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Abstract ik show t h a t  the r a t i o n a l  power law po ten t i a l s  i n  t h e  t w o -  
-body r a d i a l  SchrHdinger equations admit a systematic t r e a t m n t  a v a i l -  
able from the c lass i ca l  theory o f  o rd inary  l i n e a r d i f f e r e n t i a l  equations 
o f  the second order.  The r e s u l t i n g  po ten t i a l s  come in to fami l ies  evolved 
from equations having a f i x e d  number o f  elementary regu lar  s ingu lar -  
i t i e s .  As a consequence, r e l a t i o n s  are found and discussed arnong t h e  
several po ten t i a l s  i n  a fami ly .  

1. INTRODUCTION 

H i s t o r i c a l l y  the  development o f  the  theory o f  d i f f e r e n t  i a 1  

equations cont r ibu ted t o  several f i e l d s  i n  c l a s s i c a l  p h y s i c s .  Con- 

versely,  the problems o f  mechanics, continuous media and electromagnet- 

ism were sources o f  advances and s t imu la ted the work o f  ou  t s  t a n d  i ng 

mathematicians. 

An approach t o  d i f f e r e n t i a l  equations from the po in t  o f  view 

o f  ana lys is  and the  theory o f  func t ions  o f  a complex va r i ab le  was de- 

veloped t o  a h igh  degree dur ing  the pr-ceeding century.  The c lass i ca l  

t r ea t i ses  o f  ~ o r s ~ t h e '  and lnce2 witness the leve1 o f  q u a l i t a t i v e  and 

q u a n t i t a t i v e  understanding o f  the problem, i n  p a r t i c u l a r  the  existence,  

uniqueness and charac ter iza t ion  o f  the poss ib le  so lu t i on .  

The advent o f  quantum mechanics w i t h  the schr8dinger equation 

as the d i f f e r e n t i a l  equation f o r  the eigenvalue problem of  the s ta t i on -  

a ry  s ta tes  i n  two body problems opened some new app l ica t ions  f o r  d i f -  

f e r e n t i a l  equations. The s implest  atomic problem, the hydrogen atom,was 
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prompt l y  so lved  e x a c t l y  w i t h  t h e  h e l p  o f  t h e  c l a s s i c a l  knowledge p re-  

v i o u s l y  accumulated on t h e  c o n f l u e n t  hypergeometr ic  e q u a t i o n  and i t s  

s o l u t i o n s .  Other problems o f  two body f o r c e s  were l a t e r  s o l v e d , l i k e  t h e  

S-wave f o r  t h e  exponen t ia l  p o t e n t i a l .  But i n  f a c t  no impor tan t  develop-  

ment i n  t h e  theory  o f  t h e  s c h r 8 d i n g e r  equa t ion  was made u n d e r t h e  s t imu-  

l u s  o f  t h e  p u r s u i t  o f  new s o l u t i o n s  u n t i l  r e c e n t l y .  

I t  i s  t r u e  a l s o  t h a t  even mathemat ic ians s i n c e  1920 abandoned 

almost comp le te ly  t h e  a n a l y t i c a l  approach t o  d i  f f e r e n t i a l  e q u a t i o n s  

o r i e n t i n g  themselves t o  t h e  s tudy  o f  g l o b a l  geornetr ic o r  a l g e b r a i c  

p r o p e r t i e s  o f  d i f f e r e n t i a l  equa t ions .  

On t h e  o t h e r  hand, e l e c t r o n i c  c a l c u l a t o r s  made i n c r e a s  i n g l  y 

e a s i e r  t o  o b t a i n  approx imate s o l u t i o n s  w i t h  b e t t e r  p r e c i s i o n .  I n  a l l ,  

e v e r y t h i n g  concurred t o  a s i t u a t i o n  where t h e  known s o l u t i o n s  o f  t h e  

SchrUdinger equa t ion  f o r  two body problems a r e  presented e s s e n t i a l l y  as 

t h e  a p p l i c a t i o n  o f  ad hoc procedures o f  a lmost  h e u r i s t i c  v a l u e  and r e f -  
3 - 5  

erences a r e  made t o  some good t e x t  i n  mathematical phys ics  . N o t i c e  

t h a t  severa1 t e x t s  a r e  n o t  much more modern t h a t  Forsy the  o r  Ince.  

Two decades ago b s e 6  took  anew t h e  developements o f  Ince  i n  

h i s  a t tempt  t o  o b t a i n  a genera l  c l a s s i f i c a t i o n  o f  l i n e a r  o r d i n a r y  d i f -  

f e r e n t i a l  equat ions o f  second o r d e r .  The p o i n t  made by Ince  i s  t h a t ,  

s t a r t i n g  f rom an equa t ion  w i t h  a g i v e n  number o f  e lementary s i n g u l a r -  

i t i e s  ( i  .e., s i n g u l a r i t i e s  w h e r e  t h e  p o s s i  b l e  t w o  s o l u t i o n s  a r e  

g i v e n  e a c h  o n e  b y  a p o w e r  s e r i e s  t i m e s  a p o w e r ,  t h i s  power d i f -  

f e r i n g  by one h a l f  between t h e  two s o l u t i o n s )  o n e  i s  a b l e  t o  genera te  

f a m i l i e s  f rom t h e  gradual  con f luence  o f  these s i n g u l a r i t i e s .  b s e  

a p p l i e d  t h i s  t o  t h e s c h r u d i n g e r  equa t ion  and looked f o r  t h e  p o s s i b l e  

Schrudinger  equat ions result in. ;  i rom an o r i g i n a l  e q u a t  i o n  h a v i  n g  s  i x 

e lementary s i n g u l a r i t i e s .  S i n c e  the  c o n f l u e n t  hypergeometr ic  equa t ion  i s  

ob ta ined  by l e t t i n g  f o u r  s i n g u l a r i t i e s  coa lesce  a t  t h e p o i n t  a t  i n f i n i t y  

and t h e  o t h e r  two a t  the  o r i g i n ,  he was a b l e  t o  o b t a i n  t h e  known cases 

o f  t h e  harmonic i s o t r o p i c  o s c i l l a t o r  and t h e  Coulomb p o t e n t i a l ,  and t h e  

exponen t ia l  p o t e n t i a l  as w e l l ,  w i t h  s u i t a b l e  changes o f  v a r  i a b l e s .  

