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Abstract The three-dimensional hydrodynamical expansion i s  t rea ted w i t h  
a method s i m i l a r  t o  t ha t  o f  Mi lekhin,  but  more e x p l i c i t .  Althouqh i n t h e  
f i n a l  staqe we have t o  appeal t o  numerical ca lcu la t ion , the  pa r t i a1  d i f -  
f e r e n t i a l  equations governing the  t ransverse expansions a r e  t r e a t e d  
w i thout  t ransforming them i n t o  ord inary  equations w i t h  an i n t roduc t i on  
o f  averaged quan t i t i es .  The present paper i s  concerned w i t h  the formal- 
ism and we w i l l  repor t  the numerical r e s u l t s  i n  another paper. 

1. INTRODUCTION 

The hydrodynamical model f o r  high-energy mu 1 t i pa r t i c i1 e pro-  

duct ion  has been proposed by ~andau '  a long t ime ago and revived by 

some modern researchers, under a more cur rent  p o i n t  o f  view, which has 

been acqui red through recent  progress i n  pa r t  i c l e  phys ics2. Due t o  t he i  r 

la rge mathematical complexity, u n t i l  q u i t e  recent ly ,  the complete hydro- 

dynamical equations have not  been solved except f o r  a very i m p o r t a n t  

case o f  one-dimensional motion f o r  which Khalatnikov found an elegant 

exact s o l u t i o n 3.  That t h i s  s o l u t i o n  i s  approximately v a l  i d  i n  a c t u a l  

high-energy m u l t i p a r t i c l e  product ion (ev ident ly  here we a re  not  ques- 

t i o n i n g  the v a l i d i t y  o f  the hydrodynamical model i t s e l f )  fo l lows from 

the f l a tness  o f  the i n i t i a l  f l u i d  due t o  the Lorentz con t rac t i on  o f  the  

inc ident  p a r t i c l e s ,  so t h a t  the expansion occurs mainly i n  the inc ident  

d i r e c t i o n .  However, s ince the  t ransverse dirnensions o f  such a s t a t e  o f  

f l u i d  are  f i n i t e ,  a l though large, there  c e r t a i n l y  e x i s t s  a t ransverse 

expansion and there  are  indeed some empi r ica l  evidences o f  t h i s  phenom- 

enon. Thus, i n  a previous paper one o f  the authors4 has  showri t h a t  

w i t h i n  the framework o f  hydrodynamical descr ip t ion ,  the observed f l a t -  

ten ing o f  the large-p, i nc lus i ve  pion d i s t r i b u t i o n ,  

w i t h  energy increase might we l l  be a t t r i b u t e d  t o  the t ransverse expan- 



c r i t i c i s e  the use o f  hydrodynamics i n  processes such as hadron - h a d r o n  

co l  1 i sions, but others advocate i t s  use even w i  thout  1 oca  1 t herma l 

equ i l i b r i um.  One o f  the defenders o f  the  l a s t  p o s i t i o n  i s  P. Carruthers 

who says "hydrodynamic behavior may e x i s t  w i thout  thermodynamic equi- 

l i b r i ~ m " ' ~ .  He argues tha t  the l o c a l  thermal e q u i l i b r i u m  i s  not  a pre- 

r e q u i s i t  t o  the use o f  c o l l e c t i v e  var iab les ,  so formal h y d r o d y n a m i c  

s t ruc tures  may e x i s t  even i n  the absence o f  t h i s  equ i l i b r i um and could 

provide usefu l  informat ion.  I n  a recent paper16, B.Lukács and K.Marti - 
nás have shown how t o  extend the thermodynamic formalism t o  s i t u a t i o n s  

where the d i s t r i b u t i o n  func t i on  deviates from equ i l i b r i um i n  momentum 

space. They conclude tha t  the r e s u l t s  a re  compatible w i  t h  c o n t  i nuum 

mechanics. We accept these opin ions i n  the present paper f o r  our hydro- 

dynamical study o f  hadron-hadron c o l l i s i o n s .  

I n  what f o l  lows, we present the me thod  o f  r e s o l u t  i o n  b y  

s t a r t i n g  from the choice o f  the coordinate system given i n  t h e  n e x t  

sect ion.  In  sec. 3, we w r i t e  down the  equations o f  motion fo r t ransve rse  

f l ow  i n  terms o f  t h i s  coordinate system and discuss the boundary con- 

d i t i o n s .  I n  sec. 4, these equations are  solved both i n  the " t r i v i a l "  as 

we l l  as i n  the " n o n - t r i v i a l "  regions by reducing the equations t o  the 

canonical form. Contrary t o  the  case o f  l ong i t ud ina l  e x p a n s i o n ,  t h e  

t r i v i a l  region i n  the t ransverse expansion i s  much l a rge r  due t o  the 

i n i t i a l  dimensions R >> A and so much more important i n  the l a t t e r  case 

than i n  the former. I n  sec. 5, we exp la in  how t o  compute the  phys i ca l l y  

observable q u a n t i t i e s  such as the  i nc lus i ve  d i s t r i b u t i o n  E from the F 
knowledge o f  the sol  u t  ion  o f  the  hydrodynamical equat ions obra ined above. 

We g i ve  add i t i ona l  remarks i n  sec. 6 and some mathematical de ta i  1s a re  

gathered i n the  Appendi ces . 

