t a b i l  i t y  t o  3- ( i n  2D) and 4 -coord ina ted  v e r t i c e s  

( i n  3D) , o n l y .  Note t h a t  i t  conserves t h e  v e r t e x  c o o r d i n a t  i o n  o f  the  

f r o t h ,  but  n o t  t h a t  o f  t h e  dual  graph. I n  t h i s  respec t ,  i t  a f f e c t s  ad- 

jacency, b u t  we s h a l l  see i n  p a r t  5 t h a t  the  s t a t i s t i c a l  p r o p e r t i e s  

o f  the  s t r u c t u r e  remain i n v a r i a n t .  

There have been severa1 r e c e n t  a t tempts  t o  c o n s t r u c t  random ne t -  

works by a p p l y i n g  success ive,  random T I  t rans fo rmat ions  on an i n i t i a l l y  

r e g u l a r  (hexagonal o r  diamond) l a t t i c e  i n  20 " '30 o r  3D 3 1  

These t r a n s f o r m a t i o n s  change the  number o f  edges o f  the  faces 

invo lved .  I n  2D, t h i s  corresponds t o  the i n t r o d u c i n g  o f  t o p o 1  o g  i c a  l 

d i s c l  i n a t i o n s  ( r o t a t i o n  d i s l o c a t  ions) . Hexagons t i  l e  t h e  p lane  (o r  t h e  

f l o o r  o f  a  k i  tchen) . Removing o r  adding one edge t o  one hexagon can be 

done by making a  c u t  i n  t h e  t i l i n g ,  removing o r  adding a  wedge ( s e p e n t )  

o f  m a t e r i a l  and r e g l u e i n g .  One recovers a  p e r f e c t  hexagonal t i l i n g  a p a r t  

f rom t h e  c e l l  a t  the  end o f  t h e  c u t  which i s  now pentagonal o r  heptag- 

o n a l ,  and t h e  f a c t  t h a t  the  t i l i n g  i s  now warped. I t  has p o s i t i v e ,  o r  

nega t i ve  c u r v a t u r e .  The non-hexagonal c e l l  i s  a  d i s c l i n a t i o n ,  and im- 

p a r t s  c u r v a t u r e ,  through t h e  Gauss-Bonnet theorem o f  geometry. 12 pen- 

tagonal  c e l l s  t r a n s f o r m  your k i t c h e n  f l o o r  i n t o  a  f o o t b a l l ,  an elemen- 



F i g .  4 - Cell division. 

U g . 5  - R 5-7 pair  of cells, making up a top~logical 
dislocation i n  an othetwise hexagonal structccre. 



t a r y  consequence o f  Eu ler 's  theorem t o  be discussed i n  the next  Section. 

This geometrical p i c t u r e  no longer holds completely in3D, where 

there i s  no Gauss-Bonnet theorem. I n  relaxed networks o r  f r o t h s ,  faces 

have on average 5.1 edges (Voronoi f roth") o r  = 7 edges (CRN 2 2  ) so 

t ha t  there i s  no unique regular ,  f l a t  packing. More t o  t h e  p o i n t ,  

d i s c l i n a t i o n s  e x i s t ,  and are  l abe l l ed  i n  amorphous m a t e r i a l  s  whose 

. space group i s  t r i v i a l ,  by the fundamental g r o u p  o f  r o t a t  ion:" 

r r r , (S0&.  i n  D = 2, a,(so2) = 2 ,  and d i sc l i na t i ons ,  l abe l l ed  by s ign  and 

i n tens i t y ,  e x i s t ,  whereas r, ( S O ~  = Z2 f o r  D 2 3, and the on ly  topo- 

l o g i c a l  l y  s tab le  1 ine  "defects" are  odd 1 ines (see below) .Nevertheless, 

even i n  3D, curvature associated w i t h  the number o f  edges per face re-  

mains an usefu l  concept t o  descr ibe the ZocaZ s t r a i n .  

A d ipo le  o f  neighbouring 5- and 7-sided faces fo rmsad is loca t i on  

(Fig.5). ( ~ g a i n ,  t h i s  i s  on ly  a l oca l  concept i n  3D, w i thout  topological  

s t a b i l i t y )  . The d i s l o c a t i o n  has the fo l l ow ing  physical  p r o p e r t  i e s  i n  

random networks : 

1) I t can g l  i de  (by using T1 transformations) . This determines 

the e l a s t i c  and p l a s t i c  p roper t ies  o f  commercial f ~ a m s ~ ~ .  I t  a l so  con- 

s t i t u t e s  a very e f f i c i e n t  way o f  d i s s i p a t i n g  shear energy.This property 

f i nds  an amusing i l l u s t r a t i o n  i n  the s t ruc tu re  o f  da is ies ,  pinecones o r  

pineapples (phyl l o tax i s )  3 3 .  

2) I t  can cl imb. A m i tos i s  (or a TI  transformation) creates a 

p a i r  o f  d is locat ions ,  and subsequent mitoses o f  the l a rge r  c e l l s ,  cor-  

responding t o  a g l i d e  of the  two d i s l oca t i ons  away from each other, leav- 

i ng  an add i t i ona l  layer  o f  c e l l s  i n  between ( ~ i ~ . 6 ) .  Again, as f a r  as 

e l a s t i c  energy i s  concerned, t h i s  i s  a very e f f i c i e n t  method o f  so l v i ng  

the problem o f  coping w i t h  add i t i ona l  mater ia l  (growth o f  b i o l o g  i c a l  

t i ssues3 '  o r  o f  me ta l l u rg i ca l  g ra ins35)  . H i l l e r t ' s  mechanism i s  s l  i g h t l y  

more compl icated as i t  involves c rea t i on  o f  3-sided c e l l s  ( i n  2D) on l y  

(a combination o f  T1 and T2 transformations, exc lus ive ly )  . 
Morra1 and ~ s h b ~ ~ ~  have given a very c lea r  r e p r e s e n t a t i o n  o f  

these transformations and defects i n  3 D  ordered foams o r  grains packingr 

In  p a r t i c u l a r ,  the d i s l o c a t i o n  core forms one singZe odd l i n e  (c f .  f i g .  

I I a  o f  r e f .  [36]), which shows t h a t  topo log ica l  concepts appl i cab le  i n  

2D cannot always be transposed verbatim t o  3 D .  The g l i d e  o f  the d i s -  

l oca t i on  occurs through succesive Tl t ransformat ions,  as i n  ?D. l t  i s  



~ i ~ . 6  - Creat ion and d i ssoc ia t i on  o f  a  d i s -  
l oca t i on  p a i r  by successive c e l l  d i v i s i o n s .  

emphasized tha t  a11 these are  ZocaZ t ransformat ions,  which do riot re -  

q u i r e  long-ranged mass t ranspor t ,  u n l i k e  d i s l o c a t i o n  c l imb i n  c rys ta ls .  

3) D is locat ions  screen the s t r a i n  due t o  d i s c l i n a t i o n s  (cur- 

vature) . For example, s t r u c t u r a l  l y ,  a  r a d i o l a r i a  (microscopic inar i ne 

animal) i s  a  la rge f o o t b a l l ,  and uses d i s l oca t i ons  t o  screen the s t r a i n  

frorn the  12 d i s c l i n a t i o n  requ i red  by topology ( f oo tba l l  = sphere). The 

same screening o f  ( t opo log i ca l l y  stable) d i s c l i n a t i o n s  by d i s l oca t i ons  

(which are  not  t o p o l o g i c a l l y  s tab le  i n  glasses) occur i n  an e l a s t i c  

cont inuum representat  ion o f  g l a s s 4 0 ' 5 7 .  

4) D is locat ions  enable d i s c l  i na t i ons  t o  move. (For example, 

a  T1 t ransformat ion next t o  a  d i s c l i n a t i o n  creates a  d i s l o c a t i o n  and 

moves the  d i s c l i n a t i o n ) .  

A11 these proper t ies  emphasize the d y m i c a l  r o l e  o f  d i s l o -  

cat ions,  which i s  p a r t i c u l a r l y  e f f e c t i v e  i n  random s t ruc tures ,  where 

d i s l oca t i ons  a re  not  t o p o l o g i c a l l y  s tab le ,  and can be regarded as l oca l  

s t r a i n  f l u c t u a t i o n s  f u l f i l l i n g  a  spec i f i c ,  physical  purpose. 

AI though these t ransformat ions have been i n  t r o d u c e d  here 

from a  pure ly  mechanical po in t  o f  view, one can show ( p a r t  V ) t h a t  

they a l s o  leave the s t a t i s t i c a l  p roper t ies  o f  t h e  random s t r u c t u r e  

(average shapes and t h e i r  cor re la t ions)  i nva r i an t ,  so tha t  they can 

occur independently o f  each o ther ,  anywhere i n  space o r  time, w i thout  

a f f e c t i n g  the  s t a t i s t i c a l  e q u i l i b r i u m  o f  the  s t ruc ture .  They p lay  the 

same pa r t  i n  s t a t i s t i c a l  c rys ta l lography t h a t  microreversibility p lays  

i n  s t a t i s t i c a l  thermodynamics. 



1.6 - Topological conservation laws i n  random s t ruc tures  

Topo log ica l ly  s tab le  const i tuents  o f  d isordered condensed  

matter  are those which r e t a i n  t h e i r  i d e n t i t y  (and t h e i r  existente) 

under small,  continuous deformations o f  the system ( i nc lud ing  i t s  mo- 

t i o n ) .  For example, a  d i s l o c a t i o n  i n  a c r y s t a l  i s  t opo log i ca l l y  stable, 

an a r b i t r a r y  e l a s t i c  d i s t o r t i o n ,  usua l l y  no t .  Topological s t a b i l i t y  can 

a  conservation law o r  a  c o n t i n u i t y  equation. I n  ran- 

f ro ths ,  there a re  two conservation laws: 

be expressed as 

dom networks o r  

1) Euler 's  r e l a t  

speed o f  

2) Odd 1 

3 D  s t ruc  

f o r  a  space-f i 1  1 ing graph w i t h  V ve r t i ces ,  E edges, F faces and C c e l l s  

( inc lud ing the c e l l  a t  m) . The E u l e r - P o i n c a r é  c h a r a c t e r i s t i c  x 
i s  a  topo log ica l  i nva r i an t  o f  the  mani fo ld  (space) conta in ing  the ne t -  

work o r  the f r o t h .  I t i s  an in teger  o f  order 1 ( << V, E, F i n  systems 

w i t h  a  la rge number o f  elements) . Eu le r ' s  r e l a t i o n  i s  e a s i l y  proven by 

induct ion,  adding elements t o  a  g iven network. I n  p a r t i c u l a r ,  one can 

v e r i f y  t ha t  the le f t- hand sides o f  equations (1.2) a re  i nva r i an t  under 

the elementary transformations o f  sec t ion  1.5. Indeed, t h e i r  physical  

p roper t ies  set  the t ime scale f o r  topo log ica l  evo lu t ion ,  which i s  much 

longer than t h a t  of non- topological deformations (the l a t t e r ,  t y p i c a l l y  

o f  o rder  a / c ,  where a i s  the average spacing between atoms and c, the 

sound) . 

i nes 

The second conservation law i s  even s impler ,  and app l ies  t o  

tures:  The presence o f  f i v e -  o r  seven-sided faces i n  a  s t ruc-  

tu re  i s  symptomatic o f  i t s  n o n- c r y s t a l l i n i t y ,  being incompatible w i t h  

simultaneous r o t a t i o n  and t r a n s l a t i o n  symmetries. Odd-membered r i n g s  

(faces w i  t h  an odd number o f  edges) a re  not  found i n  i s o l a t i o n ,  but  a re  

threaded through by un in ter rupted l i nes ,  which form closed l o o p s  o r  

terminate on the surface o f  the ma te r i a l 4  (c f .  the r ibbons o f  P1.1) . 
Thus, odd faces a re  not  i so la ted  elements,but l i n e a r  ob jec ts  

which a re  topo log ica l  l y  s tab le .  They a re  c la rac te r i zed  by oddness  , 



ra the r  than i n t e n s i t y .  However, because these ob jec ts  are l ines ,  they 

remain d i f f i c u l t  t o  e l im ina te  desp i te  t h e i r  modulo 2 algebra. 

There a re  two, s i m i l a r  proofs o f  t h i s  conservation law. Both 

r e l y  on the const ruc t ion  o f  an arbitrary, closed surface S,haneomorphic 

t o  a sphere fo r  s i m p l i c i t y ,  which i n te rsec ts  the  random network a t  i t s  

ve r t i ces .  S contains there fore  some ve r t i ces ,  edges and faces o f  the  

network, which t r i a n g u l a t e  S ( t h i s  can always be arranged by small de- 

format ion of S) . The asser t ion  i s  proven i f ,  f o r  any S, there  i s  an 

even number o f  odd faces on S (p rov id ing  an e x i t  f o r  a n y  odd 1 i n e  

en te r i ng  S) . 
i )  Ascr ibe a weight J =( - I )  t o  every edge e on S, arid an e 

index @ = J = it 1 (even/odd face), t o  every, face f on S. Then, f e w e  
4 = n J~ = 1 (je enters twice i n  the product because every edge f e s  f e E S  e 

3 7 belongs t o  2 faces on s ) .  q.e.d. . 
i i )  Let e, f .  denote the number o f  edges, i - s i d e d  faces on S. 

Z 
The incidence r e l a t i o n  between edges and faces, 2e = C i f  i m p l i e s t h a t  i' 

C i fi = even, and, because i f. and f. have the same pa r i  t y  f o r  i 
i odd Z 2 

odd, C f. = even. q.e.d. 4. 

i odd 
Z 

The second prbof  suggests a general i z a t i o n  o f  the odd l ine 

conservat ion law t o  20 surfaces o f  a r b i t r a r y  Euler-Poincaré character-  

i s t i c s  and networks o f  constant ver tex  coordinat ion3' ,  and a l s o  t o  the 

s t ruc tu re  o f  polyhedral networks (a model o f  amorphous packings w i t h  

tetrahed 

t o  descr 

be too d 

s c r i b i n g  

a and octohedra o f  atoms as elements, proposed by ~ i n o m i  ya39 

be medium-range "order" i n amorphous packings) . 
For some amorphous mater ia ls ,  l i k e  polymer glasses, i t  may 

f f i c u l t  o r  complicated t o  const ruc t  a random n e t w o r k  de- 

the s t ruc tu re .  The s implest ,  and l eas t  spec i f  i c  d e s c r i  p t  i o n  

o f  any glass i s  as an elast ic  continum, w i t h  a t r i v i a l  space  g r o u p  

( ie .  w i thout  any i n f i n i t e s i m a l  t r a n s l a t i o n a l  and r o t a t i o n a l  symmetries). 

( A c r y s t a l  can a l so  be represented as an e l a s t i c  continuum, but w i t h  

e i t h e r  f u l  l ( v o l t e r r a  continuum) , o r  d i s c r e t e  (one o f  the 230 space 

groups) symmetry). Odd l i n e  i s  the onZy s tab le  s t r u c t u r a l  const i tuent  

su rv i v i ng  the t r a n s i t i o n  from d iscre te ,  c e l l u l a r  network, t o  continuum. 

(Cel ls ,  ..., ie .  s impl ices have disapeared). l t  takes then the form o f  

2 ~ d i s c l  i na t i on .  This can be shown very ~ i m ~ l ~ ' ~ :  Consider a conf igur -  



a t i o n  a t  a  po in t ,  and take i t  f o r  a  walk i n  space, wh i l e  main ta in ing  

i t s  o r i e n t a t i o n  r e l a t i v e  t o  the loca l  reference frames ( p a r a l l e l  t ran-  

sport) ( ~ i ~ . 7 )  . Upon re tu rn ing  t o  the  s t a r t i n g  po in t ,  the  conf igurat ion,  

which determines the physical  p roper t ies  ( s t ra in ,  etc.) o f  the system, 

must e i t h e r  be restored t o  i t s  o r i g i n a l  o r i e n t a t i o n ,  o r  any mismatch 

must be phys i ca l l y  i r r e l e v a n t .  The l a t t e r  s i t u a t i o n  app l ies  t oc rys ta l s ,  

where poss ib le  mismatches are  elements o f  the space group, which labe l  

the Burgers vectors of d i s l oca t i ons  and d i s c l i n a t í o n s .  I n  glasses, the 

space group i s  t r i v i a l  and the con f i gu ra t i on  must be restored t o  i t s  

o r i g i n a l  o r i en ta t i on .  Nevertheless, there  a re  s t i l l  two poss ib le  t rans-  

formations o f  the l oca l  con f i gu ra t i on  upon c i rcumnavigat ion:  a  ro ta t ion  

by ~ I T  i s  homotopic (continuously deformable) t o  the i d e n t i t y ,  but  ro -  

t a t i o n  by ~ I T  entangles connection of the  loca l  conf igura t ion  w i t h  the 

r e s t  o f  the system. Thus, one remains w i t h  one s i n g l e  s t r u c t u r a l l y  

s tab le  cons t i t uen t  i n  continuous amorphous, condensed matter ,  the  2 ~ -  

d i s c l i n a t i o n  which has the same algebra as odd l i n e s  i n  networks. Both 

have cores punctur ing space ( there i s  no way o f  f i I l ing and odd r i n g  

because the r e l a t i o n s h i p  between any two v e r t i c e s  depends on the path 

chosen around the r i n g  - zero i s  an even number) , and both are  sources 

o f  non -co l l i nea r i t y  (see P1 . l ) .  They are  there fore  the  same s p e c i f i c  

and un iversa l  const i tuents  o f  glasses which we were seeking. They are  

a l so  the on ly  ones: t r ans la t i ons  are  homotopical ly t r i v i a l ,  so tha t  

d i s l oca t i ons  o f  any k ind  are not  s t r u c t u r a l l y  s tab le .  Ne i ther  are p i n t  

defects . 
I n  summary: 

Group o f  a l l  poss ib le  l oca l  t ransformat 

Space group H  = 1 A 1 ( t r i v i a l )  

Topo log ica l ly  s tab le  const i tuents  ( labe 

groups o f  G/H) : 

i ons (exc i t a  t i ons) 

I l e d  by n o n - t r i v  

Odd 1 i nes - . . . . . . . . . . . . . . . IT, &o3) = Z2  

G  = T ,  A SO, 

i a  1 homotopy 

Non-singular tex tures  -. . . . IT, ( ~ 0 ~ )  = Z (yet t o  be i d e n t i f  ied) 

Odd l i n e s  are there fore  what count as conf igura t ions  i n  the 

glass (eg. i n  the res idua l  entropy'""), and a l so  as slow modes i n  a  

viscous I i q u i d  o r  i n  the glass above T o .  Indeed, as 

scale f o r  topo log ica l  t ransformat ions i s  longer than 

l o g i c a l  deformations (= a/c) , the f l ow  o f  topologica 

long as the time 

I t ha t  f o r  non-topo- 

l l y  s táb le  ob jec ts  



i s  a  slow- o r  hydrodynamic mode, and any time-independant conservat ion 

law has a  time-dependant correspondant. Such conservation 1  aws a r e  

i dent i t i es express i ng topo1 og i ca l s tab i  1 i t y  , ca l  1 ed Bianchi identii:ies. 