Other i n t e r e s t i n g  cases r e s u l t e d ,  and he l a t e r  extended t h i  s  s  t u d y  

w i t h  ~ e m i e u x '  t o  t h e  case o f  8 e lementary s i n g u l a r i t i e s .  T h e y  s t a r t e d  

w i t h  t h e  s i n g u l a r i t i e s  a l r e a d y  coalesced p a i r w i s e ,  w h i c h  p r o d u c e s  a 

d i f f e r e n t i a l  equa t ion  w i t h  f o u r  r e g u l a r  s i n g u l a r i t i e s  s t u d i e d  by ~ e u n *  

as an e x t e n s i o n  o f  t h e  Riemann problem f o r  t h e  hypergeometr ic  e q u a  t i o n  



(which has on l y  th ree regu lar  s ingu lar  p o i n t s ) .  They c o n s i d e r e d  t h e  

consequences o f  l e t t i n g  these s i n g u l a r i t i e s  coalesce i n  severa1 ways. 

The analogous t o  the conf luent  hypergeometric case i s  h e r e  o b t a  i ned 

when three regu lar  s i n g u l a r i t i e s  j o i n  a t  i n f i n i t y  and the remaining i s  

a t  the o r i g i n ;  i t  produces a fam i l y  o f  po ten t i a l s  inc lud ing 

and 

which can be re la ted  through a t ransformat ion o f  var iab les  which i s  by 

now we l l  known (we sha l l  analyse i t  i n  the  fo l l ow ing  s e c t i o n s )  . The 

f i r s t  o f  these po ten t i a l s  was solved exac t l y  by S ingh, Biswas a n d ~ a t t a ~ .  

b t h  have been considered i n  a s e r i s  o f  a r t i c l e s  by Z n o j i l " .  I n  f a c t ,  

most o f  the work done i n  the area o f  ob ta in ing  exact so lu t ions  f o r  the 

Schrb'dinger equation ignores the pioneer ing work by Bose and Lemieux, 

which was on l  y reca l  l ed  by ~ohnson". 

The physics o f  elementary p a r t i c l e s  gave new st imulus t o  the  

po ten t i a l  theory o f  po ten t i a l s  w i t h  a p o s i t i v e  power law, w h i c h  a r e  

presumed adequate t o  descr ibe the con f i n ing  forces between quarks and 

antiquarks12. 

The study o f  one dimensional anharmonic o s c i l l a t o r s  l i k e  the  

one i n  (1 I )  was a l so  o f  . i n t e r e s t  s ince they present some features which 

seem t o  be common t o  r e l a t i v i s t i c  f ie -ld  theory: the energy l e v e l s  are  

not  a n a l y t i c  f u n c t i o n s o f  the  anharmoniccoupling constant, and t h i s  

prevents f o r  instance the pe r tu rba t i ve  expansion o f  e n e r g y  l e v e 1  s t o  

convergeI3. ~ a d é  approximants have been shown t o  p r o v i d e  t h e  r i g h t  

answer"  f o r  the x4 p o t e n t i a l .  Recently, the s o l u t i o n  v i a  a continued 

f r a c t i o n  f o r  the Greenls f unc t i on  has been given by the  ind ian group9. 

Z n o j  i l has p r o d u c e d  a rea l  leap forward studying i n a1 1 

general i t y  ( ra t iona l )  power iaw po ten t i a l s  s t a r t i n g  from norma 1 a n d  

subnormal sol  u t  ionsl O .  H e then proposed an extended cont i nued f r a c t  ion 

f o r  the Green func t i on  i n  the general case, studied the t ransformat ions 

between f a m i l i e s  o f  po ten t i a l s  and gave some systematic c l a s s i f i c a t i o n  

f o r  them. 

I n  an almost s i m i l a r  approach Rampa1 and Oattal' performed a 

study which cared among o ther  th ings (as Zno j i  l a l so  did)  upon the  



existence o f  polynomial so lu t i ons  and gave some c r i t e r i a  f o r  them t o  

e x i s t .  

I n  t h i s  work we show how the a n a l y t i c  procedures developed by 

Ince apply i n  the general case f o r  ( ra t i ona l )  power law potent ia ls.The 

essent ia l  feature t o  a l l ow  a systematic study i s  the number ,  N o f  

elementary s i n g u l a r i t i e s  o f  an ord inary  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  

o f  second order (OLDESO) . I n  con t ras t  wi t h  Bose and Lemieux, we con- 

s ider  a i 1  poss ib le  ways o f  making these s i n g u l a r i t i e s  t o  coalesce i n  

h igher order ones. Th is  of course al lows us t o  ob ta in  a l a rge r  number 

o f  fami l ies ,  among which there  a re  some o f  u n d o u b t e d l  y p h y s i  c a l  

i n te res t .  