2. COORDINATE SYSTEM 

The ob jec t  whose expansion we would l i k e  t o  study i s a f l a t  

d i sc  o f  thickness 2R, radius R >> R, i n i t i a l  temperature T,>>Td, where 

Td i s  the  temperature a t  which the d i ssoc ia t i on  i n t o  t h e  f i na1 par-  

t i c l e s  takes place. The expansion i s  assumed t o  have a x i a l  as we l l  as 

forward-backward symmetry, j u s t  f o r  the sake o f  s i m p l i c i t y .  This i s  a 

q u i t e  natura l  assumption consider ing the l a rge- c lus te r  model we h a v e  

been ~ t u d ~ i n ~ ' ~ ~ ~ " " ~ .  So, i n  the center-of-mass system o f  the f i r e -  



b a l l ,  the four v e l o c i t y  may convenient ly  be parametrized i n  t e r m s  o f  

the r a p i d i t y  var iab les  (a,c) as 

where @ i s  the azimutal angle around the symmetry (x-) ax i s .  The equa- 

t ions o f  r e l a t i v i s t i c  hydrodynamics a re  ' 

where 

p = c: E , (eo = sound ve loc i t y )  

which have been exac t l y  solved by Khalatnikov i n  the case o f  the. one- 

-dimensional expansion. I f  

c 2  - e;a2 >> I and 

where 

5 = log  
T 
Ta * 

h i s  s o l u t i o n  may be approximately w r i t t e n  as 

where 

5 

If a << log  

- 1 t+x  
a = 2 l og  ty (2.6) 

1 +e; t2 - x2 

4 1 ° g -  
A= 

, e a e w r i t e  (2.7) as 
A 

5 r - C2 l o g  , m . 
o 

(2.9) 

Here, eq. (2.6) and (2.9) appear as the s o l u t i o n  o f  (2.2), show- 

ing an approximate scale invar iance.  i n  r e f .  1 1 ,  the  scale i n v a r i a n c e  

i s  imposed as an externa1 cond i t i on  instead. 



Now, i n  accordance w i t h  the M i l ekh in ' s  method, we introduce 

the  fo l l ow ing  system o f  coordinates which i s  suggested by the so lu t i on  

above f o r  the one-dimensional motion and w i l l  prove t o  be u s e f u l  i n  

so l v i ng  three-dimensional problems: 

i n  terms o f  which we have 

I n  (2.101, a, represents the r a p i d i t y  o f  a f l u i d  element i n  the  absence 

o f  the transve'rse expansion and T i s  the corresponding proper t ime. The 

i n t roduc t i on  o f  these var iab les  r e f l e c t s  our expectat ion tha t  t h e r a d i a l  

motion i s  much smaller than the l ong i t ud ina l  one and so does not  modify 

the l a t t e r  by any considerable amount. Ac tua l ly ,  we w i l l  assume, a = a, 

i n  the de r i va t i on  o f  the rad ia l  equations below (3.2). The me t r i c  ten- 

sors guv and g i n  the new coordinate system are  w r i  t t e n  as 
Ilv 

1 and gUv = O f o r  # v 

goo = 1  7 
g,, = - T2 , gz2 = - 1  , 9 3 3  = - r2 1 and 

(2.13) 
= O  f o r  p # V  . 

Let us now r e w r i t e  the four v e l o c i t y  g iven by (2.1) i n  the new 

coordinate system. We have 



uv h) = (ch (a-a,) ch 5 ,  sh (a-a,) 
ch 5 ,  sh 5 ,  0) 1 and T (2.1 5) 

v 
U (x) = g U = (ch(a-aO)ch 5 ,  -T sh (a-aO)ch 5 ,  -sh 5 ,  O ) .  
lJ vv 

3. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS 

Equations o f  Mot ion 

- I n  c u r v i  1  i n e a r  coord ina tes ,  t h e  equat ions o f  hydrodynami cs (2.2) 

must be r e w r i t t e n  by r e p l a c i n g  t h e  d e r i v a t i v e s  which appear t h e r e  b y  

t h e  c o v a r i a n t  d e r i v a t i v e s .  More e x p l i c i t l y ,  t h e  g e n e r a l i z a t i o n  of  (2.2) 

By p u t t i n g  eqs. (2.3) i n t o  t h i s  equa t ion  and u s i n g  thermodynamica l  r e-  

l a t i o n s ,  we may r e w r i t e  i t  as 

I n  t h e  s p e c i f i c  case o f  o u r  i n t e r e s t ,  i f  we assume 

as d iscussed be fo re ,  t h e  i n t r o d u c t i o n  o f  (2.101, (2.13-15) i n t o  eq.(3.2) 

1 eads t o  

T h e  s e c o n d  ( o  

compat ib le  w i t h  (2.6,7) i n  

g i n  o f  t h i s  i n c o n s i s t e n c y  

(3.4) 

f .  e q s . )  ( 3 . 4 )  i s  a c t u a l l y  n o t  e n t i r e l y  

t h e  one-dimensional f low 1  imi  t and t h e  o r i -  

i s  t r a c e d  back t o  o u r  assumption (3.3) . How- 



ever, the main p a r t  o f  the entropy i s  concentrated i n  the region ao - 1  

and one may show t h a t  there  

when l og  'r r>> a,. Since we w i l l  mainly be concerned w i t h  t h i s  region,we 

may neglect  the small d i f f e rence  given above. 