[ln electromagnetism, the f i r s t  couple o f  Maxwell equations include a  

time-independant (d iv  B = 0) and a  time-dependant (a  B + c u r l  B = O ) t 
conservat ion laws f o r  the  dens i ty  B o f  topo log ica l  ob jec ts .  I n  e las-  

t i c i t y ,  the topo log ica l  ob jec t s  are  d i s c l  ina t ions  i n  g e n e r a l  ( d i s l o -  

ca t ions  i n  c r ys ta l s ,  where d i s c l i n a t i o n s  cost  a  p r o h i b i t i v e l y  h igh 

s t r a i n  energy, and are excluded by an ad hoc hypothesis (d i s tan t  par- 

a l l e l i s m ) )  , and i nc lus ion  o f  time-dependance cons t i t u tes  the standard, 

phenomenological genera l iza t ion  o f  e l a s t i c i t y  t o  rheology and v isco-  

e l a s t i c i t y b 3 . j  

Thus, Bianchi i d e n t i t y  p lays two par ts .  I t  grants the ob jec t  

i t s  topo log ica l  s t a b i l i t y .  But a lso ,  i t  i s  a  topo log ica l  conservation 

law which cons t ra in t s  the motion o f  the ob jec t  and o f  the f l u i t i  con- 

t a i n i n g  i t .  

Note tha t  d i s c l i n a t i o n s  a l so  appear i n  Kléman and sadoc4' 

desc r i p t i on  o f  the s t r u c t u r e  o f  glasses, as pe r fec t  c r y s t a l  s  i n  an 

" ideal"  ( i n  the  sense o f  Plato) , cumed space, which are  p r o j e c t e d  

i n t o  our usual, Euclidean space (the cave). Overal l  h o m o g e n e i t y  i s  

guaranteed by cons t ruc t i on  i n  the curved space, as i s  the best  loca l  

packing ( te t rahedra l  o r  icosahedral, and there fore  incompatible w i t h  

Eucl idean space-f i I 1  i ng  requi  rements) , and d i s c l  ina t ions  1 ines appear 

as a  r e s u l t  o f  the  p r o j e ~ t i o n ~ ~ .  Wnereas t h i s  approach and ours agree 

i n  2D, the  d i s c l  i na t i ons  o f  Kléman and Sadoc conserve a  s ign  anti in ten-  

s i t y  i n  3D, and are  prevented t o  cu t  across each o ther  by topo log ica l  

obs t ruc t  ion  (they are  labe l  1 ed by a  non-abel ian group) . Conseqiientl y, 

g lass above To and supercooled l i q u i d  cannot be described by the same 

curved space model (where f l o w  would be ak in  t o  so l v i ng  the Rubik cube), 

unless the tetrahedron SZOb ( i n  covalent  glasses), o r  the icosahedral 

c l u s t e r  ( i n  metal1 i c  glasses) order  parameters, vanish a t  To. 

J.C. P h i l l i p s  has proposed a  c l u s t e r  model f o r  chalcogenide 

and o x i d e  g l a s s e s b 6 .  The s i z e  o f  t h e  c l u s t e r  ( radius = 30 8 
f i t s  w i t h  homogeneity discussed i n  sec t ion  1.4, but  i t s  surface rep- 

resents a  w a l l - l i k e  defect, which i s  no t  t opo log i ca l l y  s tab le  (T~,(so,) 

= 1). It can be healed i n t o  l i n e  defects,  as demonstrated e x p l i c i t e l y  



in the case of metal l ic clusters by Sadoc and  oss se ri^^'^' , and a1 so 

in actual crystal l ine phases l ike W6, Cu,Mg, ma, U6 This lack of 

topological átability does not mean, of course, that local strains are 

not concentrated on interna1 surfaces in glasses, and severa1 exper- 

imental properties are best explained by Phillips's model. Our topo- 

logical point of view analyzes glasses at a lower level of sophisti- 

cation. Even then,the odd lines, which are the only ingredients at 

that level, are not physically irrelevant but can account for non- 

trivial , specific and universal properties of glasses. 

II - GAUGE INVARIANCE 

2.1 - Discrete gauge invariance in spin glasses 
Gauge invariance in disordered condensed matter was first 

mentioned in a paper by ~ o u l o u s e ~ ~  dealing with spin glass on a lat- 

tice, described by the Edwards-Anderson Hamiltonian, 

where S = + 1 (lsing spins on lattice points i), and the coupl ing i 
between nearest neighbour spins is J = ' J, according to some prob- 

i j 
ability distribution given a priori. Hamiltonian (2.11, and thus the 

physics of the system, are invariant under the ZocaZ transformation 

parametrized by T = +  1 (2, gauge transformation). This is a local i 
transformation, involving variables which live on vertices (dynamical 

variables) and on edges (connect ions) : i t is therefore a gauge trans- 

formation. Transformation (2.2) is exact. It is also not very useful, 

since it involves two variables of physically different status: The 

spins Si are dynamical variables, allowed to reach thermodynamic equi- 

librium within a canonical ensemble (bltzmann distribution). By con- 

trast, the coupl i ngs J are f ixed (quenched) when sample under i nves- 
ij 

tigation was made. They are only random in the ensemble of different, 

but physically equivalent, realizations of similar spin glasses. tt is 

the free energy of every particular spin glass realization which is 



averaged over the coupl ings.  I n  shor t ,  h a l f  o f  the gauge transformation 

J + J' i s  no t  phys i ca l l y  rea l i zab le  on a  given sample. 

Invar ian ts  under t ransformat ion (2.2) inc lude not  onl y  the 

Hami l t on ian ,  bu t  a l s o  the  face (or ~ l a ~ u e t t e )  index 0 = Ti Jt?, and 
f e s f  

t he re fo re  the f r u s t r a t i o n  (or oddness i n  the language o f  p a r t  I) 

sig Q, = -1 .  ( i t  i s  easy t o  show t h a t  f r u s t r a t i o n  forms closed Icjops o r  

l i n e s  te rminat ing  on the surface o f  the mater ia l ,  using, eg., theproof  

( i )  o f  the theorem o f  sec t ion  1.6). F rus t ra t i on  i s  a  geometrical prop- 

e r t y ,  independant o f  the "matter" f i e l d  Si, so t h a t  geometry (and es- 

sent ia1 , topo log ica l  d i  sorder) i s  preserved under gauge transformation. 

Moreover, the p a r t i  t i o n  func t i on  f o r  a  g iven sample, z[{J}], arid thus 

i t s  physics, i s  independant o f  a l l  the d e t a i l s  o f  the d i s t r i b u t i o n  o f  

coupl ings {J} apar t  from those which are  gauge invar ian t5 ' :  

I n  o ther  words, the t i l i n g  (warping, curvature, oddness, ... ) com- 

p l e t e l y  character izes the geometry o f  the system, and i s  gauge i n -  

va r i an t .  As a  c o r o l l a r y ,  the un f rus t ra ted  o r  Ma t t i s  model (Jij = J . J  
2 

so t h a t  a l l  s i g  @ = 1) has the same s t a t i s t i c a l  mechanics as a  f e r r o -  

magnet . 
[I t i s  amusing t o  see what happens t o  gauge invar iance wi t h i n  

the r e p l i c a  formal ism5' .  For s i m p l i c i t y ,  consider the i n f i n i t e  range 

model f o r  N sp ins52 w i t h  gaussian d i s t r i b u t i o n  o f  coupl ings.  Then, 

which i s  i nva r i an t  under two types o f  t ransformat ions:  E i t he r  a  loca l  

spin f l i p  s:' = T.S" i n  a l l  r ep l i cas ,  o r  a  g lobal  r o t a t i o n  o f  each 
z z i' 

repl  i ca  independentl y, L? ' = ~ ( e o )  s". The Edwards-Anderson order par-  

ameter y = <$> i s  n o t  i nva r i an t  under the l a t t e r  t ransformat ion,  ci8 
which expresses the f a c t  t ha t  the symmetry between rep l i cas  i s  broken 

(qc$> # O) . The system i s  trapped i n  one o f  the  many va  l l e y s  (rep- 

1 i cas) i n  conf i gurat  ion  space, and hydrodynamic modes are  associated 

w i t h  t h i s  broken ~ ~ m m e t r ~ ~ ~ ' ~ " . ]  



Trans fo rmat ion  (2.2) cannot m e a n i n g f u l l y  be g e n e r a l i z e d  t o  

cont inuous (XY o r  ~ e i s e n b e r g )  s p i n s ,  because t h e  coupl  i ngs  J ii are 
s e n t i a l l y  r e a l  numbers. We s h a l l  see t h a t ,  by  go ing  f rom a l a t t i c e  t o  

t h e  continuum, and f rom a mic roscop ic  (spins) t o  a semi- m a c r o s c o p i  c  

d e s c r i p t i o n  o f  the  m a t t e r  f i e l d ,  a f u l  1 e x p l o i  t a t i o n  o f  g a u g e  

i n v a r i a n c e  i n  d i s o r d e r e d  condensed m a t t e r  ( Y a n g - ~ i  I 1  s  theory) becomes 

poss i  b l e .  

Th is  s imple example (2.2) o f  a  s p i n  g l a s s  on a l a t t i c e  em- 

phasizes t h e  main c h a r a c t e r i s t i c s  o f  gauge i n v a r i a n c e  i n  d i s o r d e r e d  

systems: 

a) Gauge i n v a r i a n c e  i s  an exac t  symmetry o f  H, 

b) I t  preserves e s s e n t i a l  geomet r i ca l  i n g r e d  i e n t s  ( f  r u s -  

t r a t i o n  o r  odd l i nes ) .  

c) I t enables us t o  recover  as much g e n e r a t i v e  homogene i t y 

as i s  compat ib le  w i t h  (b) , f o r  example, by t r e a t i n g  J as d y n a m i  c a l  

v a r i a b l e s ,  and i n c l u d i n g  (b) as c o n s t r a i n t s  (source terms) ' O :  From eq. 

(2.3) , Z -t 1 z [ { J } ]  6 (j%ustration). An i n t e g r a l  rep resen ta t  i o n  o f  
{J}=+J 

t h e  d e l t a  f u n c t i o n s  r e s t o r e s  t h e  f u l l  gauge invar iance ,  a t  t h e  p r i c e  o f  

a  more compl icated e f f e c t i v e  Hami l ton ian .  

2.2 - Gauge i n v a r i a n c e  a t  a  semi-macroscopic s c a l e  as a genuine sym- 

met ry  

I t  was argued i n  s e c t i o n  1.4 t h a t  the  non- genera t i ve  homogen- 

e i  t y  o f  g lasses,  assoc ia ted  wi  t h  randomness (non-c01 l i n e a r i  t y  o f  l o c a l  

re fe rence  f rames) , i s  a genui ne, 50 (3) gauge symmetry. Indeed, as Jaynes 

has a p t l y  p u t  i t  i n  a d i f f e r e n t ,  b u t  r e l e v a n t  c o n t e x t  ( t h e  Ber t rand  

"paradox" o f  probabi  l i t y  theory)  , "Every c i rcumstance l e f t  u n s p e c i f  i e d  

i n  t h e  s tatement  o f  a  problem (here, t h e  f ramesl o r  i e n t a t  ions) d e f i n e s  

an i n v a r i a n c e  p r o p e r t y  which t h e  s o l u t i o n  must have i f  t h e r e  i s  t o  be 

any d e f i n i t e  s o l u t i o n  a t  a l l .  The t r a n s f o r m a t i o n  group,  which expresses 

these i nvar iances  mathemat i c a l  l y (here, t h e  gauge group o f  l o c a l  r o t a -  

t i o n s )  , imposes d e f i n i t e  r e s t r i c t i o n s  on t h e  form o f  t h e  s o l u t i o n ,  and 

i n  many cases f u l l y  determines itl"l. L e t  us now be more s p e c i f i c .  

The seminal 1978 paper o f  Dzya losh insk i  i and V o l o v i k  (DV) 5 5  

begins w i t h  t h e  s tatement  t h a t  t h e  tempta t ion  t o  use t h e  concept o f  



l oca l  exchange invar iance t o  descr ibe the sp in  glass s ta te ,  i s  d i f f i -  

c u l t  t o  r e s i s t .  Most readers d id ,  I bel ieve,  agree i m m e d i a t e l  y  w i t h  

t h i s  preamble, a l b e i t  f o r  t h e i r  own, d i f f e r e n t  reasons, even though 

they d i d  no t  accept a t  face value the s p e c i f i c  model o f  DV. 

Here were my own reasons: Elementary e x c i t a t i o n  are devi - 
a t i ons  o f  the spins, tetrapods, ... from the o r i e n t a t i o n  o f  the 

loca l  reference frame, and t h e i r  (exchange, t w i s t ,  ... ) energy i!; given 

by comparing dev ia t ions  a t  d i f f e r e n t  po in ts ,  each w i t h  a d i f f e r e n t  

frame o r i e n t a t i o n .  The o rd ina ry  d e r i v a t i v e  as, wh i c h  measures  these 

dev ia t ions  i n  un i fo rm magnets, must be replaced by a covar ian t  der iva-  

t i v e  DS, w i t h  D = a + ;A, where A i s  the connection o r  gauge f i e l d ,  

which def ines p a r a l l e l i s m  i n  the frames a t  two d i f f e r e n t  po in ts .  The 

gauge f i e l d  provides the  answer t o  the technical  problem o f  connect ing 

po in ts  w i t h  d i f f e r e n t  frames. The next step i s  t o  show that  the par t icu-  

l a r  o r i e n t a t i o n  o f  the frame a t  a g iven p o i n t  has no physical  import-  

ante (gauge i nvariance) . 
~ e r t z ' ~  argues by analogy w i t h  f e r r o -  and ant i ferromagnets:  

The exchange energy i s  given, t y p i c a l  l y ,  by [(a -i$) $y, where $ i s ,  f o r  
-+ 

example, the angle o f  a XY spin,  and Q i s  the wave vec tor  o f  the mag- 
+ 

n e t i c  modulation, Q = O i n  ferromagnets, 3 # O i n  a n t i f e r r o m a g n e t s  

(Ginzburg-Landau, f r e e  energy) . I n  sp in  glasses, 3& i s  a random v a r i -  

ab le  w i t h  a g iven d i s t r i b u t i o n ;  i t  i s  the gauge f i e l d  or connection. 

I n  f a c t ,  gauge invar iance should occur whenever one ciin de- 

f i n e  noncol 1 inear, loca l  reference f rames . Connect ion  between neigh- 

bour ing frames i s d e f i n e d  arcwise, by requ i r i ng  t h a t  two over lapping 

neighbourhoods have l o c a l  frames f i  t t i n g  together w i thout  any ro ta t i on .  

However, a f i n i t e  c i rcumnavigat ion does not n e c e s s a r i  l y  

frame t o  i t s  o r i g i n a l  o r i en ta t i on ,  i t  on l y  does so i n  t h e  

curvature,  o r  o f  d i s c l  i na t i ons  (Fig.7) . 
Consequently, the o r i e n t a t i o n  o f  the l oca l  r e f e  

cannot be def ined uniquely everywhere i n  the  presence o f  d 

es tore  t h e  

absence o f  

ence Frames 

s c l  i n a t  ions. 

I t  i s  l o c a l l y  a r b i t r a r y ,  but  the physical  p roper t ies  o f  the systcm are 

independant o f  t h i  s  a r b i  t r a r i ness ,  ie., i nva r i an t  under a l oca l  r o t a t  i on  

o f  the reference f rame (g iven a connect Íon between ne ighbour i ng frames), 

which i s  p rec i se l y  a SO, gauge invar iance.  



Fig.7. a) Example o f  p a r a l l e l  t ranspor t  and non- 
- u n i c i t y  o f  the l oca l  reference frame i n  the  pres- 
ente o f  curvature.  The frame i n  A has been ro ta ted  
upon circumnavigation. The cone, t a n g e n t  t o  the 
t r a j e c t o r y ,  can be f l a t t e n e d  on a  plane t o  def ine  
p a r a l l e l  t ranspor t .  b) I n  a  c r y s t a l ,  r o t a t i o n  o f  
the reference frame must be an e l e m e n t  o f  t h e  
space group. 

Local frames occur i n  continuum e l a s t i c i t y  theory. Glass can 

be regarded, on a  semi -macroscopic scale (whenever a1 I re levant  length 

scales are  longer than the in tera tomic  distance a) ,  as an i s o t r o p i c ,  

e l a s t i c  continuum, w i t h  f rozen- in  interna1 s t r e s s e ~ ~ ~ ' ~ ~ ' ~ ~ .  I n  met- 

a l l i c  glasses, the  stresses are  due t o  the  fac t  t ha t  Euclidean space 

cannot be f i l l e d  by atomic conf igura t ions  minimiz ing l o c a l l y  the ener- 

gy (or maximizi ng packi ng: tetrahedra,  icosahedra) 4 " 4 5  . I n  covalent  

glasses, there i s  an entropy b a r r i e r  prevent ing c r y s t a l l  i z a t i o n  (and 

inducing non-c011 i nea r i  t y  o f  the Sz'O, tetrapods, and stresses) , when 

cooled from t h e m e l t .  Thus, stresses a r e  a s s o c i a t e d  w i t h  n o n -  

- c o l l i n e a r i t y  o f  the frames, which are i n  t u rn  r e l a t e d t o  d i s c l i n a t i o n s  

o r  c u r ~ a t u r e ~ ~ ' ~ ~ ~ ~ ~ .  continuum e l a s t i c i t y  i s ,  accordingly,  a  gauge 
theOry60 9 4 0  3 5 7 1  5 8  9 5 9 .  Unfor tunately,  almost no three-dimensional c rys-  

t a l s  have any d i s c l i n a t i o n  (because t h e i r  s t r a i n  e n e r g y  i s  p r o h i  b -  

i t i v e l y  high) , so tha t ,  h i s t o r i c a l l y ,  the f u l l  gauge invar iance o f  the 

theory was l o s t  by the i n t roduc t i on  o f  an a d  hoc, d i s t a n t  p a r a l l e l i s m  

(zero curvature,  g lobal  reference or ien ta t ion)  hypothesis, j u s t i f  i a b l e  

i n  c r ys ta l s ,  but not  i n  glasses. This hypothesis breaks most o f  the 

gauge invar iance o f  the theory a t  the onset. I n  glasses, d i s l oca t i ons  

screen the s t r a i n  energy o f  d i s c l  ina t ions  (odd 1 ines) , so tha t  they 

can e x i s t  on energy, as we l l  as on topo log ica l  grounds". 