We f u r t h e r  study the se t  of t ransformat ions i n  theindependent 

va r i ab le  which transforms members o f  a g iven fami ly  i n t o  one a n o t h e r  

and how they r e f l e c t  these proper t ies  i n  the  so lu t ions .  

With a ca re fu l  no ta t i on  we study a l s o  the regu lar  so lu t i ons  o f  

the equations so obtained. We be l i eve  tha t  t h i s  systematic p r o c e d u r e  

al lows f o r  a u n i f i e d  treatment o f  a l l  cases known i n  the 1 i t e r a t u r e .  

Needless t o  say t h i s  work could have been done h a l f  a century ago w i t h  

l i t t l e  changes, i f  any. 

A short  vers ion o f  t h i s  work has appeared a 

pose however t ha t  t h i s  a r t i c l e  be as s e l f  cons is ten t  

terminology i s  res ta ted as can be found i n  the c lass  

The proofs o f  mathematical statements a re  not  always 

most o f  them and r e f e r  t o  the c lass i cs .  

readyI6.  We pro-  

as possib le.  The 

ca l  t r e a t i s e s l p 2 .  

easy and we omit  

i n  sec t ion  2 we develop the c lass i ca l  theory o f  OLDESO i n  a 

reduced form, j u s t  t o  a l l ow  f o r  the understanding o f  the bas ic  t e c h -  

nology. This, as we l l  as a l o t  o f  terminology has phased away w i t h  

time, and i s  r a r e l y  used i n  books o f  physics. The coalescene o f  singu- 

l a r i t i e s  i s  considered w i t h  some d e t a i l  f o r  the cases N = 4,6. This 

a l lows us t o  g i ve  a general account o f  Ince's c l a s s i f i c a t i o n  c r i t e r i a  

f o r  OLDESO. 

l n  sec t ion  3 we deal w i t h  the general case and analyse the re-  

l a t i o n s h i p  between po ten t i a l s  of a g iven family, genera l iz ing  r e s u l t s  

obtained by ~ohnson".  This i s  the extension o f  the r e l a t i o n s h i p  be- 

tween the harmonic i s o t r o p i c  t h r e e - d i m e n s i o n a l - o s c i l l a t o r  and  t h e  

Coulomb problem known i n  the c ~ a s s i c ' ~  and quanturn18 domains. 



Sect ion 4 presents a systematic ana lys is  of the a n a l y t i c  p a r t  

o f  the normal and subno rma l  s o l u t i o n s .  We show e x p l  i c i  t l y  how 

the s i n g u l a r i t y  completely determines the k ind  o f  possib le s o l u t i o n  

ava i l ab le  and i t s  ser ies  expansion. 

F i n a l l y ,  sec t ion  5 contains some conclusions and p o i n t s  t o  

d i rec t i ons  o f  f u r t h e r  research. 

2. CLASSICAL THEORY AND INCE'S CLASSIFICATION 

2.1 - S i n g u l a r i t i e s  o f  a d i f e r e n t i a l  equation and the forms o f  the s o l -  

u t i ons  

An OLDESO can be w r i t t e n  i n  general as: 

d 2  ( 1  + P (a) + g (a) y (2) = O 
dz2 dz 

I t  i s  we l l  known tha t  i n  general i t  may e x i s t  two so lu t ions  

t o  t h i s  equation: yl and y2.  A po in t  ao i n  an ord inary  one i f :  P and Q 

have no s i n g u l a r i t y  i n  i t ,  i . e . ,  i f  they are a n a l y t i c  funct ions around 

a,. The so lu t ions  around t h i s  po in t  w i l l  be a n a l y t i c  funct ions o f  z,  

and t h e i r  Taylor  expansions w i l l  be convergent: 

I f  z, i s  a s i n g u l a r i t y  f o r  P and/or Q, i t  i s  assumed t h a t  i n  

i t s  neighbourhood a seemingly s i m i l a r  development i s  v a l i d :  

Subst i  t u t i n g  (4) i n  (2) and equati ng powers, two possi b i  l i t i e s  

are open: ( i )  A 2" degree equat ion  f o r  a. ( i  i )  A l inear equation f o r  a 

o r  even no equation f o r  a. 

I n  the f i r s t  case, z, i s  a r e g u l a r  s i n g u l a r i t y  and the ind i c ia l  

equation has one o r  two so lu t ions ,  a'. For Ia+-0-1 = 1/2, the singu- 

l a r i t y  i s  elementary. I n  the  second case, z o  i s  an i r r e g u l a r  s ingu lar-  

i t y .  

I n  the second case, z~ i s  an i r r e g u l a r  s i n g u l a r i t y .  

The necessary and s u f f i c i e n t  cond i t i on  f o r  z, t o  be a regu lar  



s i n g u l a r i t y  i s :  

where the funct ions g and h .are  a n a l y t i c  around z ,  and the case A=p=Ois 

excluded ( z ,  i s  then an ord inary  po in t )  . 
The transforrnat íon: 

exchanges the po in ts  a t  the o r i g i n  and a t  i n f i n i t y .  Eq. (2) then looks: 

Analysing i t s  behaviour a t  u=O, 

( i )  an ord inary  po in t  i f  

p ( 4  = 

q (u) = 

( i i )  a regu lar  s i n g u l a r i t y  i f  

i n f i n i t y  i s :  

For what regards the  so lu t i ons  t o  eq. (2) , l e t  us f i r s t  con- 

s ider  the case tha t  z ,  i s  a regu lar  s i n g u l a r i t y .  The numbers o' re-  

s u l t i n g  fo r  the roots o f  the i n d i c i a l  equation are  the exponents o f  the 

s i n g u l a r i t y .  The two so lu t ions  w i l l  be: 



i f lu+-o- 1 
w i Z Z  d i f f e  

u t ions  may 

general so 

i s  no t  an in teger  

r by a  l oga r i  thm. 

d i f f e r  by a  logar 

l u t i o n  of (2) w i l l  

. I f  a+ = o- = o,, then the  two sa lu t ions  

I f  lu+-0-1 i s  an in teger ,  then the so l -  

ithm. For z o  a  regu lar  s i n g u l a r  i t y ,  the 

have a  pole o r  a  branch p o i n t  a t  9,. 