The system o f  equat ions (3 .a) represents an enormus simpl i f  i- 

c a t i o n  compared w i t h  (3.1) . We have now a system o f  two equations i n  two 

independent var iab les  ('r,r) and the unknown func t ions  are  5 and 5. Thus, 

the t ransverse motions have been separated from the l ong i t ud ina l  ones.  

I n  order t o  solve t h i s  system, we must now spec i f y  the b o u n d a r y  c o n -  

d i  t ions. 

bundary Condi t ions 

A l l  our approximation scheme i s  based on a fundamental assump- 

tion,namely, as f a r  as the cen t ra l  region o f  the d i sc  i s  concerned and 

fo r  t 5 R the one-dimensional so lu t i on  i s  a good desc r i p t i on  o f  t h e  

phenomena and the dev ia t i on  from t h i s  behaviour appears f i r s t  a t  the 

boundary o f  the d i s c  and i t  propagates from outs ide  towards the center  

of the  d i sc .  Th is  i s  M i l ekh in ' s  p i c t u r e  and, i n  our opin ion,  i t  i s  both 

an i n t u i t i v e  and co r rec t  image o f  the phenomena. Accordingly, the f l u i d  

i n  three-dimensional f low would be bounded by the  surface 

on the  vacuum s ide and would contact  the one-dimensional f l ow  reg ion on 

(see appendix A f o r  the de r i va t i on  o f  t h i s  equation, even though i t  i s  

m r e  o r  less sel f -evident) .  k i 1 l u s t r a t e  t h i s  p i c t u r e  by f i g s .  I and 2 .  

However, Yotsuyanagi i n  h i s  paper9 gives another vers ion  h r  the 

boundaries. His argument goes as fo l lows.  At the moment when the f i r e -  

b a l l  i s  formed, a weak d i s c o n t i n u i t y  would leave the i n i t i a l  sur face and 

go t o  the ins ide  o f  the f l u i d .  At a very e a r l y  stage, t -  - A , t h i s  d i s -  
co 

c o n t i n u i t y  would reach the symmetry p l a n e s  = O and vanish so tha t  i t  

could not  be the  surface o f  separat ion between the region o f  one-dimen- 



Fig.1 - Contour o f  the f l u i d  as seen 
i n  the center-of-mass frame 01: M, a t  
an i ns tan t  t < R / c ,  . lhe  brokeii 1 ines 
i nd i ca te  the  boundary b e t w e e n  t h e  
three-dimensional- f low region (out- 
side) and the one-dimensional - f  l o w  
reg ion ( inside) . 

Fig.2 - ( ~ r o p e r - )  t ime evo lu t i on  o f  the  
boundar ies  among the  vacuum, the  " t r i v -  
i a l "  three-dimensional- f low region (I I ) ,  
n o n - t r i v i a l  three-dimensional- f lowregion 
(I I I) and the one-dimens iona 1-f 1 ow reg ion 
(I ) .  The two fam i l i es  o f  cha rac te r i s t i cs  
g iven by  e q s .  (4 .7 )  a r e  a l s o  sche- 
m a t i c a l l y  shown. 



s i o n a l  and three-dimensional  f l o w .  N o t i c e  t h a t  i f  one assumes a v e r y  

f l a t  sphero ida l  f i r e b a l l ,  as he d i d ,  and observe the  mot ion  o f t h e  above 

mentioned d i s c o n t i n u i t y  a t  90° i n  t h e  c e n t e r  o f  mass frame, e q .  ( 3 . 7 )  
would d e s c r i b e  i t s  mot ion.  His proposal  i s  t o  t a k e  t h e  s u r f a c e  o f  sep- 

A 
a r a t i o n  as  s t a r t i n g  f rom t h e  o r i g i n ,  r = O a t  t - c, and t r a v e l  1  i n g  

o 
outward i n  t h e  t ransverse  d i r e c t i o n s  as t increases.  We cannot ,  never-  

the less ,  agree w i t h  t h i s  v iew because we t h i n k  i t  i s  i n  c o n t r a d i c t i o n  

w i t h  t h e  v e r y  b a s i c  assumption which l i e s  under t h i s  k i n d  o f  approx i -  

rnation and which has been s t a t e d  a t  t h e  t o p  o f  t h i s  subsec t ion .  For ,  

accord ing  t o  h i s  v e r s i o n ,  a11 t h e  f l u i d  would be i n  t h r e e - d i m e n s i o n a l  

f l o w  a t  t h e  beg inn ing  (here we n e g l e c t  a  v e r y  sma11 i n t e r v a l  o f  t i m e  

t - A ) .  As t increases,  t h e  p u r e l y  one- di rnensional- f low r e g i o n  would ap- 

pear behind a s u r f a c e  o f  d i s c o n t i n u i t y  and would inc rease  i n d e f i n i t e l y .  