Comtet has found an e x p l i c i t  r e l a t i o n  between i n t e g r a b i l i t y  

cond i t i on  (connection) f o r  frames on a minimal surface and the Euler-  

-Lagrange equations o f  a c lass  o f  two-dimensional S02 gauge f i e l d  the- 

o r i es61 .  Gauge invar iance o f  the f i e l d  theory corresponds t o  r o t a t i o n  

o f  the  frames i n  the tangent plane o f  the surface. This r e l a t i o n  can 

probably be general ized t o  three-dimensional, Yang-Mi I l s  (SO,) f i e l  d 

theory and the frames o f  three-dimensional hypersurface, thereby estab- 

l i s h i n g  e x p l i c i t e l y  the correspondance between non- co l l inear  frames and 

S03 gauge invar iance a t  the core o f  t h i s  discussion. As a bonus, the 

correspondance o f  Comtet requires the existance o f  an under ly ing  curved 

hypersurface, which may tu rn  ou t  t o  be an e x p l i c i t  r e a l i z a t i o n  o f  the 

ideal  , curved space o f  Kl éman and Sadocq4 . 
Gauge theory i s  therefore the  proper method t o  go frorn a d i s -  

c r e t e  l a t t i c e  t o  the continuum, and i n  p a r t i c u l a r ,  t o  general ize the 

coupl ing  J t o  a1 1 po in t s  between i and j (which i s  easy t o  do i f D O ,  
i j 

but not  so i f  J<O).SO, roughly, wehavesomemat te r  f i e l d ,  c o u p l e d  

through a covar ian t  d e r i v a t i v e  t o  a gauge f i e l d  represent ing the  coup- 

l i n g  between spins. Spec i f i c  questions remain: 

i )  W a t  i s  the matter  f i e l d ?  

i i )  i h a t  i s  the gauge f i e l d ,  which replaces IJ) i n  the continuum? 

i i i )  How should the disorder be quenched ? 

The answer t o  ( i )  was an important idea o f  D V ~ ' .  The matter  

f i e l d  &(a represents, not  one s i n g l e  spin,  but  a group o f  spins w i t h i n  
+ 

an elementary cube o f  the d i sc re te  l a t t i c e  centered a t  x (semi -macro- 

scopic representat  ion) . Because f r u s t r a t  ion  induces non-c01 1 i n e a r i t y  o f  
A 

the spins, cP i s  no longer a vector  o f  g iven length  (wi th valueaj on a 

sphere ( ~ e i s e n b e r ~  spins) o r  a c i r c l e  (H spins))  , but a hedgehog, o r  

h i r s u t e  ob jec t ,  whose mani fo ld  o f  s ta tes  i s  t h a t  o f  the f u l l  r o t a t i o n  

group SO, (Heisenberg) o r  ~0~ (N) . S i m i l a r l y ,  i n  glasses, $(;) i s  an 

ob jec t  l i v i n g  i n  the f u l l  r o t a t i o n  group SO,, ra ther  t h a n  a s i n g l e  

tetrapod (E SO,/T, where T i s  the  te t rahedra l  group) , f o r  cova1  e n t  

glasses, o r  a s i ng le  icosahedron (ê SO,/I, where I i s  the icosi ihedral 

group) , f o r  metal l i c  glasses. This i s  because the f i e l d  6 must be de- 

f i n e d  everywhere i n  a continuous space, and not  o n l y  a t  the ceniire o f  

the tetrapod o r  icosahedron. 

I n  fac t ,  &h) must be chosen so tha t  i t  y i e l d s  the co r rec t  



"defects" (vor t ices ,  f r u s t r a t i o n ,  odd l ines) 62. Heisenberg spins would 

not  have given any f r u s t r a t i o n  (v1 (s2) = 1) . S i m i l a r l y ,  s i ng le  t e t r a -  

pods, tetrahedra o r  icosahedra would have given r i  se t o  1 i n e  defects 

whi ch would have been topo log i ca l l  y  entangled (since t h e i  r respect ive  

r ,  are non-abel ian63),  thereby prevent ing the mater ia l  t o  f low, so tha t  

the sme rnodel of the s t r u c t u r e  of g lass could not  d e s c r i  be  the dy- 

namics o f  i t s  supercooled o r  viscous l i q u i d ,  even though both s ta tes  

have the  same s t ruc tu re .  [ ~ t  any ra te ,  there  i s no generat i v e  t e  t r a -  

hedral o r  icosahedral symmetry i n  the glass, hence no reason t o  re- 

s t r i c t  the mani fo ld  o f  6 t o  a coset o f  ~ ~ ~ ~ . ~ ~ d r o d ~ n a m i c s  ( i r r o t a t i o n a l  

f l u i d s  have f o r  f i e l d  a sca lar  p o t e n t i a l  @(z) , w i t h  v e l o c i t y  V = -V@, t o  
-+ -f -+ 

be replaced by V i t s e l f  when the f i e l d  i s  r o t a t i o n a l  (w i th  w = c u r l  v 

as vor tex  densi ty))  , electromagnetism wi thout ,  o r  w i t h  magnetic mono- 
-+ -+ 

poles (Â replaced by B = c u r l  A as the f i e l d )  , and c o n t  inuum e las-  

t i c i t y  wi thout ,  o r  w i t h  d i s c l  i n a t i o n ~ ~ ~ ,  provide c lass i ca l  examples o f  

the o v e r r i d i n g  inf luence o f  the  defects on the  se lec t i on  o f  the proper 

matter  f i e l d .  C f .  a l s o  our in t roductory  remarks (sect ion 1 . I ) .  

Consequently, the matter  f i e l d  can be expressed i n  terms o f  

a r o t a t i o n  operator  6, ? = h-', 

6tueckelberg decomposi t ion)  . Whereas i n  sp in  g 1 asses,  t h e  ampl i tude 

1 G) can be regarded as the order  parameter64 which vanishes a t  the 

sp in  glass t r a n s i t i o n ,  i n  glasses, i t  represents the s i z e  o f  t h e t e t r a -  

pods and can be taken as a constant, A,, everywhere e x c e p t a t t h e  core 

a f  the odd l ines 'where i t  vanishes. The c h a r a c t e r i s t i c  length associ-  

ated w i t h  f l u c t u a t i o n s  i n  h i s  5 = a, the interatomic spacing i n  the 

network o r  the s i ze  o f  a p laquette.  X # O coi-responds t o  the chemical 

p roper t ies  o f  the c o n s t i t u t i n g  atoms, and i s  taken f o r  granted a t  a l l  

temperatures re levant  f o r  the glassy, l i q u i d  o r  s o l i d  s ta tes .  This ap- 

t ha t  i t  

dens i ty  

i t  i s  d 
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gauge f i e l d  Â (z) u n t i  1 the next p a r t  (eq. 
1i 

should appear natura l  l y and automat 

through the covar ian t  d e r i v a t i v e  o f  

i r e c t l y  re la ted  t o  the non- co l l inear  

proximat ion i s  sometimes re fe r red  t o  as the nonl inear o model. 

( i  i )  We postpone discussion o f  the prec ise  meaning o f  the 

3.2) , apar t  from remarking 

i c a l l y  i n  the f r e e  energy 

the  matter  f i e l d ,  and tha t  

i t y  o f  the tetrapods.  I n  



f a c t ,  i n t roduc t i on  o f  a gauge f i e l d  Â (g) i s necessary t o  make the  
lJ 

d e r i v a t i v e  covar ian t  (eq. 2.6 below). As i t  i s  i t s  on ly  physical  pur- 

pose, one can assume tha t  the covar ian t  d e r i v a t i v e  a l so  provides the 

onZy coupl i ng between gauge and matter  f i e l  d (minimal coupl i ng) . The 

length  scale o f  the gauge f i e l d ,  2,  (penetrat ion depth i n  superconduc- 

tors )  i s  the range o f  non-c011 i nea r i  t y .  Thus (see P l .  I )  , 2 >> {; =a,and 

glasses a re  type I I gauge mater ia is  ( i  n the superconduct i v i  t y  termin- 

ology) . 

t i o n  2.1 

namical 

as much 

o r  odd 1 

mark i s  

They e x h i b i t  vo r t i ces  ra ther  than f u l l  Meissner e f f e c t .  

( i  i i )  From our experience wi t h  d i sc re te  l a t t i c e s  (end o f  sec- 

) , i t seems evident  t h a t  gauge f i e l d  should be t rea ted as dy- 

var iab les  (and f u l  l gauge invar iance o r  homogenei t y  maintained) 

as possib le.  Only the source o f  gauge f i e l d s  ( the f r u s t r a t i o n  

ines) , ie., the essent ia1 d isorder ,  need be quenched. Thi s re-  

i n  cont ras t  w i t h  the assumptions o f  DV and o f  Hertz, who both 

f e l  t t h a t  a22 d i  sorder terms should be quenched. ~ e r t z ~ ~  quenches the  

gauge f i e l d  ÂG), and D V ~ ~  g ive  i t  a mass term i n  the f r e e  energy. b t h  

procedures break gauge invar iance.  Ours i s  gauge invar ian t .  Furthermore, 

the sources o f  gauge f i e l d  - the (geometrical) odd l ines ,  quenched be- 

low To i n  glasses, and a t  a11 temperatures i n  sp in  glasses - can be 

t rea ted simply as punctures o f  the space C i n t o  which matter  and gauge 

f i e l d s  a re  put, e x a c t l y  l i k e  f l u x  l i n e s  i n  extreme type I 1  superconduc- 

to rs .  Boundary cond i t ions  on the puncture a re  f ree .  This a l lows gauge 

and matter  f i e l d  (wi th amplitude X = c s t )  t o  take up conf igura t ions  

(eg. ro ta ted by 2a around the puncture) , which would have been f o r -  

bidden i f  the space had been simpl y-connected. Thus, we r e p l a c e  a 

simply-connected, Eucl idean space by a punctured one ( g  . This compl i- 

cates s l i g h t l y  the  geometry but  s i m p l i f i e s  enormously the algebi-a, no- 

t a b l y  by l e t t i n g  X = ] $ i  = c s t  everywhere i n  C ,  and by res tor i r ig  f u l l  

gauge invar iance t o  t he  system w i t h i n  C. 

For example, consider a superconducting r i n g  C .  The f r e e  

e n e r g y  w i t h i n  C i s  gauge i nva r i an t ,  themagni tude o f  t h e  m a t t e r  

f i e l d  (superconducting order  parameter) i s  uni  form wi t h i n  C, and the 

new conf igura t ions  associated w; t h  mul t i  ple- connect iv i  t y  are those o f  

quantized f l u x o i d .  The degeneracy between these conf igura t ions  i s  on l y  

l i f t e d  i f  the ( e l e c t r o ~ a ~ n e t i c )  f r e e  energy ou ts ide  C (ch ie f  l y ins ide  

the r i n g ' s  hole) i s  included. 



I n  summary, sources o f  gauge f i e l d  are  punctures, w i t h  f r e e  

boundary cond i t ions  (except t h a t  every conf igura t ion  must be s ing le -  

valued, and r o t a t e  by a rnu l t i p l e  o f  27~ about every puncture) . The f r e e  

energy i s  f u l l y  gauge i nva r i an t  i n  punctured space C, where the magni- 

tude o f  the  matter  f i e l d  can be taken as constant. The multiple-connec- 

t i v i t y  o f  C impl ies t h a t  there  are  severa1 poss  i b l e  g r o u n d  s ta tes  

( va  1 l ey s) , a1 1 degenerate because they a re  r e l a t e d  t o  each o ther  by 

gauge transformat ions (see p a r t  I I I), instead o f  the u n  i que ground 

s t a t e  i n  simply-connected space, which i s  one o f  the cornerstones o f  

c l ass i ca l  s o l i d  s t a t e  physics. 

2.3 - Gauge i nva r i an t  model f ree energy f o r  g lass 

Without f u r t h e r  ado, we can now w r i t e  down the model f r e e  

energy f o r  g ~ a s s 3 7 .  

where C i s  the Euclidean space, punctured by odd 1 

a ry  cond i t ions .  

f (z) i s  i nva r i an t  under gauge transforma 

ta t i ons  U & ,  U"C = T1, 

under which the d e r i v a t i v e  i s  covar ian t ,  

(2.5) 

i nes , wi t h  f ree bound- 

t ions ,  the local ro -  



A 

F i s  gauge covar iant ,  
1J-v 

-+ 
(unl i ke  i t s  abe l ian  counterpart ,  the  electromagnetic induct ion  B=curi A, 

which i s  gauge i nva r i an t ) ,  and i s  t he re fo re  on ly  re la ted  t o  the non- 

-c011 i n e a r i t y  dens i ty  F ,a  physical  observable which must be gauge 
1J-v 

i nva r i an t  (eq.3.2). 

Free energy (2.5) was wr i t t e n  down as e a r l  y  as 1954 by Yang and 

~ i l l s ~ ~  i n  the completely d i f f e r e n t  context  o f  e l e m e n t a r y  p a r t i c l e s .  

This suggests t h a t  there  i s  l i t t l e  a r b i t r a r i n e s s  i n  the se lec t i on  o f  a  

gauge i nva r i an t  f r e e  energy. 

Gauge invar iance imposes the i n t roduc t i on  o f  a  new f i e l d ,  the 

gauge f i e l d .  On the  o ther  hand, i t  severely r e s t r i c t s  the possib le f ree  

energy dens i t  ies. Consequentl y, eq. (2.5) has very l i t t l e  a r b i  t ra r iness :  

Only, 

1 .  minimal coupl ing between gauge ) and matter  (0) f i e1 d  ( so le l y  
1J- 

through the covar ian t  der iva t ive)  , 
2 .  one energy (densi ty) scale E = (~1:~) = I/ ( g 2 ~ q )  = k g ~ o / ~ 3 ,  

3. one length scale (the penet ra t ion  depth) Z = I/ ( f igxo)  , 
4. the d i  stance 5 between punctures (L>>p>( =a) , and the i  r conf i gu r-  

a t i o n  (semi-di lute) . 
have o r  w i l l  be chosen on physical  grounds. 

Odd l i n e s ,  and gauge invar iance w i l l  enable us t o  construct  

e x p l i c i t e l y  the rnany va l l eys  and two-leve1 systerns responsible f o r  the 

low-temperature proper t ies  o f  g lasses2 '5-7 .  

III - TUNNELING MODES 

3.1  - Many po ten t i a l  va l l eys  i n  conf igura t ion  space 

The anomalous proper t ies  o f  glasses a t  low temperatures, 

b r i e f l y  reviewed i n  sec t ion  1.2.a, and i n  d e t a i l  i n  r e f s .  [z] and [5], 
are proper l  y  descr i  bed by the concept o f  tunnel ing modes6, which are 

thee lementary  exc i t a t i ons  o f  systems w i t h  severa1 deep p o t e n t i a l  

minima i n  con f i gu ra t i on  space. I n  t h i s  p a r t ,  I sha l l  use t h e  model  

f r e e  energy (2.51, i e .  odd l i n e s  and gauge invariance, t o  locate  pre-  



c i s e l y  t h e  many v a l l e y s  i n  c o n f i g u r a t i o n  space, t o  l a b e l  them, and t o  

c a l c u l a t e  t h e  t u n n e l i n g  r a t e  between d i f f e r e n t  v a l l e y s .  

I t  i s  e lementary t o  show t h a t  a  d i s t r i b u t i o n  N(Ao) o f  two- 

- leve1 systems (2LS) s p l i t  by an energy A o  ( p r o p o r t i o n a l  t o  t h e  t u n -  

ne l  i n g  rate)  , y i e l d s  a  s p e c i f  i c  hea t  i n c r e a s i n g  1  i n e a r l y  w i t h  tempera- 

t u r e ,  

(assembly o f  Fermi-Dirac o s c i l  l a t o r s )  , w h e r e  k g  i s  BOI t z m a n n  ' s  

c o n s t a n t ,  as long  as t h e  d e n s i t y  o f  two-leve1 systems remains f i n i t e  

as Ao -f O .  The c o e f f i c i e n t  C/T = ~ O - ~ W S ~ - ' K - ~  i s  t y p i c a l  l y  an  o r d e r  o f  

magnitude s m a l l e r  than  t h a t  o f  a  good meta l  ( = = I o - ~ w s ~ - ' K - ~  f o r  CU), 

suggest ing 1 0 - ~ - 1 0 - ~  2LS/ atom a c t i v e  a t  = IK, w i t h  a  s i z e  o f  =40 f ,  
s i n c e  resonance (T2) measurements i n d i c a t e  t h a t  t h e  2LS a r e  rough ly  

independent e x c i  t a t  i o n s 2 ' l o 5 .  

Three remarks can be made a t  t h e  onse t :  

1) I n  tunne l  i n g  modes, t h e  h i g h e r  and broader  t h e  p o t e n t i a l  

b a r r i e r ,  t h e  s m a l l e r  t h e  t u n n e l i n g  r a t e  and t h e  leve1 s p l i t t i n g .  I n  

glasses, s p l i t t i n g s  down t o  = ( 1 0 - ' ~ ) k ~  a r e  observed (no d e p a r t u r e  f rom 

l i n e a r i t y ,  o r  t i m e  dependance o f  t h e  s p e c i f i c  h e a t  down t o  these  tem- 

peratures)  , sugges t ing  h i g h  (=k T ) and broad p o t e n t i a l  b a r r i e r s , t h a t  B 0 

i s  a  l o t  o f  atoms moving v e r y  l i t t l e .  The s i z e  o f  2LS i n d i c a t e s  tha;, 

as f a r  as quantum coherence goes, they  a r e  semi-macroscopic: cons id -  

e r a b l y  l a r g e r  than  a  s i n g l e  e l e c t r o n  o r  a lpha  p a r t i c l e ,  b u t  s t i  l l  

s m a l l e r  than a  SQUID o r  ~ c h r g e d i n ~ e r ' s  c a t .  

2) The c l a s s i c a l  p o t e n t i a l  b a r r i e r  may even be i n f i n i t e  (and 

w i l l  be so f o r  our  cont inuum model f r e e  energy (2.5)) , b u t ,  as long  as 

fi i s  i n t e g r a b l e ,  t h e  t u n n e l i n g  r a t e  remains f i n i t e .  Then, t h e  2LShave 

no c l a s s i c a l  e q u i v a l e n t .  T h i s  may e x p i a i n  why t h e  e x p l i c i t  n a t u r e  o f  

t u n n e l i n g  modes has remained e l u s i v e  f o r  10 years.  