For i r r e g u l a r  s i ngu la r  po in ts ,  two s i t u a t i o n s  may be present: 

a) the  i n d i c i a l  equation i s  independent of o; b) the i n d i c i a l  equation 

i s  l i n e a r  i n  U.There i s n o  l o s s o f  gene ra l i t y  by t a k i n g z ,  t o b e  the 

o r i g i n .  We sha l l  take 

We see then t h a t  i f  

we have one index: 

For 6 2 - 1 ,  y 3 - 2 we always have two i n d i c e s . l f  these con- 

d i t i o n s  a r e  not  f u l f i l l e d ,  we have no i n d i c i a l  equation. On the o ther  

hand, B and y must be integers,  otherwise the ser ies  expansions would 

not  match coe f f i c i en ts .  

I n  general, i t  can be shown2 t h a t  i f  the ser ies  f o r  w ends 

( i .e. ,  i s  a  polynomial) we have a  regu lar  so lu t i on .  However, i n  rnost 

cases the  se r i es  expansion i s  i n f i n i t e  and there  i s  no r e g u l a r  so l -  

u t i o n  a t  t he  o r i g i n .  

I f  no regu lar  s o l u t i o n  e x i s t s ,  a  normal s o l u t i o n  i s  t:ried. A 

normal s o l u t i o n  i s  o f  the form: 

where 



and V(Z) has a  ser ies expansion around the  o r i g i n .  The normal s o l u t i o n  

has an essent ia l  s i n g u l a r i t y  a t  the  o r i g i n .  The problem i s  up t o  what 

po in t  the normal s o l u t i o n  may work. There i s  no a  p r i o r i  knowledgeabout 

the answer t o  t h i s  question, and i n  f a c t  what i s  done i s  t o  t r y  a  so l -  

u t i o n  and t e s t  t ha t  the new d i f f e r e n t i a l  equation f o r  u ( z )  adrni t s  a  

regu lar  so lu t i on .  

A cur rent  example al lows one t o  see how t o  d e t e r m i n e  P k ) .  
L e t ' s  consider the one dimensional ~ c h r g d i n ~ e r  equation f o r  the l i n e a r  

osci  1 l a t o r :  

That the po in t  a t  i n f i n i t y  i s  an i r r e g u l a r  po in t  i s  seen by 

t ransforming i t  i n t o  the o r i g i n :  

Then we have: 

Try ing  a  normal so lu t i on :  ' 

we have : 

There i s o n e  poss ib le  choice t o  e l im ina te  the s i x t h  order pole:  

With t h i s ,  



and a l  = O s ince 'i t would g i ve  r i s e  t o  a  pole, whereas the coef-  

f i c i e n t  i n  the d e r i v a t i v e  may have on ly  a  p-3 pole.  So, a t  the  end, 

$ (P) = exp (-$/2p2) v (p) 

and the equation f o r  v (p) i s :  

The regu lar  so lu t ions  o f  t h i s  equation a re  the Hermite p o l  y n o m i a l  S .  

This can be seen going back t o  the o r i g i n a l  var iab le .  

I t  may a l so  happen tha t  instead o f  a  normal s o l u t  i o n  1  i k e  

(101, a  s i m i l a r  one, but  i n  a  transformed dependent va r i ab le  

may o r i g i n a t e  an equation w i t h  a  regu lar  so lu t i on  f o r  V. i n  t h i s  case, 

we speak o f  the submmai! s o l ~ t i o n s ~ ' ~ .  

2 .2  - Normal form o f  the equat ion and the ~ c h r o d i n g e r  equatiori 

An unfor tunate  use o f  the word (normal) i s  the one which t e l l s  

t ha t  equation (2) i s  pu t  i n  the f o l  lowing form: 

d 2 ~ ( z )  + l (a) x (a) = O 
dz2 

i s  obtained by e l im ina t i ng  the c o e f f i c i e n t  o f  the  f i r s t  der iva t ive ,p(z ) ,  

v i a :  

There i s  an important p roper ty  o f  an equation i n  normal form 

i i k e  (13). Performing the t ransformat ion z=p-I, i t  i s  e a s i i y  shown t h a t  



the new inva r i an t  has the fo l l ow ing  proper ty :  

I n  the  r a d i a l  Schrodinger equation one has the n o r m a l  f o r m  

a f t e r  separation o f  var iab les  i n  spher ical  coordinates, ~ ( r )  , going t o  

the r a d i a l  wave func t i on  u(r) : 

u (r) = r R (r) (1 6 )  

Not ice tha t  there  i s  o f t e n  an i n t e r p l a y  between e x t r a c t i n g  a  

s i n g u l a r i t y  v i a  a  normal (or subnormal) s o l u t i o n  l i k e  ( I  0) ( o r  (12))  

and inc lud ing the term w i t h  f i r s t  de r i va t i ves .  