I n  o u r  o p i n i o n ,  t 5 A < < R  i s  a  r a t h e r  smal i n t e r v a l  o f  t i m e  

so t h a t  we do n o t  even know whether we can j u s t i f y  t r e a t i n g  o u r  f i r e -  

b a l l  u s i n g  eq. (3.4)*.  We would r e s t r i c t  t h e i r  use t o  t 2 A.  Observe 

t h a t  t h e  weak d i s c o n t i n u i t y  mentioned above does n o t  reach the  c e n t e r  

o f  t h e  sphero id  i n  t h e  t r a n s v e r s e  d i r e c t i o n  b u t  i n  t h e  l o n g i t u d i n a l  d i -  

r e c t  i on  (because A << R) and a l o v g  t h e  a x i s ,  so when i t r e a c  h e s  t h e  

symmetry p lane,  a  new d i s c o n t i n u i t y  begins t o  t r a v e l  outward i n  t h e  

l o n g i t u d i n a l  d i r e c t i o n .  I t  i s  c l e a r  t h a t  i n  t h i s  t reatment ,  a  s m a l  1 

t r a n s v e r s e  inhomogeneity i s ,  as usua l ,  comp le te ly  neg lec ted  and w i t h i n  

t h i s  approx imat ion,  t h e  c e n t r a l  f l u i d  w i l l  c o n t i n u e  t o  expand l o n g i -  

t u d i n a l l y  u n t i l  t h e  s u r f a c e  g i v e n  by eq. (3.7) reaches t h e  f l u i  d  e l  - 
e m e n t  i n  ques t ion .  Note t h a t  what we a r e  c o n s i d e r i n g  i s  n o t  a  d iscon-  

t i n u i t y  i n  a s t r i c t  mathematical sense b u t  has a c e r t a i n  w i d t h  - A , 
which i s  neg lec ted  so as t o  s i m p l i f y  t h e  c a l c u l a t i o n s  i n  t h i s  t r e a t m e n t  

The boundary c o n d i t i o n s  o f  o u r  problem may now be w r i t t e n  

when r = R + -r, and 

T 5 = O and 5 = - c2 I o g  - A (3  9) 

* A s  mentioned i n  t h e  I n t r o d u c t i o n ,  t h e r e  a r e  c r i t i c i s m s  t o  a p p l y i n g  
hydrodynamics even a t  t - R. 



when r = 

which wi 

R R 
R - c. T (T =< -4 . Along t h e  a x i  s  and f o r  T 2 - , we have 

c0 - C0 

5 = 0 ,  
11 see below i n  sec.4 i m p l i e s  

As mentioned i n  t h e  I n t r o d u c t i o n ,  t h e  i n i t i a l  c o n d i t i o n s  a r e  

n o t  c l e a r l y  s t a t e d  i n  r e f .  10, b u t  i t  seems t h a t  t h e r e  t h e  au thors  as-  

sume t h a t  t h e  t ransverse  expansion s t a r t s  o n l y  a f t e r  T = T, - 1  fn, when 

t h e  m a t e r i a l i z a t i o n  would occur  and, a t  t h a t  i n s t a n t ,  5 and 5 would ap- 

p r o x i m a t e l y  be g i v e n  by equa t ions  (3.8) and (3.9) a t  -r  as they a r e  

i n  o u r  case. 

4. RESOLUTION OF HYDRODYNAMICAL EOUATIONS 

Reduct i o n  t o  Canon i ca  l Forms 

1l a r e  now ready t o  s o l v e  t h e  system o f  equat ions (3.41, s a t -  

i s f y i n g  t h e  boundary c o n d i t i o n s  s p e c i f i e d  i n  t h e  l a s t  s e c t i o n .  T h i s  

w i l l  be done by t h e  method o f  c h a r a c t e r i s t i c s .  F i r s t  o f  a l l ,  we w r i t e  

T 5 = c,, - e 2  I o g  ã . (4.1) 

I n  t h i s  express ion  t h e  p u r e l y  l o n g i t u d i n a l  c o n t r i b u t i o n  as g i v e n  by eq. 

(2.9) i s  separated f rom 5 ,  . The new v a r i a b l e  5, s a t i s f i e s  a  boundary 

condi t i o n  

= O on r = R - e , ~  , (4.2) 

which rep laces  t h e  second o f  eqs. (3.9).  

We how d e f i n e  t h e  f o l l o w i n g  combinat ions o f  5 ,  and 5 

~i = c, + c ,  5 and + = i, - c o  5 ,  (4.3) 

so t h a t  

Wi t h  t h e  h e l p  o f  eqs. (4.1) through (4.4) and a f t e r  an a p p r o p r i a t e  re -  

combinat ion o f  terms, we may r e w r i t e  t h e  system o f  eqs. (3.4) i n  t h e  

canon ica l  form as 

j -E+ v1 - C0 - a+ + .;v1 [;+ ;1= o , 
I - ""V, ar 1 - CoU, - 



where 

T h i s  i s  a  h y p e r b o l i c  system o f  q u a s i - l i n e a r  equa t ions .  I t  has t h e  f o l -  

l o w i n g  f a m i l y  o f  c h a r a c t e r i s t i c s ,  which we i l l u s t r a t e  i n  f i g .  2: 

dr + '0 (a) - =  
dr 1  +C,,V1 ' 

& v 1  - C. 
(b) - = 

dr 1 - C o V *  

These equat ions a r e  p rec ise1  y  (A.4) o f  appendix A  and may be ob ta ined  

d i r e c t l y  f rom (4.5) us i n g  t h e  same procedure (note t h a t  the  changes o f  

v a r i a b l e s ,  (4.1) and (4.4) do n o t  a f f e c t  t h e  r e s u l t s )  . From (4.5) , i t  

f o l  lows that ,  a l o n g  each fami l y  (a) and (b) g i v e n  by (4.7) , we have 

I -c;v, 
a long  (b) : d+ = + I] dr . 