3) S a t u r a b i  l i ty ', and coherence7 o f  the  2LS i n d i c a t e  t h a t  t h e  

e lementary e x c i t a t i o n s  w i t h i n  each p o t e n t i a l  w e l l  a r e  t h e r m a l l y  inac -  

c e s s i b l e  below = 1K. They l i e  a t  much h i g h e r  energ ies  than the  s p l i t -  

t i n g  A o  between ground s t a t e s  o f  d i f f e r e n t  w e l l s .  Thus ,on ly  the  ground 

s t a t e  w i t h i n  each w e l l  i s  r e l e v a n t  t o  t h e  phys ics  o f  g l a s s  a t  low tem- 

pera tu res .  The s i t u a t i o n  i s  remin iscen t  o f  t h e  t i g h t - b i n d i n g ,  o r  LCAO 

model o f  e l e c t r o n i c  band s t r u c t u r e  o f  meta ls  and molecules,  where o n l y  



one o r b i t a l  per atom i s  re levant  t o  the  physical  o r  chemical p roper t ies  

i n  a l i m i t e d  energy range, from which core leve ls ,  and higher atomic 

exc i ted  s ta tes ,  a re  inaccessib le.  

These remarks a re  sketched i n  Fig. 8, which i s  a l so  03n ad- 

equate summary o f  the conclusions o f  t h i s  p a r t .  

The s p e c i f i c  heat i s  approximately l i n e a r  i n  t h e  range 

0.025K-1K. This suggests a constant dens i ty  o f  s ta tes  f o r  2LS, .T(A,) = 

= N(O) , i n  t h i s  energy range. I n  f ac t ,  Lasjaunias e t  aZ66 havesuggested 

tha t  N(A,) has a gap below 16 mK.kg, thereby g i v i n g  a 1 i m i  t f o r  the  

slowest tunne l ing  r a t e  observable expe r imen ta l l y . l t  must be emphasized 

t h a t  severa1 problems o f  d e t a i l  remain w i t h  the tunne l ing  mode concept 

(only approximate l i n e a r i t y  o f  C, T 3  con t r i bu t i on  t o  C s i g n i f i c a n t l y  

above t h a t  expected from Debye phonons, response o f  the  sys temto shor t  

thermal pulses, e t ~ ~ ~ ' ~ ~ ' ~ ~ ~  ) , but the major t heo re t i ca l  challenge i s  

u n i v e r s a l i t y :  "...no p laus ib le  argument has been presented ye t  why a l i  

amorphous substances have approximately the  same dens i ty  o f  s ta tes  o f  

tunne l ing  defects which, and tha t  i s  probably even more puzzl ing,  scat-  

t e r  the  phonons wi t h  almost equal ~ t r e n ~ t h " ~ ~ .  The experimenta I s i  t u-  

a t i o n  wi11 a l so  be c l a r i f i e d ,  as new and d i r e c t  methods i f  i nves t i ga t i on  

and comparison are  developed ( e f f e c t s  o f  h igh  pressure68, o r ,  as i n  

epoxy resins,  o f  the s i ze  o f  the network const i t ~ e n t s ~ ~  ) . 

3.2 - Class ica l ,  ground s t a t e  conf igura t ions  

According t o  Fig.8, i t  i s  s u f f i c i e n t  t o  i d e n t i f y  and l a b e l  

the ground s t a t e  o r  metastable con f i gu ra t i on  o f  every va l l ey .  These 

ground s t a t e  conf igura t ions  (Â ,c) are  c l a s s i c a l  so lu t ions  o f  the  Euler  
1-i 

-Lagrange (EL) equat ions obtained by minimiz ing the f r e e  energy (2.5) i n  

punctured space C (the punctures bei ng put  i n  a priori - quenched a t 

random below To) , w i t h  f r e e  boundary cond i t ions  on the  p u n c t u r e .  Free 

energy, boundary cond i t ions ,  and EL equations, a re  a l l  gauge i nva r i an t .  

The EL equations look f r i g h t e n i n g l y  ~ o m p l i c a t e d ~ ~ ,  bu t  we shall  riot need 

an e x p l i c i t  so lu t i on .  

The matter  f i e l d  fi i s  obviously parametrized by rotat ions,and 

one an t i c i pa tes  two ground s ta te  conf igura t ions  per puncture, orie cor-  

responding t o  a r o t a t  ion o f  fi upon c i  rcumnavigat ion around the puncture 



I _ CONE SPACE 

( IO*~D ) 

F ig.8 - The many va l l eys  i n  con f i gu ra t i on  space, 
ing  r i r e  t o  tunnel ing nades. a) Old p i c t u r e  (ref.Yk$ 
b) New p i c t u r e  ( t h i s  paper) . Note tha t  the 1 o Z 3 d i -  
mens i ona l conf i gu i-a t í on space has been reduced t o  T D 
per odd 1 ine; the  va l l eys  ( topological  s e c t o r s )  can 
be label  l ed  ( / O > ,  12.ir,) , and t h e i r  d istance (or the 
energy s p l  i t t i n g  A,,) C= -u lated.  Dotted l ines: ex- 
c i t e d  states i n  e,ich secto, ( i r r e l  e v a n t  a t  low T ) .  
Ful 1 l i nes : 2LS. On 1 y  a  rough topography o f  the va 1 - 
leys  i s  required t o  ob ta in  ground s ta te  and elemen- 
t a r y  e x c i t a t i o n s  o f  a  glass. 



by O o r  a  mul t i p l e  o f  ~ I T ,  the o ther  t o  r o t a t i o n  by an odd mul t i p l e  o f  2% 

( ~ h e  l a t t e r  i s  the new con f i gu ra t i on  permi t ted  by the mul t ip le-connec- 

t i v i t y  o f  C) . AI l other conf igura t ions  can be continuousl y  defornied i n t o  

j u s t i f y  quant iza t ion  o f  the e lec t ron ' s  sp 

o f  h/27~). We must show tha t  the gauge f i e  

ro ta t i ons .  Then, we w i l l  have proven tha t  

conf igura t ions  per puncture, parametrized 

these two. ( ~ e c a l l  our d iscussion o f  sec t ion  1.6, and the f a c t  t h a t  the 

r o t a t i o n  group i s  no t  s imply connected (n1(S0,) = z,), n e c e s s a r y  t o  

i n  i n  h a l f  i n teg ra l  mu l t i p l es  

I d  Â i s  aZso parametrired by 
Fi 

t h e r e a r e  t230 ground s t a t e  

by ro ta t i ons .  

To do so, we const ruc t  a  l i n e a r  combination o f  m a t t e r  and 

gauge f i e l d s  which i s  gauge i nva r i an t ,  so t h a t  a  covar ian t  gauge t rans- 

format ion (rotat ion) o f  the matter  f i e l d  6 induces a  contravariaint ro-  

t a t i o n  o f  the gauge f i e l d .  This procedure i s  fami l i a r  i n  superconduc- 

t i v i t y  and,electrornagnetism, where the phase 8 o f  the order  parameter 
3 -+ -+ 

$(x) = p(xJexpc0 (x)] forms wi t h  the  vector  po ten t i a l  , the gauge 
- 1 . 3  +-+  

i nvar i an t comb i na t i on C ($1 = A (x) - (hc/2ne) V8 (z) 
1' =l+vx 

( ~ h i s  cons t i t u tes  a l s o  the s implest  de r i va t i on  o f  the Higgs mechan ism 

(massive vec tor  boson) i n  minimal l  y  coupled, abel ian  gauge theori'es) . 
The const ruc t ion  proceeds i n  a  few s teps :37 '58  

i )  A g i ven  conf  i gu ra t i on  o f  the matter  i n  C can be w r i t t e n  i n  
3 3 

terms o f  i t s  o r i e n t a t i o n  a t  some po in t  x,, A, 5 6(xO) , and a  r o t a t i o n  
-+ -+ 

operator  96) € SO, , which i s  independant o f  the  path f rom x, t o  x, 

apar t  from a winding number ( r o t a t i o n  by 21~72, n = O,]) a r o u n d  e v e r y  
A  -+ - + A  h-1 -+ 

puncture. Then, Q(x) = ~ ( x ) ) ~ ,  W (x) , and the "phase g r a d  i e n t "  ( t h e  

phase o r i e n t a t i o n  dens i ty  = (aFi@w ') are path- independant. 
Fi 

i i )  One then goes t o  a  ro ta ted  frame, def  ined by Ã = W"' Â $, 
"-1 " 

f o r  any operator  Â. The new covar ian t  d e r i v a t i v e  D" E = W D , i n -  
Fi Fi 

volves the phase ;i and the gauge f i e l d  2 i n  a  l i n e a r  combination C" 
Fi Fi' Fi' 

b tuecke l  berg decompos i t ion) 



- 
which i s  gauge i n v a r i a n t ,  as i s  any operator  A i n  the r o t a t e d  frame. 

(Under gauge t ransformat ion c&) ,  i r  (x) = =(x) $(x) , and Â '  = fi b c- '  
impl ies Ã '  = Ã ) .  This includes P 

Fiv ' 

which, being gauge i nva r i an t ,  measures the physical  dens i ty  o f  non-col-  

l i n e a r i t y .  S i m i l a r l y ,  the f r e e  energy dens i ty  (2.5) can be w r i t t e n  i n  

term o f  the gauge i nva r i an t  C" 
1.1' 

i i i )  The combined gauge f i e l d  2 i s  accord ing ly  gauge i n-  
v A - +  

va r i an t ,  and therefore unique. The r o t a t i o n  W(X) , which parametr izes the 

matter  f i e l d  .: o r  R ,  a lso  parametrizes the  gauge f i e l d  /ip. Because 
)1 

there are  on l y  two poss ib le  conf i gu ra t i ons  per puncture o f  the matter  

f i e l d, up t o  cont i nuous deformat ions, correspond i ng t o  ro ta  t ion by O 

o r  2~r ,  there  are  a l so  two conf igura t ions  o f  the gauge f i e l d ,  and there- 

fore,  two ground s t a t e  conf igura t ions  per puncture @,Â 1 ,  s o l u t  ions o f  
Fi 

the EL equations f o r  the f r e e  energy F i n  punctured space C. q.e.d. 

Invar iance o f  the f r e e  energy under a n o n- t r i v i a l  gaugetrans- 

format ion ( ro ta t i on  by 2r), imp l ies  t ha t  F i s  p e r i o d i c  i n  t h e  f l u x  

t r i g g e r i n g  the gauge t ransformat ion,  as long as the  source o f  non-col-  

l i n e a r i t y  vanishes i n  C (c f .  superconducting r i ng ,  where F i s  pe r i od i c  

i n  the app l ied  magnetic f l u x ,  as long as the  appZied magnetic induct ion  

vanishes i ns ide  the superconductor) . Th is  general izes Bloch's t heorem 

f o r  s ~ ~ e r c o n d u c t o r s ~ ~ ,  t o  any minimal l y coupled gauge theory. 

S i m i l a r l y ,  the r e s t r i c t i o n  on the matter  f i e l d  (which must be 

uni form f o r  a g iven conf igura t ion ,  ie .  returned t o  the sane o r i e n t a t i o n  

a f t e r  circumnavigation) , t rans la ted  i n t o  a r e s t r i c t i o n  on the gauge 

f i e l d ,  corresponds t o  f l u x o i d  quant iza t ion  i n  superconductors. I t  i s  a 

d i r e c t  consequence,in min imal ly  coupled gauge theor ies ,  o f  t h e  non- 

- t r i v i a l i t y  o f  some gauge t ransformat ions.  

3.3 - Tunneling states,  two-leve1 systems 

k have i d e n t i f  ied and l abe l l ed  two ground s t a t e  conf igur-  

a t i ons  per puncture (odd 1 ine) , which w i  I 1  serve as the "a t o m i  c o r -  



b i  t a l  c "  o f  our LCAO. These two "tunnel ing s t a t e s "  1 O> and 12~r>  a r e  

character ized by ro ta t i ons  o f  O and 2 ~ r  upon circumnavigation about the 

puncture. They are  degenerate i n  energy (by gauge invar iance o f  F )  . Eht 

ne i the r  c l ass i ca l  conf igura t ion  i s  gauge invar ian t ,  and can q u a l i f y  as 

the  t rue  ground s ta te  o f  the glass, which must be gauge i n v a r i a n t .  

(There i s  no reason t o  assume t h a t  gauge invar iance should be broken i n  

glasses, as we have argued i n  p a r t  1 1 ) .  Tunneling, howeverslow,must 

take place t o  res to re  gauge invar iance.  The t r u e  ground s t a t e  and e l -  

emen ta r~  e x c i t a t i o n ,  per odd l i n e ,  a re  the gauge i nva r i an t  combinations, 

whiçri a re  the 2LS, s p l i t  by (h/Z.rr) times the tunne l ing  ra te .  

3.4 - Tunnel i ng r a t e  

We s h a l l  assume tha t  the frozen con f i gu ra t i on  o f  punctiires i s  

semi-di lute,  t ha t  i s ,  intermediate between d i l u t e  (alphabet soup), and 

mel t  (dense spaghett i  bundles) ( ~ h e  appel l a t i o n  i s  borrowed from poly-  

mer physics and may not  correspond t o  gastronomic states) . I n  t h i s  case, 

on ly  one length  describes the frozen, i s o t r o p i c  conf igura t ion ,  the d i s -  

tance 5 between non-adjacent segments o f  odd 1 i nes (which may q u a l  1 y 

well belong t o  the  same o r  t o  d i f f e r e n t  odd l ines) . Thus, t o  trsinsform 

con f i gu ra t i on  10> i n t o  1 2 ~  about a g iven odd l i n e ,  i t  i s  su f f ' i c i en t  

f o r  a quantum f l u x  o f  r o t a t i o n  o f  length 5 t o  tunnel through a d is tance 

5 on ly .  Further away l i e s  the region inf luenced by o ther  odd l i n e s .  

~ u s t i f  i 'cation f o r  a semi-di l u t e  d i s t r i b u t i o n  r e l  ies e i t h e r  on 

the dynamics o f  odd l ines when the glass i s  cooled from the mel t  (part  

IV), o r  on maximizing the  entropy (most probable d i s t r i b u t i o n F 7  . Qua l i -  

t a t i v e l y ,  the most probable d i s t r i b u t i o n  o f  odd l i n e s  i s  t ha t  which 

maximizes the dens i ty  o f  low-energy states,  per u n i t  volume and energy 

i n t e r v a l .  This suggests the semi- d i lu te  d i s t r i b u t i o n ,  i n  whichthe loops 

are  concentrated enough f o r  the  odd l i n e s  t o  i n te r tw ine  and the nearest 

non-adjacent segment t o  belong t o  another loop (maximum number of 2LS 

per u n i t  volume) , but no t  concentrated enough tha t  t he i  r cores over lap  

(maximum number o f  2LS per energy i n te rva l )  . This p i c t u r e  has not  ye t  

been confirmed exper imental ly .  



The energy s p l i t t i n g  A, i s  g i v e n  by t h e  t r a n s i t i o n  amp l i tude ,  

f o r  a l  1 paths i n  imaginary t i m e  T connect i n g  10> and 12n>, where L (T) i s  

t h e  Lagrangian, and t h e  energy has been a d j u s t e d  t o  van ish  a t  t h e  i n -  

i t i a l  and f i n a l  c o n f i g u r a t i o n s .  The l e a d i n g  c o n t r i b u t i o n  t o  A o  i s  g i v e n  

by t h e  c l a s s i c a l  paths f rom )O> t o  )2n> m i n i m i z i n g  t h e  exponent (act ion)  

i n  (3.5) . 0ne faces,  a t  once, two ma jo r  p r o b l e m s :  1) T o  o b t a i n  a 

Lagrangian f rom t h e  f r e e  energy (2.5) , i e .  dynamics f rom thermodynamics. 

2) There a r e  no cont inuous,  c l a s s i c a l  paths f rom 10> t o  /2n> , s i n c e  t h e  

c o n f i g u r a t i o n s  a r e  n o t  homotopic. A t r i c k  must be used: 

For a s e m i- d i l u t e  d i s t r i b u t i o n  o f  odd l i n e s  Z > > p > a ,  t h e  f r e e  

energy (2.5) o r  (3.3) can be l i n e a r i z e d  ( the  f r e e  energy i s  dominated - 
by terms w i t h  t h e  h i g h e s t  power i n  2, t h a t  i s  t h e  1 i n e a r  terms i n  C ' 

1J qV, because t h e  l e n g t h  s c a l e  o f  e i s  now 5 r a t h e r  than  Z as f o r  a 

s i n g l e  odd l i n e  o r  i n  t h e  d i l u t e  l i m i t  5 > 2) . The l i n e a r i z e d  f r e e  ener-  

gy i s  s i m i l a r  t o  t h a t  o f  an extreme t y p e  I I  superconductor ,  w i t h  pen- 

e t r a t i o n  depth Z and cons tan t  magni tude o f  t h e  o r d e r  parameter.  Ao w i l l  

t h e r e f o r e  be g iven  by t h e  t u n n e l i n g  r a t e  o f  a f l u x  quantum a c r o s s  a 

superconduct ing r i n g  o f  r a d i u s  5, h e i g h t  5 and r a d i u s  o f  punc tu re  a .  

T h i s  r a t e  can then  be eva lua ted  by opening a t h i n  s l i t  (w id th  a) across 

t h e  c y l i n d e r .  T h i s  t r i c k  p rov ides  a t  a s t r o k e  1) a L a g r a n g i a n ,  2) a 

c l a s s i  

1 ine,  

equat i' 

c a l  path.  

One has, i n  f a c t ,  t h e  geometry o f  a Josephson t r a n s m i  s s  i o n  

a long  which t h e  m a g n e t  i c  f l u x  s a t  i s f  i e s  a s i n e  - G o r d o n  

on70, whose Lagrangian i s  wel l-known 

where AJ i s  t h e  Josephson p e n e t r a t i o n  depth and c ,  t h e  w a v e f r o n t  v e l -  

o c i t y .  For  a t h i n  s l i t  o f  w i d t h  a, AJ - I ,  and c = c d m ) .  
A t y p i c a l  superconduct ing r i n g  has he igh  L, r a d i u s  5 ,  a n d  

L><>>AJ, so t h a t  a t a l l ,  t h i n  s o l i t o n  propagates a l o n g  a long  s l i t .  The 



cosine term dominates the dynamics, and the  tunne l ing  amplitude goes as 

exp[- c s t  L<] which i s  u t t e r l y  negl i g i b l e ,  so  t h a t  supercontiucting 

magnets can hold t h e i r  magnetic f i e l d  f o r  long enough t o  be usef i i l .  