I t  i s  essent ia l  f o r  our study the r e l a t i o n s h i p  be tween  the 

normal form o f  a  given d i f f e r e n t i a l  equation and the normal form o f  the  

Schrodinger equation where two p a r t i c l e s  i n t e r a c t  t h r o u g h  c e n t r a l  

forces.  Foi lowing b s e 6 ,  given 

w r i t i n g  

we s h a l l  have 

gchwarz de r i va t  ive) 



To be usefu l  as a  representa t ion  o f  a  ~ c h r 6 d i  n g e r  e q u a t  i o n ,  I(') 

should be o f  t he  form 

w i t h  X a  rea l  number. I f  we know the regu lar  s o l u t i o n  o f  the o r i g i n a l  

equation (13) , we may expect t ha t  t h i s  t ransformat ion may lead t o  a  sol- 

u t i o n  of the Schrodinger equation f o r  a  g iven po ten t i a l .  

As an example o f  the  procedure, i nvo l v ing  a l s o  t h e  t i e a t m e n t  

we s h a l l  g i ve  i n  the fo l lowing t o  s i m i l a r  problerns, l e t  us take thecase 

o f  the Whittaker equation fo r  the conf luent  h y p e r g e o m e t r i c  e q u a t  i o n  

(deal t  w i t h  a l s o  i n  b s e ' s  a r t i c l e 6 )  : 

The l i n e a r l y  independent so lu t i ons  are: 

i 
p+1/2 @- T ' 1 

( i )  MA,, (2) = z  @b-A+ T ,  2p + I; Z )  

which i s  r e g u l a r  a t  t h e  o r i g i n  (assuming  1-1 2 - 1 / 2 )  and  v a l i d  

f o r  2p + 1 # 0,-1,-2, ...; 

which i s  i r r e g u l a r  a t  t h e  o r i g i n  ( - v  - 1 / 2 )  and v a l i d  f o r  

- 2 ~  + 1 # 0,-1,-2 ,... . The func t i on  @(ol,B,y) i s  g iven by: 

Let us r e s t r i c t  ourselves t o  transformat ions o f  the i ndependent: va r i - 
ab le  using a  power (more general t ransformat ions a re  given i n  ~ o s e  and 



Lemieux and b s e 7  but  they are  o f  no i n t e r e s t  f o r  the rnatters cons idered 

i n  what fo l lows) : 

Then, 

and 

The corresponding candidate f o r  an i nva r i an t  o f  a Schrzdinger 

equation i s :  

2a2r2~-2 
I (s) (p) = - p + ,2a,$-2 + 114-u2p2 
P 4 r2 

To make i t  an i nva r i an t  f o r  a Schrodinger equation we have 

two possi b l e  choices: 

- - - E + $ + -  a ( a i i )  (the Coulomb po ten t i a l )  

r 

Then 

wi t h  K = m. The ser ies (19) terminates i f R + 1 - g/2K = N 

gives f o r  K (and E) the values f o r  the Coulomb p o t e n t i a l  we l l .  



R @+I) = - rZr2 + k 2  - - , the i s o t r o p i c  harmonic o s c i l l a t o  
r 

Then 

The ser ies  (20) termi nates whenever 

k 2  = 4r (N + 

which are the energy l eve l s  of the harmonic osci  1 l a t o r .  

We have obtained the laws o f  f o r ce  and t h e i r  so lu t ions  f r o m  

the d i f f e r e n t i a l  equation. This i s  the main content o f  t h e  a r t i c l e ,  

namely, t o  show t h a t  a f am i l y  o f  d i f f e r e n t i a l  equations t h a t  c a n  be 

su i  t ab l  y character ized produce a corresponding i n t e r e s t i n g  f ami 1 y o f  

laws o f  force.  

2.3 - The c l a s s i f i c a t i o n  o f  OLOESO's made by Ince 

The number o f  elementary regu lar  s i n g u l a r i t i e s  can be taken 

as a s t a r t i n g  po in t ,  a basic se t  o f  data, t o  begin consider ing system- 

a t i c a l l y  OLDESO's. 

The most general equation having N elementary regu lar  sing. 

l a r i t i e s ,  one o f  them being a t  i n f i n i t y  i s  

The N- l s i n g u l a r i t i e s  a t  f i n i t e  distances are  l o c a t e d  a t  

z (r=1, ..., N-I)  and t h e i r  exponents a re  ar and cir+1/2. r 



The constants Al,...,AN-4 are arbitrary. Since the point at 

infinity is also an elementary regular singularity we must have: 

and this fixes the value of to be 

The sum of the exponents is not arbitrary: 

Let now two singularities coalesce, for instance, by making 

z, -+ z,. Then, the pole term in p (z) picks a new residue: 

The double pole in (21) which contributes to the indicial equation, at 

z ,  has a residue now equals to: 

Since the coefficients An(n=O,l ,.. .N-4) are fully arbitrary the indicial 
equation has two roots that in general will not differ by 1/2. 

In the notation by Ince, the inicial equation was of the kind 

[N,o,o] and became [N-2,1,0]. ln general, by making singularities to 

coincide we can get 

such that K, describes regular singularities, K, irregular singularities 

coming out of the coalescence of three elementary singular i ti es, K, 
irregular singularities coming out of the coalescence of fourelementary 

regular ones and, in general, KJ wi11 indicate the number of singu- 

larities produced by coalescence of J+2 elementary regular ones. That is: 



I n  t h i s  no ta t ion ,  the Riemann problem2, which i s  t o  w r i t e  the 

s o l u t i o n  o f  an OLDESO having th ree regu lar  s i n g u l a r i t i e s ,  i s  o b t a i n e d  

from [6,0,0] i n t o  [0,3,0]. 