1 - C0V, 
L. r 

Therefore,  o u r  procedure i n  s o l v i n g  the  t r a n s v e r s e  p a r t  o f  t h e  

hydrodynamical equat ions i s  t o  i n t e g r a t e  (4.8,9) a l o n g  t h e  c h a r a c t e r -  

i s t i c s  (4.7) u s i n g  t h e  boundary c o n d i t i o n s  (3.8-10) and (4.2) .  I n  p r i n -  

c i p l e  t h i s  i s  p o s s i b l e  t o  be done n u m e r i c a l l y .  However, as i t  w i l l  be 

e x p l a i n e d  below, t h i s  procedure w i l l  p resen t  some d i f f  i c u l  t i e s  as-  

s o c i a t e d  w i t h  t h e  boundary c o n d i t i o n s ,  r e q u i r i n g  a  s p e c i a l  ca re .  

U l t r a r e l a s t i v í s t i c  Approx imat ion 

L e t  us f i r s t  cons ider  t h e  i n t e g r a t i o n  i n  t h e  t r i v i a l  r e g i o n  o r  

r e g i o n  I I  o f  f i g .  2. As f a r  as t h e  + - i n t e g r a t i o n  i s  concerned, every -  

t h i n g  goes as i n d i c a t e d  above s i n c e  i t s  boundary v a l u e  i s  w e l l  d e f i n e d  

on t h e  curve  (3.7) , where (4.8) i s  r e g u l a r  except  a t  T = O .  On t h e  con- 

t r a r y ,  t h e  + - i n t e g r a t i o n  i s  troublesome because, as shown i n  F i g .  2, 

a l l  t h e  c h a r a c t e r i s t i c s  (b) s t a r t  a t  (.r = O ,  r = R ) ,  where the  c o r r e -  

sponding d i f f e r e n t i a l  d+ i s  s i n g u l a r .  They c o n t i n u e  beyond t h e  r e g i o n  I I  
R 

and end a t  (or r e f l e c t  from) t h e  s t r a i g h t  l i n e  r = 0, T > - , where we 
C0 



do not  have the boundary value o f  9. Thus, we cannot i n t e g  r a  t e i n  @ 

ne i t he r  s t a r t i n g  from T=O, nor backward s t a r t i n g  from r=O. Some o ther  

procedure i s  required t o  t r e a t  i t .  In  so doing, we make use o f  the c i r -  

cumstances t h a t  t h e  c u r v e s  (b) pass through the  u l t r a r e l a t i v i s t i c  

region a t  the  beginning o f  the  expansion as expressed by (4.7) and i l- 

l u s t r a t e d  i n  f i g .  2. So we t r y  t o  f i n d  the u l t r a r e l a t i v i s t i c  s o l u t  i o n  

o f  (4.5) t o  descr ibe the  i n i t i a l  f low. 8y p u t t i n g  v ,  -t I,we may r e w r i t e  

(4.5) as 

tha t  i s ,  i n  t h i s  l i m i t  the equations become decoupled i n  $ and @, and 

so are  e a s i l y  integrated.  The s o l u t i o n  which s a t i s f  ies t h e  b o u n d a r y  

cond i t ions  

$ =  @ = O  on r = R - c , ~  (4.1 1) 

which fo l l ow  frorn (3.9), (4.2) and (4.3) are, as w i l l  be computed i n  

appendix B, 

S t r i c t l y  speaking, s ince eqs. (4.10) are  u l t r a r e l a t i v i s t i c ,  they a re  not  

va l  i d  c lose t o  the curve (3.7) where 5 0. So irnposing the condi t i o n  

(4.11) t o  t h e i r  s o l u t i o n  i s  a c t u a l l y  no t  c o r r e c t .  I t  i s  however a good 

approxirnation which we wi l l take as the boundary cond i t ions  c l o s e  t o  

(3.61, rep lac ing  (3.8). Anyhow, from the physical  po in t  o f  view, i t  i s  

i n t u i t i v e  t h a t  i n  so l v i ng  the  system (4.5) , inf luences coming from the 

e n t i r e  boundary (3.7) i s  rnuch more important than those coming from the 

T=O region, o r  i n o ther  word\S coming f rom the vacuum s ide boundary, thus 

j u s t i f y i n g  our approximation. 



Boundary Condi t i o n  on r=O, T > R/co 

I n  t h e  l a s t  subsec t ion ,  we have exp la ined  how t o  s o l v e  eqs. 

(4.5) i n  t h e  t r i v i a l  reg ion .  Now, we s h a l l  t u r n  our  a t t e n t i o n  t o  t h e  

r e g i o n  I I I ,  where t h e  c h a r a c t e r i s t i c s  (b) a r r i v i n g  a t  r=O (T ax is)  s u f -  

f e r  a  r e f l e c t i o n  and leave r=O as c h a r a c t e r i s t i c s  (a) . T h i s  domain has 

two boundaries, namel y, one which separates i t f rom r e g i o n  I I (curve 4) , 
where J, and + a r e  i n  principie known and t h e  o t h e r  which i s  t h e s t r a i g h t  

1 i n e  r=O, .r > R /co ,  where E, = 0, accord ing  t o  (3.10) , bu t  we do n o t  know 

which i s t h e  v a l u e  o f  5,. I n  terrns o f  J, and +, t h i s  means t h a t  we know a  

p a r t i c u l a r  cornbinat ion o f  these f u n c t i o n s  the re ,  b u t  n o t  I) i t s e l f  whose 

v a l u e  i s  needed t h e r e  i n  o r d e r  t o  c a r r y  t h e  $ - i n t e g r a t i o n  o u t .  