By cont ras t ,  i n  glass, the  r o t a t i o n  f l u x  quantum i s  a very 

f a t  XJ = 2, short  (height <) ob jec t ,  which has t o  move very l i t t l e  (d is-  

tance <<<L). The [cos @ - l ] / X J  term i s  neg l i g i b le ,  and / d~ L(T) = the 

energy o f  a 2D vortex.  The tunnel ing amplitude i s  much larger5',  

as long as 5 i s  no t  macroscopic (semi - di  l u t e  l im i t ) .  ~ e r e D = 1 6 1 ~ ~ k  ~,,a/(hc). 
B 

Typ ica l ly ,  </a - 40, To = 300K, (hc/2nk T ) = 105, y i e l d i n g  
B o 

an exponent = 1/2. Also, a d i s t r i b u t i o n  o f  distances 5, 

corresponds t o  a f l a t  and broad dens i ty  o f  2LS energies f l (Ao)=  

f o r  A, < kgTo. Numbers obtained from (3.7) a re  there fore  r e a s o r i a b l  e .  

Note t h a t  the  dens i ty  o f  2LS N(A,), i s  inverse ly  propor t iona l  t o  the 

on l y  energy scale o f  the problem kB To (see eq.(2.5)). Thus, i n  glass, 

tunne l ing  does occur, and y i e l d s  the  dominant exc i t a t i ons  b e l o w  some 

low temperature propor t  ional  t o  I/-. Thi s temperature may be anom- 

a lous l y  low i f  the e las t i -c  energy kBTo i s  large,  as i s  the case i n  a-Ge, 

o r  if the d i s t r i b u t i o n  o f  odd l ' ines i s  no t  semi-di lute.  On the  o ther  

hand, no odd l i n e s ,  and no tunne l ing  modes are  expected inglasser; which 

can be described by a bichromat ic model conta in ing  even r ings  only7',or 

i t s  continuous equivalent ,  a pure gauge model. a-GaAs may be a system 

wi thout  odd member r ings,  as long as wrong bonds (AS-AS o r  Ga-Ga ) are  

excluded by e lec t ronega t i v i t y .  

The dens i ty  o f  2LS i s  inversel  y p ropor t iona l  t o  the  on l  y ener- 

gy scale of the problem kBTo. (Cohen and Grest a l so  ob ta in  thi is re -  

l a t i o n  i n  t h e i r  f ree  volume + pe rco la t i on  mode17'). This should be d i -  

r e c t l y  observable by comparing v i s c o s i t y  and l o w T  proper t ies  o f  the 

same system under pressure. Measurements by B a r t e l l  and Hunk l inger6 '  i n  



v i t r eous  SiO, show tha t  the low temperature u l t r a s o n i c  a t tenuat ion  ( i e .  

the densi t y  of ~ L S )  su rp r i s i ng l  y increases w i  t h  increasing p r e s s u r e  . 
This i s  cons is ten t  w i t h  the  anomalous pressure dependance o f  the v i s -  

cosi  t y  (which decreases as p increases) observed i n  GeOl (and Si02 i s 

expected t o  f o l  low the sane b e h a ~ i o u r ~ ~ ,  t o  the de1 i g h t  o f  geo log is ts ,  

worr ied about the v i s c o s i t y  o f  the e a r t h ' s  mantle) throughT,decreasing 

w i t h  pressure (although why t h i s  i s  so, i s  not  c l ea r  miscroscop ica l ly ) .  

On the o ther  hand, neutron i r r a d i a t e d  s i l i c a  apparent ly  fo l lows the op- 

posi te,  less unexpected, t rend:  Increase o f  the mass densi t y  upon i r- 

rad ia t i on  i s  accompanied by a decrease i n  the dens i ty  o f  Z i S ,  N ( A ~ ) ,  i e .  

an increase o f  the thermal conduc t i v i t y  and a decrease o f  and s p e c i f i c  

heat74.  

However, i r r a d i a t e d  and fused s i l i c a  have s t r i k i n g l y  d i f f e ren t  

s t r u c t u r a l  cha rac te r i s t i cs ,  even i f  they are  both amorphous. (The in ten-  

s i  t y  o f  the 609 cm-' (sharp) Raman 1 i ne  o f  fused s i  l i ca  increases by an 

order  o f  magnitude upon i r rad  i a t  ion7') . 

3.5 - Can one see what i t  i s  t h a t  tunnels ? 

A superconduct ing r i n g  can be prepared i n o n e  o f  i t s f ree 

energy minima because an externa1 magnetic f l u x  i s  r e a d i l y  a v a i l a b l e  

from a magnet. Tunneling between energy minima i s  then o b s e r v e d  a s  

Josephson e f f e c t .  I n  glass, by cont ras t ,  r o t a t i o n  f l u x  does not  co r -  

respond t o  a commercially a v a i l a b l e  knob. However, there  e x i s t  a rnethod 

t o  prepare the  system i n  one o f  i t s  c l a s s i c a l  ground states,which takes 

advantages o f  the coherence o f  tunne l ing  between two leve ls ,  the phonon 

o r  e l e c t r i c  (when the  2LS have a d i  pol e moment) echoes7, the 2LS counter-  

pa r t s  o f  sp in  (S = 1/21 - echo spectroscopy i n  magnetic resonance. 

I n  order t o  f ind out  p rec i se l y  what i t i s  t ha t  tunnels, one 

would 1 i ke  t o  tune a s t r u c t u r a l  probe (pul sed neutron beam) t o  the co- 

he ren t l y  o s c i l l a t i n g  tunne l ing  modes, so tha t  neutrons take successive 

snapshots o f  the 2LS when they are  i n  the c lass i ca l  s ta te  /O>, say.Con- 

s t r u c t i v e  in ter fe rence between successive snapshots can be arranged by 

s p l i t t i n g  the neutron beam, sca t te r i ng  beam 1 on the sample a t  t ime t = O ,  

when the 2LS a re  i n  the c lass i ca l  s t a t e  10> = (1/a [I+> + [->I , then 



delaying the scat tered beam, wh i l e  beam 2 i s  f i r s t  delayed, thei i  scat-  

tered by the sample a t  t ime t = 2 t 0  when the 2LS are  again i n  s t a t e  i ~ > . ~ h e  

two beams a re  combined a t  some l a t e r  t ime t > 2 t 0 ,  and superposi t ion o f  

neutron d i f f r a c t i o n  o f  the same 2LS i n  the same, c l ass i ca l  s t a t e  I O > ,  

should show const ruc t ive  i n t e r f e r e n ~ e ' ~ .  ( ~ i ~ . 9 )  . Varying the delay time 

detunes neutron and 2 6 ,  and leads t o  des t ruc t i ve  i n te r fe rence  tietween 

scat tered beams. Varying the t ime o f  sca t te r i ng  o f  the f i r s t  beani (taken 

above t o  be t=O), w i l l  f i n d  the 2LS outs ide  the c lass i ca l  s ta te ,  w i t h i n  

the b a r r i e r ,  and the cons t ruc t i ve  in ter fe rence o f  the scat tered beams 

dest royed. (Even though neutrons are  quantum probes, wh i ch  coul d  coupl e  

t o  21s through the o f f- d iagona l  operators uZ o r  u as wel l as through 
,, Y' 

the diagonal ones, 1 o r  uZ, the 2LS invo lve  too many atoms i n  ai d i s -  

ordered conf igura t ion ,  t o  be detected by neutrons as anything e l se  than 

densi t y  f l uc tua t i ons  (through operator  7 )  . I n  t h i  s  case, echo (coherence) 

i s  observed o n l y  f o r  the c l a s s i c a l  s ta tes  10> and 127P (eq. 3.8)).  Com- 

b ina t i on  o f  cons t ruc t i ve  and des t rbc t i ve  inter ferences should f i n g e r -  

p r i n t  what i t  i s  t ha t  tunnels. 

Phonon echoes are  obtained as fo l lows:  One app l i es  t o  the 2LS, 

described by the Hami l tonian 

( I + - >  are  eigenvectors o f  uZ) , two h igh  ampl i tude,  A , ,  e l e c t r  i c a l  o r  

acoust ic  pulses of du ra t i on  -r (SET pulse) and 2-r (REVERSE pulse) , re-  

spect ive ly .  The frequency A  = w(h/2~r) o f  the pulses should be --Ao (<<al) ,  
f o r  resonance. 

1 
H ,  (t) = A i  ( U ~ C O S W ~  + õ s i n  w t )  

Y 

The SET pulse i nduces a  phase sh i  f t 



The evo lu t i on  o f  the 2LS i s  evaluated i n  a r o t a t i n g  frame, where the  

e f f e c t i v e  Hami l tonian i s  time-independant. The t ime- table o f  the tuned 

echo-neutron pulse system i s  sketched i n  F ig .  9. A ~ r / 4  pulse prepares 

the 2LS i n  c l ass i ca l  s ta te  / O >  a t  t=O. A ~ / 2  pulse a t  t=to reverses the 

2LS s ta te ,  from a(+> + b l - >  t o  a(-> + b(+>.  The echo i s  observed a t  t = 

= 2 t 0  + 2T - 2 t 0 ,  when the 2LS i s  again i n  the c lass i ca l  s t a t e  10>. The 

two pulsed neutron beams (*) measure the s t a t e  o f  the system a t  t=O and 

2 t 0  + 2-c. 

........................... n * ........................... ~III * n  
SET REVERSE ECHO 

............ r c ............ i? , ............ -, 27 to ............ --+ 

I + >  lo> 10> 

Fig.9. Time-table of the tuned 2LS echo-neutron system 

A d i s t r i b u t i o n  of 2 i S  {A,) s t i l l s  shows coherence (echo), as 

long as the reverse pulse i s  shor t  compared t o  the t ime o f  f r e e  prcipa- 

ga t ion  A. r<Qot0 ,  and the 2LS a r e  i n i t i a l l y  i n  a c lass i ca l  s ta te :  

I+ / -  > (at  t =O) + C(-/+ > + to - d e p e n d a n t  t e r m  ( a t  t = t , + 2 ~ )  (3.8) 

Thus, 

I + > + ( - >  ( a t  t = O ) + +  c(I+>*I->) + incoherent  t e r m s  ( a t  t= t ,  +2-c) 

where C = i s i n  (2s) s ino  and 8 = tan'l - . Maximum coherence occurs a t  
A-Ao 

resonance A A,, where 2s = 8 = ~ r / 2  

I n  t h i s  p a r t ,  we have exh ib i t ed  e x p l i c i t e l y  the  many po-  

t e n t i a l  va l l eys  i n  a continuous mode1 o f  g lass.  The s i t u a t i o n  i s  sum- 



marized i n  F ig .  8. Some progress has recent l  y  been made towards i-epeat- 

ing the same ana lys is  f o r  d i sc re te  random networks, and ob ta in ing  again 

two c lass i c a l  conf igura t ions  per odd 1 i n e ~ ~ ~ .  

IV - SUPERCOOLED LIQUID AND GLASS TRANSITION 

4.1 - In t roduct ion  

Th is  p a r t  w i l l  be concerned w i t h  the regime T  > T o  above the 

glass t r a n s i t i o n  temperature, where the s t ruc tu re  can be deformed under 

shear, and glass behaves l i k e  a  supercooled, h igh l y  viscous l i q u i d  i n -  

stead of a  s t r u c t u r a l l y  i nva r i an t ,  e l a s t i c  s o l i d  below To.V iscos i ty ,  o r  

any inverse s t r u c t u r a l  r e laxa t i on  ra te ,  f o l  lows the emp i r i ca 1 Voge l  - 
-Fulcher r e l a t i o n  ( I . ] ) ,  a t  l eas t  approximately, as described i n  d e t a i l  

i n  sec t ion  1.2b. 

Above T o ,  odd l i n e s  can moves as the  s t ruc tu re  i s  de-formed. 

However, they obey a  topolog i c a l  conservat ion law (sect ion 1.6), :;o t h a t  

they can expand o r  shr ink ,  but  remain uninterrupted,  assuming as before 

tha t  bonds are  broken and reconstructed over a  much shor ter  t ime scale 

than tha t  associated w i t h  the f l u i d i t y .  Odd l i n e s  are  the slow - o r  hy- 

drodynamic modes o f  the system. V iscos i ty ,  o r  any s t r u c t u r a l  r e laxa t i on  

ra te ,  i s  associated w i t h  the d i f f u s i o n  o f  some "defect", i n  the crude 

bu t  adequate rnodel o f  Glarum, and Phi 1 1  i ps, Barlow and ~amb". The 

"defect"  must be o f  s u f f i c i e n t  gene ra l i t y  t o  account f o r  the un iver -  

s a l i t y  o f  the  re laxa t i on  process i n  glass, and o f  s u f f i c i e n t  s t a b i l i t y  

t o  r e t a i n  i t s  i d e n t i t y  and avo id  d i s i n t e g r a t i n g  dur ing  (slow) d i f f u s i o n .  

Odd l ines ,  o r  2n-d isc l ina t ions ,  as the on ly  s t r u c t u r a l l y  stable i ng red i -  

ents o f  any glass, c l e a r l y  f i l l  the b i l l  on both counts. Free volume 

would not, on i t s  own, be s tab le  enough. 

The glass t r a n s i t i o n  a t  T o  corresponds t o  the f r e e z i i i g  o r  

"condensation" o f  the  odd l ines. We know a1 ready (sect ion 2.2) , t h a  t 

glass t r a n s i t i o n  does not  correspond t o  a  vanishing amplitude o f  some 

order parameter (unl i k e  the t rans i  t i o n  i n  sp in  glasses) , nor t o  the  

breaking o f  some (gauge) symmetry. A mean f i e l d  c a l c u l a t i o n  o f  the den- 

s i t y  o f  f ree ,  o r  mobile odd l i n e s  w i l l  y i e l d  a  condensation s i m i l a r  t o  

the  Koster l i tz-Thouless t r a n s i t i o n ,  but  i n  3 0 ,  which may be f r u s t r a t e d  

c lose t o  To by a  crossover t o  Arrhenius behaviour (see sec t ion  4.5). 



I dea l l y ,  one would l i k e  t o  s t a r t  from the f r e e  energy (2.5), 

and a l l ow ing  the punctures t o  move f r e e l y ,  l i k e  vo r t i ces  i n  hydrodyn- 

amics and f l u x  l i n e s  i n  superconduct iv i ty .  Unfor tunately,  t o  the best 

o f  my knowledge, nomethod has been found as y e t  t o  i s o l a t e  the " v o r t i -  

ces" as elementary exci  t a t i o n s  o f  a  f i e l d  theory i n the  cont inuum, s imi  - 
l a r  t o  the V i l l a i n  method on l a t t i c e s 7 ' .  [ ln e l e c t r o m a g n e t i  sm, t h i s  

would mean p a r t i t i o n i n g  the i n teg ra l  over a l l  gauge f i e l d  conf i gu ra t i ons  

A & )  i n t o  a  d i sc re te  sum over conf igura t ions  o f  d i f f e r e n t ,  q u a n t i z e d  

f l u x  6 x ( $  A].  ik must t he re fo re  ca l cu la te  the energy E and entropy S 

o f a n a s s e m b l y o f f r e e ( m o b i l e ) o d d l i n e s o f d e n s i t y p  Min imiza t ion  
f' 

o f  the f r e e  energy ~ [ p  ] = E [ ~ ~ ] - T s [ ~ ~ ] ,  SF/6pf = 0, y i e l d s  the  dens i ty  
f 

o f  free odd l i n e s  i n  thermodynamic equ i l i b r i um p (T). A s e m i - d i l u t e  f 
d i s t r i b u t i o n  o f  odd l i nes ,  has t h e i r  dimensionless dens i ty  re la ted  t o  

t h e i r  shor tes t  mutual d istance 5 by 

This i s  a  pedestr ian treatment o f  the model f r ee  energy (2.5) a t  h igh 

temperatures when the punctures are  mobile, bu t  i t  i s  the best  we can 

do. The argument was f i r s t  sketched by ~nde rson ' ,  and w o r k e d  ou t  i n  

r e f .  [86]. 

Thi s  method has the f ree odd l ines as the on l  y  (slow) dynamical 

var iab les  o f  degrees o f  freedom, through t h e i r  dens i ty  p The o ther  f' 
(frozen) odd 1 ines do not  con t r i bu te  t o  the dynamics and thermodynamics 

as a  f i r s t  approximation. They cannot be displaced o r  adjusted t o  lower 

the f r e e  energy o f  the system. At T o ,  a l l  odd l i n e s  a re  f rozen p (T)=O 
f o  

(eq. 4.5) . Just  above To, there  are  so few f ree odd 1 i nes tha t  they form 

a  d i l u t e  d i s t r i b u t i o n ,  even though the con f i gu ra t i on  o f  a22 odd l i nes ,  

f rozen and f ree ,  i s  semi- d i lu te  a t  a l l  temperatures, as d i s c u s s e d  i n  

sec t ion  3.4. 

A l l  the r e s u l t s  o f  t h i s  p a r t  h a v e  a l s o  been o b t a i n e d  f r o m  

continuum e l a s t i c i t y  theory,  a l  lowing f o r  ( 2 ~ )  d i s c l  ina t ions ,  wh i  c h  

are, as we have seen i n  sec t ion  1.6, the on ly  t opo log i ca l l y  stable, l i n e  

const i tuents  i n  a medium w i t h  t r i v i a l  space group. D is locat ions  a re  not  

t opo log i ca l l y  s tab le ,  and screen the s t r a i n  energy o f  d i  s c l  i n a t  i o n s ,  

which are  then a l  lowed t o  e x i s t  i n  3D glasses on energy grounds ( t h e  i r 

s t r a i n  energy i s  unacceptably h igh  i n  c r ys ta l s ,  where i t  i ncreases  

l i n e a r l y  w i t h  the distance between two d i sc l i na t i ons )  . Most o f  the con- 



tinuum e l a s t i c i t y  r e s u l t s  on glass are  due t o  Duffy, and have  been 

publ ished e x t e n s i v e ~ ~ ' ~ ' ~ ~ ' ~ ~ .  

4.2 - Energy o f  an assembly o f  odd 1 ines 

We s t a r t  w i t h  the f i e l d s  and geometry o f  f ree  energy (2.5) o r  

(3.3) . Assuming ( t o  be conf i  rmed a p o s t e r i o r i )  a semi-di l u t e  d i s t  r i - 
bu t i on  o f  f r e e  odd l i n e s  a t  T >> To, 5 << Z (where Z i s  the lengt:h scale 

o f  the  gauge f i e l d ,  which measures the range o f  n o n - c o l l i n e a r i t y ~ l ,  we 

can l i n e a r i z e  the theory. The q u a r t i c  terms i n  the  f ree  energy dens i ty  

(2.5) o r  (3.3) a re  n e g l i g i b l e  when compared t o  the q u a d r a t i c  t e r m s  

i nvo l v ing  s p a t i a l  de r i va t i ves ,  because, i n  terms o f  r e s c a  1 ed  gauge  

f i e l d s  E = 2.c 
Fi Fi' 

z a C  = 215 >> Z = i 

The f r e e  e n e r g y  d e n s i  t y  (3.3)  r e d u c e s  t o  

which i s  t ha t  o f  electromagnetism o f  cur rent  loops (apart from the f a c t  

(taken care o f  i n  the  trace) t ha t  C i s  a tensor ra ther  than a vbector). 