I n  t h i s  work we s h a l l  t a l k  almost exc lus i ve l y  o f  the  coalesc- 

ence o f  elementary regu lar  s i n g u l a r i t i e s  t o  the o r i g i n  and/or i n f i n i t y .  

Let us t r y  a simple appl i ca t i on .  Consider N = 4 .  We then f i n d :  

Making z ,  -+ z ,  + z ,  + -, and imposing 

the equat ion  (2 1) becomes 

This i s  a we l l  known equation: i t  i s  the c l a s s i c a l  harmonic o s c i l l a t o r  

i n  one dimension (wi th z  the t ime parameter), o r  the  quantum mechanical 

Schrodinger equation f o r  the  f ree  p a r t i c l e  i n  one dimension ( s ta t i ona ry  

states)  . 
I t  i s  a t  t h i s  p o i n t  reasonable t o  make some remarks about the 

physical  relevance o f  the  elementary regu lar  s i n g u l a r  i t i e s  o f  t h e  

equations. I t  seems t h a t  the  equations o f  i n t e r e s t  i n  Physics are p r e -  

c i s e l y  those having i r r e g u l a r  s i n g u l a r i t i e s .  The o r i g i n a l  e l e m e n t a r y  

regu lar  s i n g u l a r i t i e s  might be o f  some value fo r  physical  s i t ua t i ons  i f  

one could, knowing the  so lu t ions  o f  the corresponding equa t i ons ,keep  

some con t ro l  o f  the parameters as the s i n g u l a r i t i e s  coalesce. To our 

knowledge, t h i s  problem has not  been solved i n  a l l  gene ra l i t y .  

A comment a t  t h i s  po in t  on the f r e e  p a r t i c l e  case i s  perhaps 

i n  order .  The 1 i nk  betwzen the quantum mechanical case (23) and the* 

c l a s s i c a l c a s e f o r t h e  f r e e  p a r t i c l e  i n  one dimension i s  provided by the  

superposi t ion o f  so lu t i ons  which g i ve  a s o l u t i o n  o f  the S c h r o d i n g e r  



equation depending on t ime. Mean values i n  these s ta tes  a re  re la ted  t o  

the c l a s s i c a l  observables. For instance, 

This i s  the  s o l u t i o n  o f  the c l a s s i c a l  equation, which i s l i n e a r l y  d i ve r -  

gent f o r  e+*. I t  i s  a  m i l de r  behaviour than the  o r i g i n a l  s o l u t i o n  o f  

the  s ta t i ona ry  quantum case (23) . This could have been expected s i  n c e  

the beginning, and if s i n g u l a r i t i e s  of the  d i f f e ren t i a lequa t i ons  govern 

the dynamical behaviour o f  physical  systems, i t  i s  p laus ib le  t o  expect 

t ha t  c l a s s i c a l  equations w i l l  be less s ingu lar  than the o r i g i n a l  quan -  

tum equations. 

l n  f a c t ,  the c l a s s i c a l  f r e e  one dimensional equat ion comesout 

o f  the  equation w i t h  on ly  two elementary regu lar  s i n g u l a r i t i e s .  We a re  

consider ing two d i f f e r e n t v a r i a b l e s ,  but  i t  may be apparent t h a t  t h e  

s i n g u l a r i t i e s  i n  space are  somewhat r e f l e c t e d  and washed o u t  i n  t h e  

superposi t ion procedure g i v i n g  r i s e  t o  s i n g u l a r i t i e s  less f i e r c e  in t ime.  

Let us cont inue w i t h  the ana lys is  by increasing N .  For N = 5 ,  

the equations r e s u l t i n g  from the confluences o f  s i n g u l a r i t i e s  a re  

wh i ch i s obta i ned by imposi ng 

This i s  the  ~ c h r o d i n ~ e r  equation f o r t h e  l i nea r  potentialwhose 

so lu t ions  are Ai r y  funct ions19. 

By tak i ng 

we have: 
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-Now, putting: 

we get the normal form: 

The invariant of this equation goes into the Schrodinger form by wri ting 

and, finally 

which is the Sc hrodinger equat ion for three-dimensional f ree mo t ion 

provided 4~,-3/4 = -R (R+]) and 4d1 = k2. Other conf luences can be found 

in the book by 1nce2, but most of them do not produce equations of 

interest to us here. 

We shal l now consider the case of ~ = 6 .  This is quite important 

both theoretical ly and practically. Starting from [6,0,0], going to 

[0,3,0] one gets the hypergeometric equation which was well studied 

during the last century, and which provided severa1 useful setsof func- 

tions largely used in mathematical physics. We shall skip most of the 

intermediate steps, going straight to the hypergeometric equation. Let- 

ting z z1,z2 + 0 and z3,z,, + a 
5 

* o  l i m  - =  - B ,  ; lim - =  - A2 
B, ; lim - =  - 

z5+w 
B2 

25 -fa> Z5 zs +m Z5 



Wr i t i ng  now the i n d i c i a l  equation f o r  z=0, a andm, c a l l i n g  the  two i n -  

dices a t  each po in t  (a,al) , (6 ,f3 ') and (y,yl) , respect ive ly  one has the 

famous r e l a t i o n :  

a + a l + B + B ' + y + y ' = l  

and the d i f f e r e n t i a l  equation w i l l  look now 

+ rW I (z-a) z + aBB' - acra' (2-a)]$ = O 

The so lu t ions  o f  t h i s  equat ion a re  denoted by the famous Riemann P sym- 

bo l 

which ind ica tes  an equat ion w i t h  th ree regu lar- s ingu lar  po in t s  

S e t t i n g  a1=f3'=0, a=!, one gets the usual form 

The conf luent  form o f  t h i s  equation i s  obtained by l e t t i n g  

Ca l l i ng  again a and a '  the indices a t  the o r i g i n :  
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o r ,  w r i t i n g  

This i s  the equation [0,1,12]. i+k have al ready analyzed, f o l l ow ing  Bose, 

some o f  the  laws o f  f o r ce  obtained from t h i s  equation (Eqs. (19) and (20). 