For t r e a t i n g  t h i s  problem, we r e w r i t e  (4.5) f o r  t h e  neigh-  

b o u r i n g  p o i n t s  o f  t h e  T- ax is  ( r  = O), where v, 5 0: 

Now, a long T - a x i s  ( r  = 0, T > R / C ~ )  , i t  f o l  lows f rom (3.10) t h a t  

o r  w i t h  t h e  h e l p  o f  (4.4),  t h i s  i s  r e w r i t t e n  as 
I 

By s u b t r a c t i n g  eqs. (4.13) f rom each o t h e r  and u s i n g  (4.15) we a  1 s o  

have 

Now, making use o f  (3.10) and (4.14), we e x p a n d  5 i n  ( 4 .  1 3 )  i n  a  

power s e r i e s  around a  p o i n t  ( ~ , 0 )  : 

v a l i d  up t o  t h e  f i r s t  o r d e r .  I n  t h e  l a s t  step, we have used (4.4) and 



and (4.16). We add eqs. (4.13) each o the r  and w i t h  the he lp  o f  (4.15) 

and (4.16) we f i n a l l y  ob ta in  

a4 - = -ZcO g = 2e0 ãi; 
aT 

(4.18) 

( f o r  r = O,  -c > R/c,) . This i s  a r e l a t i o n  between the t ime v a r i a t i o n  o f  

J, and the space v a r i a t i o n  o f  J, o r  $, so once J, o r  $ i s  g i v e n  f o r  a 

f i x e d  T and i n  a small neighbourhood o f  r = O,  i t  al lows us t o  compute 

i t s  value i n  the  v i c i n i t y  a long T- axis.  Thus, (4.18) i s  o u r  b o u n d a r y  

cond i t i on  t o  be used i n  J,- integrat ion.  

5. TRANSVERSE RAPIDITY DISTRIBUTION OF THE HADRONIC FLUID AND THE 
INCLUSIVE PARTICLE DISTRIBUTIONS 

I n  the l a s t  sect ion,  we have shown how , t o  solve the hydro- 

dynamical equations f o r  t ransverse f lows and t o  ob ta in  @ and 4,  and so 

5 and 5 by means o f  eqs. (4.4) and (4.11, as func t ions  o f  T and r ( i n  

our approximation, the s o l u t i o n  i s  independent o f  a, and o f  the a z i -  

mutal angle $). Now, l e t  us ob ta in  the momentum d i s t r i b u t i o n  of' par-  

t i c l e s  t o  a l l ow  f o r  a comparison w i t h  the experimental data. Allthough 

i t  i s  not indispensable f o r  t h i s  end, f i r s t  we w i l l  

verse r a p i d i t y  d i s t r i b u t i o n  o f  the  hadronic f l u i d  and 

p a r t i c l e  d i s t r i b u t i o n s .  

Transverse Rap id i ty  D i s t r i b u t i o n s  o f  the Hadronic F l u  

e r i v e  the t rans-  

then the i n c l u s i v e  

I n  the  o r i g i n a l  vers ion  o f  hydrodynamical model, the i n i t i a l l y  

hot ,  pancake-shaped b lob  expands u n t i l  each p a r t  o f  i t  reaches some 

c r i t i c a l  temperature, c a l l e d  d i s s o c i a t i o n  temperature T d ,  a f t e r  which 

p a r t i c l e s  appear as independent, non- in terac t ing  ob jec ts .  I n  te rns  o f  a 

cur rent  view, we would i n i t i a l l y  have a hot  quark-gluon p lasma which 

would s u f f e r  a phase t r a n s i t i o n  as the  f l u i d  expands and the  tempera- 

t u r e  decreases. I n  any case, the  f i n a l  p a r t i c l e  d i s t r i b u t i o n  as w e l l  as 

the r a p i d i t y  d i s t r i b u t i o n *  o f  t he  hadronic f l u i d  must be ca lcu la ted on 

* We observe, however, t ha t  i n  the expansion o f  the  quark-gluon plasma, 
an add i t i ona l  compl icat ion appears which i s  re la ted  t o  what happenswith 
the system dur ing  the phase t r a n s i t i o n .  I t  w i l l  su re l y  cont inue t o  ex- 
pand but, as f a r  as we know, t h i s  problem has not  y e t  been t rea ted i n  
the l i te ra tu re .  



t h e  hypersur face  where T  = Td. We have, thus  

where n i s  t h e  p a r t i c l e  d e n s i t y  and da a r e  t h e  components o f  t h e  s u r -  
lJ 

f a c e  element ( i n c l u d i n g  t h e  normal d i r e c t i o n ) .  The meaning o f  eq. ( 5.1) 

i s  c l e a r ,  e s p e c i a l l y  i f  one uses t h e  C a r t e s i a n  c o o r d i n a t e s  when 6 
wi 1 1  be reduced t o  1. I n  o u r  c o o r d i n a t e  system, u' a r e  g i v e n  by (2.15) 

and, w i t h  t h e  approx imat ion  (3.3) , they  become 

By u s i n g  t h e  usual  procedure * ,  we o b t a i n  f o r  do i n  t h e  same a p p r o x i -  
lJ 

rnat i o n  

d o  = da, d+(-dr,0,dCr,0) . 
Fi (5.3) 