I n  p a r t i c u l a r ,  the Euler-Lagrange equations become simply 

c u r l  c u r l  E = 1 Ji a ($-i.) 
Z i - 

where li are  the  odd loops, sources o f  gauge f i e l d  C. C o n s e q u e n t l  y ,  

the energy E o f  the loops takes the  Ampere form. 

K 
+ 'core i = E 1 ln(r./a) + Kecore 

j = l  3 

f o r  a l l ,  semi- d i lu te  loop geometries57. Here, i t  i s  convenient t o  r e f e r  

sums o r  i n teg ra l s  t o  an under ly ing  random network o f  edge length  a ,w i th  

F faces, L odd loops making up a t o t a l  o f  K segmen t s  o f  length  a ( o r  

thread ing through K odd faces) , core energy e so t h a t  p = K / F =  
core '  f 



= (a/<) 2 .  r i s  the  d i  stance f rom segment j t o  the nearest, non-ad- 
i 

jacent  one. I n  eq. (4.3) , the parameters take the values 

The leading term i n  (4.3) i s  p ropor t iona l  t o  the on ly  energy scale 6 ,  

and on ly  B depends (weakly) on the microscopic s t r u c t u r e  o f  the g  1 ass  

through the core s t ruc tu re .  This is ,  o f  course, the  r e s u l t  o f  the  semi- 

- d i l u t e  d i s t r i b u t i o n  of f ree  odd loops: A  semi -d i lu te  d i s t r i b u t i o n  has 

been assumed tw ice  i n  the d e r i v a t i o n  o f  the  energy (4.3). F i r s t  i n  the 

1 i nea r i za t i on  o f  the f i e l d  theory (2.5-3.3), and second i n  the  e v a l u -  

a t i o n  o f  the Ampere i n t e g r a l  (4.3). hhen the d i s t r i b u t i o n  o f  f r e e  odd 

1 ines becomes d i  l u t e  (when T approaches To as we shal l see i n  s e c t  i on 

4.5), the logar i thmic  c o n t r i b u t i o n  i n  (4.3) vanishes, and the e n e r g y  

o f  each loop adds up, E = B'p (d i  lu te )  . 
f 

E l a s t i c i t y  theory y i e l d s  the  same r e s u l t  (4.3) 4 0 9 8 0 y 5 7  . Outside 

the cores of odd l i nes ,  the s t r a i n s  and connections a r e  small and the 

theory can be 1 inear ized.  D is locat ions  (which a re  not  t o p o  l o g  i c a  l l y 

stable)  screen the s t r a i n  energy o f  d i s c l i n a t i o n  down t o  the  Ampere 

form. They a l so  enable d i s c l i n a t i o n s  t o  move, as discussed i n  s e c t i o n  

1.5. 

4.3- Entropy o f  an assembl y  o f  f ree odd loops 

The c a l c u l a t i o n  o f  the previous sect ion,  desp i te  s t a r t i n g  from 

a f ree  energy dens i ty ,  kept  the odd l i n e s  f rozen i n  order t o  ca l cu la te  

t h e i r  energy. The entropy o f  f r e e  odd l i nes ,  which can move, expand o r  

shr ink ,  cannot be evaluated by the same method, but  must be ca lcu la ted 

d i r e c t l y .  

Let us ca l cu la te  the number o f  conf igura t ions  R o f  K odd faces 

( i n  an under ly ing  random network wi t h  a  t o t a l  o f  F faces) , making up an 

a r b i t r a r y  number L o f  d i s t i ngu i shab le  closed loops. The f i r s t  loop 

threads through n, odd faces, the second through n2,etc.L i s  the rnaxi- m 
mum poss ib le  number o f  loop, n o  the minimurn nurnber o f o d d  faces threaded 

through by a  s ing le  loop, thus X = L  /K = lho = O ( ] ) .  Let  ~ ( n ) / n  tr the m 
number o f  conf i gu ra t i ons  o f  a  s i n g l e  n- s tep loop wi t h  arbi t r a r y  s t a r t  i ng 

po in t .  Typ i ca l l y ,  



w i t h  % = 3 i n  3D, bu t  ac tua l  numbers a re  of l i t t l e  r e l e v a n c e  t o  the  

f i n a l  r e s u l t  f o r  the entropy (4.4) . The number o f  c o n f  i g u r a t  i o n s  i s  

The binomial f a c t o r  i s  responsible f o r  the entropy o f  m i x i n g  between 

loops, and C(n) /n, f o r  the  conf i gu ra t  ional  entropy. In mix tures  o f  loops 

o f  a r b i t r a r y  length, the  entropy o f  mix ing o f  t h e  sma l l e r  l oops  

(= InK! = K InK) i s  expected t o  dominate the c o n f i g u r a t i o n a l  entropy 

= K l n  ( z - I )  . 
One introduces the  generating func t ion  

i n  terms o f  which Q i s  expressed as 

Whenever 1 i< L << F, the most probable d i s t r i b u t  
m 

more con f i gu ra t i ons  than a11 the  others,  as i s  wel 

mechanics, thus, r 

ion has overwhelrni ngl  y 

1-known i n s t a t i s t i c a l  

s ince L << (1/2) F, and the entropy i s  obtained i n  terms o f  p = K/F, 
m f 

I t  i s  dominated, as an t i c i pa ted ,  by the  binomial c o e f f i c i e n t  i e .  by the 

entropy o f  mix ing (X = L /K) . The second term i n  (4.4) , Y = Y, + Y2, has m 
both mix ing  ( Y ~  = X-Xlnx) and conf i gu ra t i ona l  (y2=ln (z-1) -Xln (n,")) o r i -  

g ins.  

4.4 - Density o f  f r e e  odd l i n e s  i n  thermodynamic e q u i l i b r i u m  

Although glass i s  no t  s t r i c t l y  i n  thermodynamics equ i l ib r ium,  



and the observed "glass t r a n s i  t i on"  i s  essent ia l  l y  k i n e t i c  i n  character  

(the f l u i d - s o l i d  crossover i s  smooth, and occurs a t  a  temperature above 

To which depends on the  coo l i ng  r a t e  and on the thermal h i s t o r y  o f  the 

sample), the t ime scale f o r  topo log ica l  mod i f i ca t i on  and f o r  change i n  

the physical  p roper t ies  i s  much longer than t h a t  re levant  t o  the propa- 

gat ion  o f  elementary exc i t a t i ons  (eg. phonons) about a  metastable state. 

Thus, slow modes ( the densi t y  o f  f r e e  odd l ines) can be obtained from a 

thermodynamics de r i va t i on ,  and descr ibe the physical  behaviour o f  the 

system, even i f  i t s  l i n e a r  response i s  so s luggish as t o  be inaccess ib le  

exper imental ly  very c lose t o  To.  

Thedens i t y  o f  f r e e o d d  l i n e s a t  a  temperatureT, P ~ ( T ) ,  i s  

t ha t  minimiz ing the f r e e  energy F = E - TS, w i t h  E ( p ]  and ~ ( p )  g iven 

by eq. (4.3) and (4.4) , respect ive ly .  One obtains,  

which has the Vogel -Fulcher form (1.1) because both energy and entropy 

have the same func t iona l  dependance, p  l n p  Here kgTo = A/X = E i s  the 
f f' 

onl  y  energy scale of the problem, as expected (sec t ion  3.4). b=exp @/a-1 
and kBo = @AY/X)/X i s  a  pos i t i v e  number because e > E, (B>IZ) . 

core 
The dens i ty  o f  f r e e  odd l i n e s  vanishes a t  I,, where a11 odd 

l i n e s  have been f rozen by t h e i r  mutual i n te rac t i on .  S i m i l a r l y ,  t h e i r  

entropy a1 so vani shes exponent ia1 1 y  a t  To (Kauzmann ~a radox )  , 

Below To, the odd l i n e s  are frozen, and t h e i r  entropy (which cou ld  then 

be ca lcu la ted from the f r e e  energy dens i ty  f($ (3.3)) i s  not  accessib le 

thermodynamical 1 y  (eg. f rom the spec i f  i c  heat) . Thi s  condensat ion o f  odd 

l i n e s  a t  To i s  a  genuine phase t r a n s i t i o n ,  the ex t rapo la t i on  t o  zero 

coo l ing  r a t e  o f  the k inemat ic "glass t rans i t i on " .  However, the assump- 

t i o n  o f  a  s e k i - d i l u t e  d i s t r i b u t i o n  o f  odd loops, responsible f o r  the 

p  l np  dependance o f  t he  energy (4.3) , i s  not  va l  i d  c lose t o  To , and f f  
the p  ( f l  crosses over from Fulcher t o  Arrhenius behaviour, as we sha l l  

f 
discuss i n  sec t ion  4.5. 

The v i scos i t y ,  o r  any s t r u c t u r a l  r e laxa t i on  time,then fo l l ows  

the Vogel-Fulcher law (1.11, s ince i t s  inverse, f l u i d i t y ,  i s  due t o  the 



d i f f u s i o n  o f  some t o p o i o g i c a l l y  s t a b l e ,  u n i v e r s a l  " d e f e c t "  i n  

g lass78 '12 '1 ,  here, the  odd 1 ines. By dimensional ana lys is ,  the  length  

o f  f ree odd l ine per uni  t volume i r  the  average distance between 

any s i t e  i n  the glass and the  nearest odd l i n e  i s p - l I 2 u ,  and the aver- f 
age t ime < fo r  the odd l i n e  t o  d i fuse t o  t h a t  s i t e  i n  order  t o  re lax  it, 

- 1  2 
i s  p ropor t iona l  t o  p  a ,  so t h a t  the  f l u i d i t y  i s  i t s e l f  p ropor t i~sna l  t o  f 
the dens i ty  o f  f r e e  odd l i n e s  i n  thermal equ i l i b r i um 

4.5 - Crossover t o  Arrhenius 

The Vogel-Fulcher condensation o f  f r e e  odd l i n e s  i s  on ly  a 

mean f i e l d  r e s u l t ,  v a l i d  as long as the  d i s t r i b u t i o n  o f  f r e e  odd l i n e s  

remains semi- d i lu te  (cf .  d e r i v a t i o n  o f  the energy (4.3)) . This i s  no t  

v a l i d  c lose t o  To, where p i s  very smal l .  How c lose w i l l  be discussed f 
i n  t h i s  sect ion.  

The semi- d i lu te  regime corresponds t o  

where the crossover temperature T, i s  g iven by 

and eq. (4.5). I n  t h i s  regime, the f r e e  energy can be l i nea r i zed ,  one 

has a  s i m i l a r  s i t u a t i o n  t o  electrodynamics o f  c u r r e n t s  l o o p s ,  and 

the 

d i v i  

and 

Pf i 

the 

d i s t r i b u t i o n  o f  odd l i n e s  i s  d i l u t e ,  the energy i s  the sum of i n -  

dual loop con t r i bu t i ons  E a p  A, i e .  the  "To" i n  eq. (4.5) vanish, 
f '  

the dens i ty  o f  f r e e  odd l i n e s  crosses over t o  Arrhenius behaviour. 

s  t hen la rge r  than i t  would have been i n  the  semi- d i lu te  regime a t  

same temperature (4.5), and the  v i s c o s i t y  accordingly f a l l s  below 

the Vogel-Fulcher curve. 

Whether the crossver t o  Arrhenius i s  observable i n  a  g iven 

glass, dependson t h e n o n - c o l l i n e a r i t y  length Z =  l / ( G l o g ) .  I f  Z i s  



large, T* = and h*) i s  large, the crossover i s  no t  observable i n  

an experiment l a s t i n g  a f i n i t e  t ime. On the  o ther  hand, the  crossover 

i s  observable i f  Z i s  smal l .  The s ta tus  o f  severa1 glasses i s  reviewed 

i n  Cohen and Gresí? . 
Although the behaviour o f  a glass above To can be described 

by the motion o f  odd l i nes ,  which show a tendency t o  f reeze i n  a Vogel- 

-Fulcher fashion, the existence o f  a thermodynamic phase t r a n s i t i o n  i s  

o f f s e t  by crossover t o  d i l u t e  d i s t r i b u t i o n  o f  odd l i nes ,  and t o  non- 

- l i n e a r  e l a s t i c  behaviour. Even w i t h i n  the semi- d i lu te  regime ( 4 . 3 ) ,  the  

precise nature o f  the condensation ( i t s  u n i v e r s a l i t  

and cannot be obtained from our rough mean f i e l d  ca 

For completeness, and wi thout  discussion, 

f e ren t  approaches t o  the glass t r a n s i t i o n :  

i )  A l l  kinematics (no t r a n s i t i o n ) .  

i i )  S t a t i s t i c a l  mechanics o f  long polymer molecule 

class) i s n o t  known, 

cu la t i on .  

l e t  me mention d i f -  

0 2 .  Thisapproximate 

c a l c u l a t i o n  leads t o  a phase t r a n s i t i o n  o f  a very p a r t i c u l a r  type ( the 

continuous r e l a t i o n  between energy and entropy cannot p e r s i s t  below a 

f i n i  t e  temperature) , but a counter-example f o r  networks o f  coord inat ion  

2D has been given by G u j r a t i  and ~ o l d s t e i n ' ~ .  

i i i )  Free volume + perco la t  ion  theory7' y 9  . 
i v )  Floppy (underconstrained) and r i g i d  (overconstrained) reg ions ( f  i r s t  

discussed by J.C.Phil1 ips4=) + pe rco la t i on  theorye4.  

The experimental s i  t ua t  ion i s reviewed i n  r e f .  1851. 
The present approach i s  by f a r  the most economical, both i n  

the number o f  parameters and o f  s p e c i f i c  ingred ients .  LEe have shown i n  

t h i s  paper t h a t  the  combination o f  odd l i n e s  (as essent ia l  s t r u c t u r a l  

const i tuents ) ,  and gauge invar iance (descr ib ing the non g e n e r a t i v e  

homogeneity o f  glass) can exp la in  and con t ro l  d i r e c t l y  and s p e c i f i c a l l y  

the  un iversa l  p roper t ies  o f  glasses and siipercool ed 1 iquids.  

V - STATISTICAL CRYSTALLOGRAPHY 

5.1 - And now f o r  something completely d i f f e r e n t  

I n  t h i s  par t ,  I sha l l  r e tu rn  t o  the s t ruc tu re ,  no t  on ly  o f  

glasses, but o f  random, space-f i 1 1  ing, ce l  l u l a r  s t ruc tures  i n  general, 

which w i l l  be re fe r red  t o  as random t issues,  f r o ths ,  o r  mosaics i n  the 





most probable one. it is in statistical equilibrium, in that any topo- 

logical rearrangement of the cells leaves its "arbitrariness" invariant, 

the arbi trariness being measured precise1 y by the entropy or informa- 

tion contained in the structure. One sees immediately the analogy of 

this programme with statistical mechanics, and with the Maximum Entropy 

formal ism of probability theory
sg 

"O. If such an ideal structure exists, 

i t is the (most probable) representative of an ensemble of structures. 

It is not unique. Accordingly, criteria for ideality will be relations 

between averaged, measurable properties of the structure,like the ideal 

gas law in thermodynamics, rather than geometrical data like unit cells 

or Bragg spots. One is looking for the statistical analogue of the sim- 

ple cubic structure in crystallography, or of the ideal gas law in 

thermodynamics, from which departures can be measured to identify the 

forces which may differentiate between structures at a second order of 

approximat ion. 

[A few words of apology: To the addict, random patterns are a 

cause of many delightfully wasted hours. By others, it is regarded as 

an amusing, and rather trivial hobby, harmless, but without arti stic 

pretensions or cosmic significance. In this respect,it suffers from its 

very universality: a subject which spans beer froth, crazy paving, cu- 

cumber skin and ideal partition of Ireland many not be immediately as- 

sociated with deep mathematics or ethereal beauty. It is rather vulgar 

(Fig.lO) . It is also 1 ittered with empty experiments (eg. measuring 

Euler's theorem, as quoted in ref. [87] ), false statements repeated 

blindly over centuries (eg. that in 30, cells are 12 -, or, later on, 

14-sided on averagelg 'I7) , and i rreduci ble posi t ions stated in dramat ic 

language: Contrast "There are aspects of tissue geometry so obv ious 

that they can hardly escape the attention of any person who ser iousl y 

considers the question at all. The appreciation that cells are poly- 

hedral figures came with the very first histological report ever pub- 

1 i shed" (ref . 87 , p. 7-8) , wi th a referee's report f rom Nature". . . the 

paper, which deals with cells as if they were polyhedra, which they are 

not ...It. Incidentally, Dormer is right, but the paper was rejected. The 

subject started (in the 17th centur~) as useless, becauselg thestandard 

activity at the time consisted in packing cannon balls, and random 

packing of these is unlikely to make one the Ruler of the Queen's Navy, 

but (in the 1940's) , botanists have taken the trouble to compare plant 



t issues w i t h  the s t ruc tures  o f  soap bubbles f r o t h s ,  and lead-shot pack- 

ings, i n  order  t o  f ind  out  which physical  f o r ce  (surface tension o r  hard 

-sphere repulsion) was respons i b l e  f o r  the s t r u c t u r e  o f  b i o l o g i c a l  t i s -  

sues. Without success as a l l  three types o f  s t ruc tures  a r e  r o u g h l  y  

i d e n t i c a l l g  .] 
There a re  a l s o  severa1 b e a u t i f u l  examples o f  man-made and 

natura l  foams i n  r e f .  [104]. M.F. Ashby's conclusions (on the  mechanical 

p roper t ies  o f  c e l l u l a r  sol  ids) a re  very s i m i l a r  t o  those o f  t h i s  paper: 

Importance o f  the s t ruc tu re  i n  determining the mechanical p roper t ies  o f  

c e l l u l a r  so l ids ,  which a re  roughly independant o f  the chemical o i -physi-  

ca l  p roper t ies  o f  t h e i r  c o n s t i t u t i n g  mater ia ls ,  and u n i v e r s a l i t y  o f  the 

s t ruc tures ,  which are  we l l  described by a few parameters: ce l  l an  i s o -  

t ropy,  open o r  closed c e l l s ,  and r e l a t i v e  dens i ty .  