There i s  another poss ib le  confluence tha t  can be made. This 

happens when both the  o r i g i n  and the i n f i n i t y  are made i r r e g u l a r  singu- 

l a r  po in t s  o f  the f i r s t  k i nd  by making th ree e l e m e n t a r y  s i n g i i l a r i t i e s  

confluence a t  each o f  them. Def in ing  

k get:  

Wi  t h  the t ransformat ion:  

we get  

w h i c h  may be w r i t t e n  as: 



and, under a transformation 

becomes the Mathieu equat ion 

Notice that with the invariant of (241, setting 

and transforming v correspondingly (eq. (17b)) we obtain a Schrod i nger 

invariant of the form 

which corresponds to a potential studied by Spector ' O ( * )  for y, <O. For 

the validity of our procedures however, y i  > O .  This lifts any restric- 

tion on the value of y2, which could be y, <-1/4. 

The main point here is that the classif ication made by I nce 

allows one to handle appropriately the OLDESO's of severa1 types. 

From the point of view of Physics, it is clear that as the 

number of elementary regular s 

pens to 

N = 2 ,  

N = 3 ,  

N = 4 ,  

N = 5 ,  

N = 6 ,  

the difficulty of some 

Classical free particl 

Classical motion on a 

ngularities, N ,  increases, the same hap- 

physical problems. We have just seen 

e motion in one dimension. 

linear potential in one dimension. 

Classical one dimensional linear osci llator; Schrod inger 

equation for the free particle motion in one dimension. 

Schrodinger equation for the linear potential in one dimension. 

Schrodinger equat ion for the three dimens ional free-part icle 

motion. 

Schrodinger equation for the three dimensional Coulomb poten- 
- 4 

tia1 and for the harmonic oscillator. Repulsive r central 

potential. 

( * )  In our previous letter16 it could be interpreted that we were in 
same case as Spector. 



Not ice a l so  t h a t  i t  i s  always comented i n  textbooks tha t  the 

S-waves i n  two body cen t ra l  forces a re  easier  t o  solve.  I t  i s  a t -  

t r i b u t e d  t o  the f a c t  t h a t  the  problem o f  S-waves has the s t r u c t u r e o f a n  

one dimensional problem; t h i s  t r ans la tes  i n  Ince 's  c l a s s i f i c a t i o n  b y t h e  

e l i m i n a t i o n  o f  the  regu lar  s i n g u l a r i t y  a t  the  o r i g i n ,  i .e. t o  the el im- 

i n a t i o n  o f  the  c o n t r i b u t i o n  o f  two elementary regu lar  s i n g u l a r i  t i e s  

which were made t o  co inc ide .  

3. POWER LAW CENTRAL POTENTIALS IN THE SCHRODINGER EQUATION 

3.1 - App l ica t ion  o f  Ince 's  c l a s s i f i c a t i o n  

This sec t ion  i s  the  c rux  o f  the a r t i c l e .  k are  in teres ted i n  

d i f f e r e n t i a l  equations i n  normal form (remind (13)) w i t h  s i n g u l a r i t i e s  

a t  the  o r i g i n  and i n f i n i t y .  They w i l l  then be transformed through the 

procedures appl i ed  i n  sect ion  2.2 i n t o  fami 1 ies o f  r a d i a l  s chrodi  nger 

equations f o r  power law po ten t i a l s ,  i .e., w i t h  p o t e n t i a l s  o f  the form: 

where the  numbers y a re  i n  p r i n c i p l e  a r b i t r a r y  coupl ings and ai a r e  
i 

members o f  a  se t  o f  r a t i o n a l  numbers s p e c i f i c  t o  the t r a n s f o r m a t  i o n s  

us ed . 
Let us j u s t  look t o  what was done i n  the  study o f  the descend- 

ents o f  the o r i g i n a l  m=6 elementary s i n g u l a r i t i e s .  The p o s s i b l e  c o n -  

f luences.and i nva r i an ts  were: 

a) r = O regu lar  s i n g u l a r i t y ,  r = m  i r r e g u l a r  s i n g u l a r i t y :  [0,1,1,] ; 

b) r = O i r r e g u l a r  s i n g u l a r i t y ,  r = W  i r r e g u l a r  s i n g u l a r i t y :  [0,0,2;); 

These are  the  on ly  p o s s i b i l i t i e s .  I n  order  t o  have r = -  as i3 regu lar  

s i n g u l a r i t y  one should j u s t  exchange the  o r i g i n  and i n f  i n i  t y  i n  t h e  

f i r s t  case. 

Note tha t  the second case 

exchange o f  the  o r i g i n  and i n f i n i t y  

i s  i nva r i an t  a l s o  as a  r e s u l t  o f  the 

. This w i l l  a l w a y s  happen f o r  



equations represented by the symbol [O,O,zN 1, N = 6,8,10, ... . 
r2 

Let us now consider the  general case s t a r t i n g  from eqs.(21) and 

(22) ; make: 

Z, ' Z 2  ' O 

z 3  ' Z,, ' ... ' Z ' N- 1 

k then have the case represented by [O, I, lN-4] wi t h  one reg- 

u l a r  s ingu lar  po in t  a t  the  o r i g i n  and an i r r e g u l a r  s i n g u l a r i t y  o f  order 

N-4 a t  i n f i n i t y .  The corresponding d i f f e r e n t i a l  equation i s :  

where 

Wri t ing:  

then the d i f f e r e n t i a l  equation appears i n  norma 1 form: 

= O 

Now on l y  one constant changes: 

The i nva r i an t  i n  eq. (26) may be i n  the form of a Schrodinger equat ion 

provided t h a t  B2 # O .  