SO, by p u t t i n g  (5.21, (5.3) and (2.14) i n t o  (5.1) and c o n s i d e r i n g  t h e  

a x i a l  symmetry o f  t h e  problem, we have 

where t h e  s igns  have been chosen so t h a t  t h e  (-c,r) i n t e g r a t i o n  s t a  r t s  

f rom t h e  p o i n t  ( 0 , ~ ) .  I t  i s  convenient  t o  r e w r i t e  (5.4) i n  terms o f  d5 

i n s t e a d  o f  d~ and dr, because we a r e  i n t e r e s t e d  i n  t h e  5 d i s t r i b u t i o n .  

s  Jacobian o f  the  t r a n s f o r m a t i o n  (5,~) + ( ~ , r )  and we 

have a l s o  rep laced  a, by o, w i t h  t h e  h e l p  o f  eq. (3.3). I t  i s  c l e a r  t h a t  

t h e  d i s t r i b u t i o n  g i v e n  above i s  independent o f t h e  l o n g i t u d i n a l  r a p i d i t y  

a because o f  o u r  approx imat ion  (3.3). A more c o r r e c t  a - d i s t r i b u t  i o n  

would indeed be an approxirnate Gaussian as i t  f o l l o w s  f rom eq. (2.6)and 

2.7) . 

* See f o r  ins tance  r e f  . l 7 .  
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I n c l u s i v e  P a r t i c l e  D i s t r i b u t i o n s  ( f o r  F ixed  M) 

I n  o r d e r  t o  o b t a i n  t h e  (semi-) i n c l u s i v e  p a r t i c l e  d i s t r i b u t i o n ,  

one rnust f u r t h e r  cons ider  t h e  therrnal f l u c t u a t i o n  a t  T = Td.The c o r r e c t  

r e c e i p t  f o r  t h i s ,  c o n s i s t e n t  w i t h  energy conservat ion,has been ob ta ined  

by Cooper and ~ r ~ e ' *  s t a r t i n g  frorn 

t i v i s t i c  gas and i t  reads 

t h e  t r a n s p o r t  theory  o f  a r e l a -  

where t h e  i n t e g r a t i o n  i s  taken over  t h e  hypersur face  T e d  , w i s  t h e  

s t a t i s t i c a l  we igh t  and pp i s  t h e  f o u r  momentum o f  t h e  p a r t i c l e  t o  be 

observed, which may be w r i t t e n  i n  ou: c o o r d i n a t e  system ( w i t h  a a o  and 

u s i n g  t h e  usual  r a p i d i t y  v a r i a b l e s  y,,, y,) as 

The proper- f rame energy E i s  expressed i n  terms o f  t h e  v a r  i - 
a b l e  a t  t h e  center-of-rnass frame (of  M) as 

BY ~ u t t i n g  (5.31, (5.7) and (5.8) i n t o  (5.6), one o b t a i n s  

111 .rr [shy,d.r - ch h,,-a) chy, dr]doid@ 
E d N  =A 

dp ( 2 ~ )  rn 
T=Td 

expi -  [ch(y,,-ol) chyl c h t  - shy, sh< cos@]l i 1 
Td 

(5.9) 

Despi t e  t h e  a- independence o f  d2~/dcxd< as g i v e n  by eq. (5.5) , t h e  i n -  

tegrand above c o n t a i n s  an a-dependence which predominantes over  t h e  

a c t u a l  a-dependence o f  d2~/doid< as d iscussed below (5.5) d u e t o  i t s  sharp 

form. 

6. CONCLUDING REMARKS 

I n  t h e  p resen t  paper, we have developped an a 1  g o r  i thrn f o r  

s o l v i n g  t h e  hydrodynarnical t ransverse  expansion o f  an i n i t i a1  1 y f 1 a t 

(A << R) and h o t  (T, >> m ) d i s c  o f  l a r g e  mass M and ob ta ined  b o t h  t h e  
TI 



r a p i d i t y  d i s t r i b u t i o n  o f  the f l u i d  and the i nc lus i ve  p a r t i c l e  d i s t r i -  

bu t  ions which emerge from the expansion. AI  though ou r  aim i s  app 1 y i n g  

t h i s  p r e s c r i p t i o n  f i r s t  t o  studying hadron-hadron c o l l i s i o n s ,  i t  rnay 

ev iden t l y  be used a l s o  f o r  nucleus-nucleus c o l l i s i o n s .  

The basic assumption o f  the  present rece ip t  i s  the approximate 

va l  i d i t y  o f  the one-dimensional s o l u t i o n  as given by eq. (2.6) Land eq. 

(2.9)], which al lows t o  separate the t ransverse from the l ong i t ud ina l  

f lows. The resu l  t i n g  couple of equations (3.4) f o r  t ransverse f lows are  

then put i n  the canonical form (4.5), which al lows the i n teg ra t i on  along 

the cha rac te r i s t i cs ,  eq. (4.7), w i t h  the use o f  eqs. (4.8) and ( 4 . 9 ) .  

s r e s u l t  i s  always v a l i d  as f a r  as the assumption above  r e m a i n s  

id .  