5.2 - The random t i ssue  o r  f r o t h  

Random f r o t h l a b e l s  the c lass  o f  st ructures w i t h  whichwe sha l l  

be concerned. I t  i s  a  maximally random, s p a c e- f i l l i n g ,  c e l l u l a r  s t ruc -  

tu re .  Maximal randomness (o r  "random avoindance o f  the n i c e t i e s  o f  ad- 

j ~ s t m e n t " ~  l) means tha t  a1 1 v e r t  ices, edges and faces are  s t r u c t u r a l  l y  

s tab le  ( t h e i r  connec t i v i t y  i s  unchanged under a  small deformation), i.e., 

i n  3D, 4  edges, 6 faces and 4  ce i  1s meeting a t  every vertex,  every edge 

shared by 3 faces and c e l l s ,  besides the  general property t ha t  e v e r y  

face separates 2 c e l l s .  I n  2D, v e r t i c e s  have 3 i nc iden t  edges and faces, 

besides every edge separat ing 2 faces. Exceptional v e r t i c e s  w i t h  more 

than 4 edges are  not  s t r u c t u r a l  l y  s tab le  i n  3D: They can be spl i t i n t o  

2 normal ve r t i ces  by i n f  i n i t es ima l  t ransformat ion (ha l f  o f  T1 o f  Fig.2). 

P r o b a b i l i t y  o f  t h e i r  occurrence i n  a  random packing i s  n e g l i g i b l a .  The 

same holds f o r  except ional  edges w i t h  more than 3 faces. CRN a re  ex- 

cluded from t h i s  r e s t r i c t e d  c lass  o f  random s t ruc tures ,  because t h e i r  

edges may share more than 3  (non-planar) faces, even i f  the i  r v e r t  ices 

s t i l  l have 4  edges ( a l b e i t  f o r  chemical ra the r  than topo log ica l  I-eason) 

Consequentl y, the 3D r e l a t  ion (eq. (5.2) below) between average numbers 

o f  faces per c e l l  and o f  edges per face, should be modi f ied  f o r  CRN.In- 

deed, i t has a i  ready been remarked t h a t  <n> = 7 i n  C R N ~ ' .  

The s t r u c t u r a l  s t a b i l  i t y  o f  random f r o t h s  was d i  s c u s s e d  i n  

p a r t  I, wi t h  Voronoi f r o t h  as paradigm. They e x h i b i t  a1 1 the vocabulary 



(d is locat ions ,  d i s c l  inat ions) and the grammar (elementary t r a n s f o r m -  

at ions) o f  sec t ion  1.5. 

There are two topo log ica l  random var iab les  f o r  the  30 f r o t h ,  

the number f o f  faces per c e l l ,  and the  number n o f  edges per face. For 

the 2D f r o t h ,  n i s  the on l y  topo log ica l  random var iab le .  They are  not  

independant: Eu le r ' s  r e l a t i o n  (1.2) , and the  valence r e l a t i o n s  between 

inc ident  edges and ve r t i ces ,  e t c . ,  discussed above, y i e l d  i m m e d i a t e l y  

the fo l l ow ing  topo log ica l  i d e n t i t i e s  f o r  the random f r o t h  

which r e l a t e  the expectat ion values o f  the  topo log ica l  random var iables.  

Eq. (5.2) i s  an i d e n t i t y ,  which holds b o t h f o r  any i nd i v i dua l  c e l l  i n  the 

f r o t h ,  and f o r  the f r o t h  as a whole. Indeed, there are  two s t a t i s t i c a l  

problems i n  30, one a t  the f r o t h  l eve l ,  described by the random v a r i -  

able f, and the  o ther  a t  t he  c e l l  l e v e l ,  where n can s t i l  l f l u c t u a t e  

( w i t h c n >  de te rm inedbyeq .  ( 5 . 2 ) ) . T h e t w o p r o b l e m s a r e r e l a t e d b y  ce l  1 
(5.2). A l l  t h i s  i s  summarized i n  the considerable v a r i e t y  o f  c e l l  shapes 

observedlg . 
Equations (5.1) and (5.2) a re  the o n l y  topoZogicaZconstraints 

on the s t a t i s t i c a l  s t ruc tu re  o f  the f r o t h .  

I n  ZD,  the expectat ion value o f  the  topo log ica l  randorn v a r i -  

ab le  < n > ,  i s  f i x e d  by eq. (5.1). i n  j D ,  i t  i s  found e m p i r i c a l l y  t h a t  

most random fr0th.s have <f> = 14, bu t  i t i s ,  emphatical l y ,  not an exact  

r e s u l t ,  o r  even a 1 im i t ,  despi t e  repeated statements i n  the l i t e r a t u r e  

t o  the countrary (c f .  r e f s .  C191 and [17]) . A random f r o t h  wi th i s o t r o p i c  

c e l l s  o f  equal volumes has <f> = 13.40, corresponding t o  the impossible 

f e a t  ( i n  Eucl idean space) o f  packing 5.1 equal , regu lar  tetrahedra i n  

t h e d u a l  graph ( c f .  sec t ion  1.3). F luc tuat ions  i n  thevolumes o f  the  

c e l l s  reduce <f>, whereas f l u c t u a t i o n s  i n  the angles (anisotropy o f  

the ce l  1 s) increase < f > I 8 ,  as observedlg ' 4 0 ' 9 '  '92 '9 .(The high values 

of < p  observed fo r  lead-shot packings92, a re  probably due t o  un iax ia l  

compression causing c e l l  anisotropy,  as D.E.G.Wil1 iams has a p t l  y  r e -  

marked) . For a Voronoi f r o t h  wi t h  centres a t  random ( ~ o i s s o n  d i s t r i - 
but ion) ,  ~ e i j e r i n ~ ~ '  ob ta ins  < p p  = 15.54 exact ly .  The c e l l s  appear 



indeed h igh l y  an iso t rop ic .  

We now t u r n  t o  the c o r r e t a t i o n  between ce l  l shapes ( i e .  be- 

tween the  topo log ica l  var iab les  i n  neighbouring c e l l s ) .  One knows from 

experience t h a t  l a rge  c e l l s  tend t o  have small neighbours, and v i c e  

v e r s a .  The p r e c i s e  fo rmula t ion  o f  t h i s  r e s u l t  i s  due t o  Aboav 

(empi r ica l ly )9  4, and was made p laus ib le  by Weaireg5. 

5.3 - Topological co r re la t i ons ,  Aboav-Weaire law and m i c r o r e v e r s i b i l i t y  

I n  t h i s  sect ion,  we sha l l  i nves t i ga te  shape c o r r e l a t i o n  be- 

tween neighbouring c e l l s  o f  the random f r o t h .  We sha l l  use a  de r i va t i on  

o f  Aboav-Weaire's r e l a t i o n  due t o  Blanc and ~ o c e l  l ir;)= , mainly because 

i t  invest iga tes  the random f r o t h  under t he  elementary s t r u c t u r a l  t rans-  

formations o f  sec t ion  1.5. I n  o ther ,  fashionable words, i t  fo l l ows  the 

f r o t h  under s t ruc tu ra )  renormal izat ion.  As a  bonus, we s h a l l  ob ta in  the 

same recurs ion  r e l a t i o n  (5.3) f o r  shape c o r r e l a t i o n  under a l l  elementary 

t ransformat ions,  T I ,  T2, m i t o s i s  and t h e i r  inverses. This imp l i es , f i r s t ,  

m i c r o r e v s r s i h i t i t y :  a l l  these transforrnations can occur independently 

o f  each o ther  i n  space o r  time, w i thout  a f f e c t i n g  the  s t a t i s t i c a l  equi- 

l ibr ium o f  the s t ruc tu re .  Second, s t a t i s t i c a i !  equiZibimun i t se l f : a  

random f r o t h  i s  a l ready very c lose to,  o r  a t  a  f i x e d  po in t  under s t ruc -  

tu ra1 transformations, w i t h  both  expectat ion value ( i n  20, through (5.1)) 

and c o r r e l a t i o n  o f  i t s  topo log ica l  v a r i a b l e  i n v a r i a n t  under thest a t rans- 

format ions. 

Let  us s t a r t  w i t h  the f r o t h  i n  2D. The random va r i ab le  i s  n, 

i t s  expectat ion value i s  f i x e d  by eq. (5.1), and the topo log ica l  cor re-  

l a t  ions a r e  given by m(n) , the average shape (number o f  sides) o f  the 

nearest neighbours o f  a  n-sided c e l l .  For short ,  labe l  each c e l l  by the  

number o f  i t s  sides. Consider t ransformat ion T2 f i r s t  (Fig. 3) : t r i -  

angular c e l l  d ,  neighbour t o  c e l l  a, disappears. Among c e l  I a ' s  

neighbours, ce l  1s b and c lose one s  ide i n  the process (as does cel  l a). 

The o ther  c e l l s  (s) remains unaffected. Thus 

S ince d = 3, one has the recurs ion  r e l a t i o n ,  



S i m i  l a r l y ,  f o r  a TI  t ransformat ion (Fig. 2) : a + a r  = a-1, br=b-I, c'= 

=c+I, dr=d+l, s '  =s ,  hence, 

Wit c e l l  b '  i s  no longer nearest neighbour t o  a (whereas b was, p r i o r  

t o  the t ransformat ion),  so tha t ,  assuming no c o r r e l a t i o n  beyond nearest 

neighbours, we have <b '> = 6 (eq.5.1) , and ob ta in  the same recurs ion re- 

l a t i o n  (5.3) under TI  as under T2. Under the  same assumption, one ob- 

ta ins the r ' t h  i t e r a t e  o f  (5.3) under m i tos i s  where c e l l  a s p l i t s  i n t o  

ce l  1 s  r and a-w4, 

a m(a) = r m(r) + 5 (a-r) 

Since the same recurs ion  r e l a t i o n  holds under T I ,  T2, m i tos i s  and t h e i r  

inverses, a l l  these t ransformat ions can occur independently i n  space  

and t ime (m ic ro reve rs ib i l i t y )  , wi thout  a f f ec t i ng  s t a t i s t i c a l  equ i 1 i b -  

rium. 

The recurs ion r e l a t i o n  (5.3) i s  r e a d i l y  solved: 

which i s  the ~ b o a v ~ ' - k i e a i r e ~ ~  law. I t  i s  we l l  obeyed  experimental^^". 

( l t  was o r i g i n a l l y  a pure ly  empi r ica l  r e l a t i o n
g 4

,  l i k e  t h e  o t h e r  

e q u a t  i o n  o f  ( the s t a t i s t i c a l  equ i l  ibrium) s ta te ,  Lewis 's law d i s -  

cussed i n the next  sect ion) . A sum r u l e  due t o  Wea i re, 

re la tes  the parameter B t o  the var iance v, o f  the d i s t r i b u t i o n  o f  (n). 

In  3D, there  are  now two random var iab les  n and f, and there 

i s  no r e l a t i o n  i nvo l v ing  on l y  f and the average number o f  faces o f  c e l l s  

neighbouring c e l l  f ,  as f a r  as I  am aware. However,one obta ins  the same 

resu l  t s  as i n  2D (Aboav r e l a t i o n ,  unique recurs ion r e l a t i o n ,  and micro- 

recers i  b i l  i ty) i f  one considers what happens t o  a n-sided face o f  a f - 
-faceted c e l l ,  and i t s  neighbours under s t r u c t u r a l  t ransformat ions T I ,  

T2 and m i tos i sg7 ,  i e .  the  s t a t i s t i c a l  desc r i p t i on  o f  the  f r o t h  a t  the 

c e l l  leve1 . Consider a given, f- faceted ce l  I. Denote as before, by m (n), 
f 

the average number o f  sides o f  the neighbouring faces t o  face n on f .  
Transformation T1 conserves f, but T2 reduces i t :  f '=f-l ( ~ 2 )  . AI so, 



there  i s  now a c o r r e l a t i o n  between a r  and b r  desp i te  the f a c t  t h a t  
f' 

they a re  no longer nearest  neighbours (c f .  T I ) ,  because they belong t o  

the same, f i n i t e  c e l l  where eq. (5.2) must hold. 

khen the  dust s e t t l e s ,  one ob ta in  the  3 D  Aboav r e ~ a t i o n ~ ~  

n m (n) = 5f - 1 1  - C( f - l - n )  
f (5.6) 

where C i s  a  parameter o f  the f roth,  independant o f  f . There has been, 

so f a r ,  no experimental v e r i f i c a t i o n  o f  eq. (5.6). M a i r e ' s  sum r u l e  

(5.5) ( fo r  a  g iven c e l l )  and eq. (5.2), inser ted  i n t o  (5.6), y i e l d  an 

i n t e r e s t i n g  r e l a t i o n  between the var iance o f  the d i s t r i b u t i o n  o f  sides 

o n a f - s i d e d c e l l , p  = < [ n - < n > I 2 >  a n d f  
9 f  f f' 

Calcu la t ing  bounds f o r  f o r  small ce 
2 ,f 

- 1  ,< C s 2. 

5 . 4  - Ideal random f r o t h ,  most probable 

Let  us def ine  s t a t i s t i c a l  equi 

random s t ruc tures .  

ls (f = 4 , 5 )  , one o b t a i n s  

d i s t r i b u t i o n  and Lewis 's law 

ib r ium and u n i v e r s a l  i t y  o f  

k begin w i t h  the  remark t h a t  a11 random, s p a c e - f  i 1 1  i n g  

s t ruc tu res  enumerated i n  sect ion  5.1 are, roughl y, ident  i cal  . They are  

the re fo re  u n l i k e l y  t o  depend on the p a r t i c u l a r  phys ica l ,  b i o l o g i c a l  o r  

chemical p roper t ies  o f  t h e i r  c o n s t i t u t i n g  mater ia ls ,  except f o r  t h e i r  

s i ng le  length  scales. Indeed, the very f a c t  t h a t  random s t r u c t u r e s  

occur (at  l eas t  i n  2D where there  i s  no con f l  i c t  ( f r us t ra t i on )  between 

l oca l  packi ng and g loba l  order ing) , suggests t h a t  spec i f  ic, short-ranged, 

d i r e c t i o n a l  forces a re  less important i n  f raming the s t ruc tu re  than the 

inescapable, mathematical and un iversa l  cons t ra in t s  (5.1-2, 5.8-91, per- 

t a i n i n g  t o  the space which the c e l l s  a re  f i l l i n g .  6hort- rangedforces i n  

2D g i ve  r i s e  t o  t r i a n g u l a r  packings o r  honeycombs, poss ib ly  w i t h  a  few 

d is locat ions)  . 
The m i rac le  i s  t h a t  these two mathematical c o n s t r a i n t s  a r e  

s u f f i c i e n t  t o  frame i n  a  precise, obsemiabte fashion t h e  s t r u c : t u r e s  

generated under t h e i r  so le  o r  ove r r i d i ng  in f luence.  T h i s  i s  clue t o  

randomness and t o  the  f a c t ,  well-known i n  s t a t i s t i c a l  t h e r m o d y r i a m i c ~  



that the most probable distribution of cells is overwhelmingly more 

probable than any other (cf. comnents preceding eq. (4.4)) . 
The complete statistical problem involves two random variables 

(in 2 ~ )  , the number n of sides per cel l - the topological variable, and 
the area A of a cell - the metric variable. To obtain an equation of 

state, it is sufficient to concentrate on the topological .~ariabie n 

only. A full calculation of the most probable distribution p (n,~) will 

be published elsewhereg7. Correlation between shapes of neighbouring 

cells, discussed in the last section, is an automatic consequence of 

statistical equilibrium, and not an additional constraint. 

One looks for the most probable distribution, {pn) ,of shapes 

of the cells in the structure, where p is the probability of finding a 
12 

n-s i ded cel 1 . 

[pn = / dA p(n,A) , Ãn = i dA p(n,~)~] 

It is that distribution which maximizes the entropy or 

S = -Cp Inp 
n n 

subject to constraints corresponding to our prior knowl 

i nformat ionm 

(5.7) 

edge of the sys- 

tem. For a22 random space-filling structures, the constraints are 

C p Á n  = A,/F (space-f i 1 l ing) 

C p  n = 6  (topology) 
n (5.1) 

in 2D. In 3D, (5.8) and (5.1) are replaced by 

C p = V,/C ( 3 ~  space-f i 1 1  i ng) 
f J' (5.9) 

respectively. Here Ãn is the average area of a n-sided cel I, and A,, 

the total area available to the F cells in the 2D mosaic. S imilarly, 

rnutatis rnutadis, in 3D. This is all. The problem, as formulated,is en- 

tirely mathematical. The constraints are also a11 mathematical. Physics 



(or b io logy,  ... ) i s  absent a t  t h i s  leve l ,  so t h a t  the  r e s u l t i n g  s t ruc-  

tu res  are  un iversa l .  The o n l y  sub jec t ive  step i s  i n  the coding o f  the 

s t ruc tu re  by the sole, topo log ica l  parameter n, and the requirement 

t ha t  i t  i s  i n  s t a t i s t i c a l  equ i l i b r i um.  

We do not  need t o  evaluate the  entropy, o r  the most pi-obable 

d i s t r i b u t i o n  ( p n ) ;  the  "equation o f  s ta te"  can be obtained by the f o l -  

lowing argument o f  Lissowski and ( f u l l y  confirmed by a  f u l l  

ca lcu la t iong7 '57) . The cons t ra in t s  a re  a  1 inear systems o f  equa t i o n s  

between p,, so t h a t  the smal ler  the  d imens iona l i ty  o f  the space o f  

cons t ra in t s  (631, the l a rge r  t h a t  o f  the space o f  poss ib le  s o l u t i o n s  
-+ 
p = (p3,pb,p5, . . .) , and the  more probable one such so lu t i on  wi 1 1  be. 