As f o r  the i n i t i a l  condi t ions,  we have assumed t h e f l u i d  begins 

expand a t  a t ime t A O,  i n  accordance t o  the  most orthodox view. 

one assumes a model as discussed i n  r e f .  11 ,  we t h i n k  n a t u r a l  t o  

inc lude a l s o  the t ransverse r a p i d i t y  d i s t r i b u t i o n  o f  fragments o r  o f  E 

a t  T = T ~ .  Such a d i s t r i b u t i o n  would probably be more os less c o n s t a n t  

over R, but  w i t h  a surface w i t h  a f i n i t e  th ickness which would increase 
-.+ 

w i t h  T o  ( i f  V = const., as assumed by those authors) . Although t i tere i s  

no apparent reason t o  being so, the expansion f o r  T < -r, - ' fm,  as 

ca lcu la ted here may we l l  s imulate t h i s  thickness-widening e f f e c t .  This 

i s  c e r t a i n l y  the case i n  the one-dimensional approximation t o  t r e a t i n g  

nucleus-nucleus c o l l i s i o n s  i n  the  cen t ra l  r a p i d i t y  region, when v = x/t 

i s  usua l l y  assumed and then the  source i s  guessed by using dN/dy,, f o r  

nucleon-nucleon co I1 i s i on .  

An e x p l i c i t  numerical computation wi11 be r e p o r t e d  i n  t h e  

forthcomi ng paper20. 

APPENDIX A 

I n  t h i s  appendix, we ca l cu la te  the surface o f  separation be- 

tween regions o f  one-dimensional and three-dimensional f lows. Such a 

surface i s  g iven as a c h a r a c t e r i s t i c  surface o f  the system o f  equations 

(3.4) , which describes three-dimensional f lows. FOI lowing the  standard 

method*, the  equation of a c h a r a c t e r i s t i c  surface i s  w r i t t e n  as 

*See f o r  instance ref .19.  
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F ( T , ~ )  = O , 

where F i s  a f unc t i on  s a t i s f y i n g  

6y developing t h i s  equation and f a c t o r i z i n g  i t, we rnay 

(A. 1) 

= o . (A.2) 

r e w r i t e  i t  as 

By d i v i d i n g  each o f  these equations by aF/ar, we ob ta in  

(A. 4) 

So, we have two c h a r a c t e r i s t i c s  o f  eqs. (3.4) , which pass through each 

po in t .  The f i r s t  o f  these equations represents a surface w h i c h  moves 

outward, whereas the second one corresponds t o  the one which moves i n -  

ward (w i th  respect t o  the  f l u i d  elernent) . I n  sec. 4, the  system o f  eqs. 

(4.5) , which i s  j u s t  another form o f  (3.41, w i l l  be in tegra ted fo l l ow-  

ing these cha rac te r i s t i cs .  I n  the p a r t i c u l a r  problem o f  surface o f  sep- 

a r a t i o n  tha t  we a re  present ly  consider ing,  we choose the  minus s ign  i n  

( ~ . 4 )  and, using the boundary cond i t i on  we put  < = O .  Taking a l ço  the 

i n i t i a l  cond i t i on  i n t o  account, ( ~ . 4 )  rnay be e a s i l y  in tegra ted andgives 

r = -C,T + R , (A. 5) 

which i s  our eq. (3.7) o f  sec. 3 .  Although i t  i s  c l ea r  enough tha t  the 

o ther  boundary o f  the three-dimensional- f low region i s  g iven by (3.6), 

note t ha t  i t  may be obtained i n  a s i m i l a r  way, by tak ing  the l i m i t  < + m  

of  (A.4) w i t h  the p lus  sign. 



APPENDIX B 

Consider the equations 

wh:ch we would l i k e  t o  solve assuming 

Take (5.1) f i r s t .  I t s  c h a r a c t e r i s t i c s  as we l l  as i t s  s o l u t i o n  @ s a t i s f y  

the fo l l ow ing  system o f  o rd inary  equations ( i n  q) :  

d T  ar - - =  - -  - d$ 

1 1  
= dq. 

-2% --o 
I+:, [i ''1 

Upon i n teg ra t i on ,  t h i s  w i l l  g i ve  

o r  e l im ina t i ng  fhe a u x i l i a r y  va r i ab le  q  and then tak ing  -c as the inde- 

pendent va r i ab le  

Due t o  the boundary condi t ion (8.3) , we have 

r, = R - c, T o  , 

$ = O , when T = T, . 



From (8.6) and (8.7) , i t  f o l  lows 

1 4 R - coT, +, = - l o g  -- . 
I+C0 T ~ O  

I nse r t i ng  these equations i n t o  (8.6) we f i n a l l y  ob ta in  

The i n teg ra t i on  o f  (8.2) i s  e n t i r e l y  s i m i l a r  so we do not  re-  

peat i t here.  The resu l  t i s  

(8.9) and (8.10) are  p rec i se l y  the u l t r a r e l a t i v i s t i c  s o l u t i o n  given i n  

sec t ion  4. 
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Resumo 

Trata-se a expansão hidrodinâmica t r id imens iona l  com um método 
semelhante ao de M i  lekh in ,  porém mais expl í c i  t o .  Embora no es tág io  f i - 
na1 tenhamos que apelar  a um cá1 cu lo  numGr i co, as equações d i f e renc ia i s  
a derivadas p a r c i a i s  que governam as expansões t ransversa is  :ao t r a t a -  
das sem transformá- las em equações o rd iná r i as  com a introduçao de quan- 
tidades médias. Trata-se no presente a r t i g o  do formalismo e os r e s u l t a -  
dos numéricos serão re latados no prõximo t rabalho.  