The most probable d i s t r i b u t i o n  i s  obtained by reducing as much as, pos- 

s i b l e  the  d imens iona l i ty  o f  the space o f  const ra in ts ,  by m a k i n g  them 

l i n e a r l y  dependant, 

The averaged 

number n o f  

area o f  a  n- sided c e l l ,  Ãn, i s  1 i n e a r l y  re la ted  t o  the 

i t s  s ides.  [ ~ h e  i n te rcep t  no = (6-1/X)]. This r e l a t i o n  was 

suggested emp i r i ca l l y  i n  1928 by ~ e w i s ~ ~ ,  on the bas is  o f  observations 

on cucumber epidermis, human amnion and the pigmented ep i the l ium of the  

r e t i n a .  Most u n d i f f e r e n t i a t e d  b i o l o g i c a l  t i ssues obey itg9 . It  i$ ,  a l so  

obeyed by Voronoi f r o t h  generated from Po isson- d is t r ibu ted c e n t r e s  9 8 ,  

a l b e i t  w i t h  a  smal ler  i n te rcep t  b, = O instead o f  = 1-2 i n  b i o l o g i c a l  

mosaics), but  no t ,  usua l ly ,  by me ta l l u rg i ca l  g r a i n  agregates, as w i l l  

be discussed below. I t  i s  a  r e l a t i o n  between averaged, observable par- 

ameters o f  the random f r o t h ,  i e .  the equation o f  s ta te  o f  s t a t i s t i c a l  

c r y s t a l  lography descr i  b ing an idea l  f r o t h  ( i n  the same sense as " ideal  

gas" i n  thermodynami cs) . 
The e f f e c t i v e  e l i m i n a t i o n  o f  one cons t ra in t ,  leading toLewis's 

law (5.101, increases the entropy f u r t h e r .  This i s  because, as i n  s t a t -  

i s t i c a l  thermodynamics, the most probable entropy S(X<) (5.7) i s  a  con- 

vex func t i on  o f  i t s  var iab les ,  the r ight- hand sides o f  the cons t ra in t  

equations (5.1) and (5.8) , w r i t t e n  genera l ly  C p c = Xi, and imposed n ni 
by Lagrange mul t i p l  i e r s  X i 



( spec i f i c  heats a re  p o s i t i v e ) .  Let  i=s be the cons t ra in t  we w i s h  t o  

e l im inate ,  imposed by Lagrange m u l t i p l i e r  A s .  As a  func t i on  o f  X S i s  s' 
maximum when X/aXs = O. ait X/aXs = - A s ,  and A = O s ta tes  p rec i se l y  s 
t ha t  cons t ra in t  s i s  no longer opera t ive ,  i n  our case because i t  i s  no 

longer independant o f  the o the rs s7.  

This d e r i v a t i v e  of Lewis 's law goes there fore  one step beyond 

the standard appl i ca t i ons  o f  the Maximum Entropy formal ismE9 '90 ,  i n  which 

the funct ional  form o f  the cons t ra in t s  i s  known a p i o & .  Here, we have 

taken advantage o f  the  1 i b e r t y  t o  adjust the func t iona l  form o f  thecon- 

s t r a i n t s  i n  order  t o  maximize further the entropy. 

There ex i s t s ,  a t  l eas t  i n  p r i n c i p l e ,  an a l t e r n a t i v e  toLew is t s  

law i n  decreasing the d imens iona l i ty  o f  cons t ra in t  space: I t r e l a t e s  

l i n e a r l y  the s p a c e - f i l l i n g  cons t ra in t  t o  the normal izat ion,  instead o f  

the topology cons t ra in t ,  and y i e l d s  Ã = cs t ,  independant o f  n, t ha t  i s  n 
no c o r r e l a t i o n  between c e l l  shapes and s izes.  Even though t h i s  s o l u t i o n  

a l so  maximizes f u r t h e r  the  entropy, i t  does not  occur i n  na tura l  f r o t h s  

o r  mosaics, bu t  f o r  no mathematical reason as f a r  as I known. This re-  

mark shows t h a t  f u r t h e r  increase o f  the entropy corresponds t o  a  choice 

between discrete a1 te rna t  i ves . 
The parameter X i n  (5.10) i s  the  undetermined Lagrange mul t i -  

p l  i e r  imposing the l inea r l y  dependant cons t ra in t s  (S. l )  and (5.8) . (The 

o ther  m u l t i p l i e r  i s  e l im inated because o f  the l i n e a r  dependance o f  the 

constra ints)  . It i s  re la ted  t o  the  s lope and i n te rcep t  o f  Lewis's re-  

l a t i o n ,  and i s  there fore  an important descr i  p t  i v e  pa r a m e t e r  o f  t h e  

s t r u c t u r e .  Moreover, Lagrange m u l t i p l i e r s  have a  h a b i t  i n  t h e r m o -  

dynamics and i n  mechanics o f  possessing a  physical  meaning o f  t h e i r  own. 

They a re  not  merely a r b i t r a r y  mathematical f ac to rs .  What i s ,  therefore,  

the measning o f  X ? WI sha l l  see i n  next sec t ion  tha t  i t  measures the 

ageing o f  the s t ruc tu re .  

Lewis's law i s  not obeyed by 20 meta l l u rg i ca l  g r a i  n  a g g r e -  

gates, whether exper imental ly ,  o r  i n  computer s imulat ions by the EXXON 

group'OO, where i t  i s  the g r a i n ' s  radius (or i t s  perimeter) R which n' 
i s  p ropor t iona l  t o  n, ra ther  than i t s  area as i n  Lewis's law. According 

t o  the methodology o f  Maximum Entropy formalism, t h i s  f a c t  demonstrates 



the existence of new constraint, besides the mathematical ones. Clearly, 

in the computer simulations of grain growth and statistics by the EXXON 

group, and as demonstrated experimental 1 y10 ', i t i s the energy aejsocia- 

ted with grain boundary length which is the driving mechanism for grain 

growth and stat ist ical equ i 1 i bri um. [~he EXXON group model gra in stat- 

istics and dynamics by a ({21=64 m-state) ferromagnetic Potts' model 

(a general izat ion of the Ising model to more than 2 states) , on which 

they carry Monte-Carlo simulations. Every grain i s characteri zed by a 

different orientation of the Potts spin, ie. by a different value of 2. 

AI 1 the energy is carried by the interfaces, where the 'kpins" are not 

"parallel", so that the energy is proportional to the perimeter (ie.En) 

of the cell]. The additional, physical constraint is simply the Ienergy 

This provides an alternative to Lewis's law in reducing by 1 the dimen- 

sional ity of the constraint space, namelyg7 

as observed experimentally and in the simulation. One can show that at 

T-O (ie. with the Lagrange multiplier imposing the energy constraint 

(5.11) = m) , the maximal entropy using alternative (5.12) is larger than 

using Lewis's a1 ternative (5.10)'~. This example emphasizes the diag- 

nostic power of the Maximum Entropy formal ism. A relevant phys i ca 1 

constraint has been uncovered by notícing the díscrepancy between ob- 

served and ideal equations of state. 

The most drastic reduction (by 2) of the dimens iona l ity of 

constraint space, and the largest entropy, would occur in a polycris- 

tal1 ine aggregate where all constraints are 1 inearly dependan t, ie. 
- 
R% - Ã n  - n, or its equivalent in 30. Such scaling between perimeter 

and area of cells is clearly impossible in 20, but would be possible in 

principie in 3D, if the cell boundaries were fractal (dendritic) . But 

then, reduction in the energy would no longer be the driving force for 

grain growth and statistical equil ibrium. 

I t is elementary to generalize Lewis's law to 3D i-andom 

froths18 



but t h i s  r e l a t i o n  has not  yet  been confirmed exper imental ly .  

5.5 - Evo lu t ion  o f  a  random f r o t h .  Von Neumann's law 

Many random c e l l u l a r  s t ruc tu res  evolve (slowly) i n  time. I n  

soap bubble f roths,gas d i f f u s e s  across the i n te r face  between b u b b l e s .  

B io log ica l  t i ssues undergo growth and c e l l  d i v i s i o n s .  In  me ta l l u rg i ca l  

aggregates, la rge gra ins  grow a t  the expense o f  small ones, i n  a  con- 

t r o l l e d  process c a l l e d  s in te r i ng ,  e t c .  The t ime scale f o r  t h i s  evo l -  

u t i o n  i s  much longer than tha t  associated w i t h  mechanical response o f  

the s t ruc ture ,  so tha t  i t  can be assumed t h a t  the random f r o t h ,  once i n  

s t a t i s t i c a l  equ i l ib r ium,  remains i n  s t a t i s t i c a l  e q u i  1 i b r i u m  a t  a l  l 

times. Consequently, Lewis 's law (5.10-13) i s  expected t o  holdthroughout 

the evo lu t i on  o f  the s t ruc tu re .  The parameters A,, F, and spec ia l l y the  

h i  t h e r t o  undetermined Lagrange mul t i p l  i e r  h ,  have the i  r own, spec  i f i c  

evo lu t ion .  

The s implest  case i s  the evo lu t i on  o f  a  2D f r o t h  w i t h  constant 

t o t a l  area A, and constant number o f  c e l l s  F. I t  r e fe rs  t o  t ime i n t e r -  

va l s  no t  long enough f o r  bubbles t o  d i  sappear (no T2 ~ r o c e s s )  i n  a  soap 

bubble f r o t h ,  o r  f o r  a  ceI1 t o  d i v i d e  i n  a  b i o l o g i c a l  t i ssue.  D i f f e ren-  

t i a t  ing  Lewis's law wi t h  respect t o  time, one obta ins  the r a t e  o f  growth 

o f  an averaged n-sided ce l  I, 

This resul  t was ac tua l  l y  der ived by von ~eumann"~,  f o r  2D soap bubble 

f ro ths  exc lus i ve l y .  ( ~ c t u a l l ~ ,  von Neumann's r e s u l t  f o r  soap bubbles i s  

s l i g h t l y  st ronger than eq. (5.14), as i t  involves the r a t e  o f  growth o f  

every i nd i v i dua l  bubble ra ther  than i t s  average f o r  a l l  n-sided c e l l s  

as i n  (5.14)) . Von Neumann's de r i va t i on  r e l  ied on the  pJgsicaZmechanism 

o f  evo lu t i on  o f  a  soap bubble f r o t h  and on th ree assumptions s p e c i f i c t o  

t h i s  p a r t i c u l a r  system, even though the  f i n a l  r e s u l t  (5.14) i s  topo- 

l o g i c a l :  A  pentagonal c e l l  loses area a t  the same r a t e  as a  heptagonal 

c e l l  gains it, and a t  h a l f  the r a t e  o f  an octogonal c e l l ,  e tc . ,  regard- 

less o f  t h e i r  geometrical shapes o r  areas. Our d e r i v a t i o n s I o 3  i s  com- 



p l e t e l y  genera l  and t o p o l o g i c a l ,  so t h a t  von Neumann's law (5.14) is  ap- 

p l i c a b l e  t o  any e v o l v i n g  mosaic, and g e n e r a l i z a b l e  t o  3D random f r o t h s ,  

s i n c e  Lewis ' s  law, and s t a t i s t i c a l  e q u i l i b r i u m ,  can a l s o  be genera l i zed  

t o  3D. 

[ ~ o n  Neurnann's d e r i v a t i o n  o f  (5.14) r e q u i r e d  a) a  s p e c i f i c  

p h y s i c a l  mechanism f o r  t h e  e v o l u t i o n  o f  a  soap bubble f r o t h :  d i f ' f u s i o n  

o f  t h e  ( incompressi b l e )  gas ac ross  t h e  i n t e r f a c e  between two b u  bb  l e s ,  

a t  a  r a t e  p r o p o r t i o n a l  t o  t h e  p ressure  d i f f e r e n c e  between t h e  b ~ i b b l e s ,  

i e .  t o  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e i r  i n t e r f a c e ,  and b) th ree ,  c : ruc ia l  

assumptions: i) incompress ib le  gas, i i) i n t e r f a c e s  meet ing a t  120° on 

v e r t i c e s ,  and i i  i )  2D system. Yet,  t h e  r e s u l t  i s  t o p o l o g i c a l  .] 
For  a  soap bubble f r o t h ,  (A,/F) X = y = ( 2 ~ / 3 ) 6  õ > 0, where a 

i s  t h e  s u r f a c e  t e n s i o n  o f  t h e  i n t e r f a c i a l  1 i q u i d ,  and 6 , i t ç  d  i f f u ç -  

i v i t y l o 2 .  y i s  t h e r e f o r e  a  cons tan t  o f  t h e  f r o t h ,  i n v a r i a n t  i n  time, a t  

l e a s t  as long  as t h e  i n t e r f a c i a l  l i q u i d  does n o t  change a p p r e c i a b l y  i n  

th i ckness .  T h i s  p rov ides  t h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  L a g r a n g e  

m u l t i p l  i e r  A :  

X measures t h e r e f o r e  t h e  a g e i n g  o f  t h e  s t r u c t u r e  (or ,  simpl y, thc: time). 

T h i s  i s  so even i f  F, A, and y evo lve  w i t h  t i m e  (m i tos is ,  T2 p r c ' c e s s ,  

e tc . )  , 
x = (FIA,) l Y dt (5 . 1  5) 

b u t  then, t h e  c e l l s  which do n o t  e v o l v e  i n  t i m e  a r e  no longer  hexagonal 

as i n  (5.141, b u t  n,-sided, w i t h  n, g i v e n  by 

Computer-generated Voronoi f r o t h s  w i t h  Poisson c e n t r e s 9 '  a r e  

"as-quenched", younger s t r u c t u r e s  (h = 1/6, Lewi s  i n t e r c e p t  no = O) than  

b i o l o g i c a l  tis sue^^"^^ , which a r e  "aged" (A = 1/4, n o =  2 ) .  Ageing a f -  

f e c t s  a l s o  t h e  appearance o f  t h e  s t r u c t u r e ,  where c e l l s  become m o r e  

i s o t r o p i c  and d i f f e r e n t i a t e d  i n  s i z e s  as t ime,  i e .  X o r  no increases.  

As L e w i s ' s  law, and s t a t i s t i c a l  e q u i l i b r i u m  can be extended 

t o  3D f r o t h s ,  von Neumann's law can a l s o  be g e n e r a l i z e d  t o  3D s t r u c -  

t u r e s l o 3 .  I n  p a r t i c u l a r ,  o v e r  s h o r t  p e r i o d s  when C and <p a r e  ccinstant 

i n  t ime ,  one has 



w i t h  <f > g i v e n  by eq. (5.2). The Lagrange m u l t i p l  i e r  i n  L e w i s ' s  l a w  

s t i l l  measures ageing o f  t h e  s t r u c t u r e .  

5.6 - Conclusions 

hk have seen t h a t  s t a t i s t i c a l  c r y s t a l l o g r a p h y ,  a  m e t h o d  t o  

d e s c r i b e  and c l a s s i f y  t h e  s t r u c t u r e  o f  amorphous m a t e r i a l s , c a n  u s e f u l l y  

be s e t  up, a long  t h e  g u i d e l i n e s  o f  e s t a b l i s h e d  s t a t i s t i c a l  t h e r r n o d y -  

namics
ag . It a c t u a l  l y  goes one s t e p  beyond s t a t  i s t  i c a l  hermodynamics, 

as one can take  advantage o f  t h e  a r b i t r a r i n e s s  i n  t h e  f u n c t i o n a l  depen- 

dance o f  one t h e  c o n s t r a i n t s  t o  maximize f u r t h e r  t h e  en t ropy .  The con- 

s t r a i n t s  ( i e .  t h e  s t a t i s t i c a l  ensemble) a r e  e a s i l y  s e l e c t e d :  They a r e  

p u r e l y  mathemat ica l ,  p e r t a i n i n g  t o  the  topo logy  o f  t h e  space which t h e  

s t r u c t u r e  i s  f i l l i n g .  There rnay be a d d i t i o n a l  c o n s t r a i n t s ,  which a r e  

then  p h y s i c a l  o r  b i o l o g i c a l .  I n  t h e  absence o f  these  a d d i t i o n a 1 , s p e c i -  

f i c  c o n s t r a i n t s ,  t h e  randorn s t r u c t u r e  i s  c a l l e d  idea l ,  by analogy w i t h  

i d e a l  gas i n  thermodynarnics. I t  equa t ion  o f  s t a t e  ( ~ e w i s ' s  law) i s  ex- 

p e r i m e n t a l l y  observable,  as i s  t h e  i d e a l  gas law. D e v i a t i o n s  f rorn 

Lewis ' s  law b e t r a y  t h e  presence and s t r u c t u r a l  re levance  o f  s p e c i  f i c  

( ~ h ~ s i c a l ,  b i o l o g i c a l , .  . .) fo rces ,  which a r e  o b v i o u s l y  w o r t h  i d e n t -  

i f y i n g ,  e x a c t l y  as depar tu res  f rom t h e  i d e a l  gas law y i e l d  i n f o r m a t i o n ,  

through t h e  v i r i a 1  expansion, on in te ra to rn ic  f o r c e s  and, u l t i m a t e l y ,  on 

o t h e r  phases o f  m a t t e r .  As i n  s t a t i s t i c a l  thermodynamics, s t a t i s t i c a l  

e q u i l i b r i u m ,  and Lewis ' s  law, a r e  consequences o f  t h e  balance b e t w e e n  

e n t r o p y  (rnost p robab le  d i s t r i  but ion)  , and t h e  lowest  leve1 o f  o r g a n i z -  

a t i o n  (space-f i l l i n g ,  t e r r i t o r i a l  p a r t i t i o n ,  encoded by t h e  cons t ra in ts )  
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Resumo 

As propriedades f i s i c a s  do v i d r o  são consequências d i r e t a s  de 
sua es t ru tu ra  não c r i s t a l  ina. A es t ru tu ra  é descr i  t a  de um ponto de v i s -  
t a  topológico,  po is  a topo log ia  & a única geometria que sobrevive a não 
c r i s t a l i n i d a d e ,  i s t o  é, a ausência de métr ica e de grupo espacial t r i -  
v i a l .  Este f a t o  tem duas consequências p r i nc ipa i s :  a homogeneidade g lo-  
bal do v i d r o  é uma s imet r ia  de gauge e os únicos cons t i t u i n tes  extensos 
e estruturalmente estáveis são l i nhas  ímpares (ou disc l inações de 2~ no 
l i m i t e  cont Ínuo e l á s t i c o )  . Uma t e o r i a  de gauge do v id ro ,  baseado em l i- 
nhas impares como fontes de deformações, congeladas pode expl i ca r  aquelas 
propriedades dos v id ros  que são ambas especí f icas e un iversa is  nos só- 
l i d o s  amorfos: excitações de baixa temperatura e relaxação a a l t a s  tem- 
peraturas. Os métodos de mecânica es ta t  i s t  i ca  podem ser apl  icados para 
dar uma descr ição minimal das es t ru turas  amorfas em equi l í b r i o  e s t a t í s -  
t i c o .  C r i t ê r i o s  para equi i í b r i o  e s t a t í s t i c o  da es t ru tu ra  e para balanço 
detalhado são fornecidos, j un to  com equações de estado e s t r u t u r a i s  que 
são bem conhecidas empi r icamente na botânica e metalurgia.  Esta resenha 
& baseada em um curso min is t rado em 1984 em Ni te rÕi .  E la  con têm c inco 
partes:  I - Est ru tura ,  de um ponto de v i s t a  topolõgico;  I I - Invar iânc ia  
de Gauge; I I I  - Modos de tunelamento; IV - Líquidos s u p e r e s f r i a d o s  e 
t rans ição v í t r e a ;  V - C r i s t a l o g r a f i a  e s t a t í s t i c a .  