An analogous procedure f o r  [N,o,o], but  making now z,+z,+z3 + O  

and z,+z,+. . . + z ~ - ~ +  m ,  resu l  t s  i n  



The equat ion i s  o f  the type 10,0,11, 1N-51, and i s  o f  the S c h r o d i n g e r  

k i nd  provided C1 and C, a re  n o t  zero. 

k can cont inue t h i s  procedure t o o b t a i n  a11 p o s s i b l e  i n -  

va r i an ts  w i t h  regu lar  and i r r e g u l a r  s i n g u l a r i t i e s  a t  the  o r i g i n  and i n -  

f i n i t y .  They are  l i s t e d  i n  Table 1 f o r  5 S N S 10. 

3.2 - The const ruc t ion  o f  the  Schrodinger i nva r i an t  

We s h a l  1 extend the procedures app l ied  before t o  show tha t  a  

g iven i nva r i an t  i n  an equation w i t h  a  g iven k i n d  o f  maximum i r r e g u l a r  

s i n g u l a r i t y  can be r e l a t e d  t o  i nva r i an ts  o f  the r a d i a l  S c h r o d i n g e r  

e q u a t  i o n  w i t h  two body cen t ra l  forces.  

As we have seen the i nva r i an ts  obtained from a given equation 

w i t h  N elementary regu lar  s i n g u l a r i t i e s  are  i n  general o f  the form 

M 

I f  the o r i g i n  i s  a  regu lar  s i n g u l a r i t y ,  then L = l  and M=N-6. I f  i t  i s  

not, i t  c a n o n l y  b e a n  i r r e g u l a r  s i n g u l a r i t y  o f  o rderL-2 ,  and then, 

M=N-L-4. The o ther  p o i n t  o f  i n t e r e s t  i s  i n f i n i t y ;  the s i n g u l a r i t y  there  

i s  of o rder  M+2. A11 i n t e r e s t i n g  i nva r i an ts  f o r  5  S N S 10 are found i n  

Table 1 .  

Let  us now transform the var iab le :  

The index j must not  be -2 and may have any o ther  value between - L  and 

M .  For the dependent va r i ab le ,  we have: 

and the correspondi ng Schradi nger i nvar ian t  i s: 
- 2 j  

j ( j + 4 )  - 2  a2p  ~ ~ ( z ( ~ j ) )  + -r 1 (r .) = - 
3 0 ' + ~ ) 2  j j  4 (j+2) j 



Table 1 

Invariants obtained from the ordinary linear differential equation of 

the second order wi th N elementary singulari ties through conf luence to 

the origin and infinity. 

N I 6 )  

-2 
5 A z  + B z - l  

6 A Z - ~  + BZ-l + C 

+ B Z - ~  + cZ-l 

7 A Z - ~  + B Z - l  + C +  D z  

dzY3 + B ~ - ~  + cZ-' + D 

2 
8 A Z - ~  + BZ-' + C + D z  + E z  

+ BZ-2 + cZ-l + D + EZ 

A Z - ~  + B Z - ~  + CZ-2 + DZ-' + E 
2 3 

9 A z - 2  + BZ-l + C + D z  + E z  + F z  

A Z - ~  + B Z - ~  + C Z - l  + D + EZ + F Z ~  

AZ-' + B Z - ~  + C Z - 2  + DZ- l  + E + FZ 

10 A Z - ~  + BZ-l + C +  DZ + E z 2  + F z 3  + G z 4  
2 

A Z - ~ +  B Z - ~  + C Z - ' + D +  E z  + F Z  + G Z ~  

A Z - ~  + B Z - ~  + CZ-2 + DZ-l + E + F Z  + G z 2  

+ B ~ - "  + + D ~ - ~  + E ~ - '  + F + G~ 

3 5 
1 1  A Z - ~ + B Z - ~ + C + D Z + E Z ~ + F Z  + G z 4 + H z  



S u b s t i t u t i n g  (27) i n  (30) i t  i s  r e w r i t t e n  as: 

Obviously, the term i n  the  sum w i t h  k= j ,  Ak#O, p lays the r o l e  o f  the 

energy. We can a l s o  w r i t e :  

t o  use a more popular form, w i t h  

I n  Table 2 we represent a11 the  Schrodinger i nva r i an ts  obtained fo reach 

i n v a r i a n t  o f  Table 1,  once we make a t ransformat ion,  Other p o s s i b i l i t i e s  

can not  appear, except the t r i v i a l  ones obtained by exchanging thesingu- 

l a r  po in t s  a t  the  o r i g i n  and i n f i n i t y .  

How many t ransformat ions are  a v a i l a b l e  from a given i n v a r i a n t  

i n  Table 1 t o  generate Schrodinger i nva r i an ts?  I n  p r i n c i p l e ,  the index 

j i n  (32) can take N - 4  values. A glance a t  Table 2 shows t h a t  t h i s  i s  

no t  always the case: whenthe two s i n g u l a r i t i e s  are  o f  the sanie k i n d ,  

no t  a11 the t ransformat ions w i l l  be d i f f e r e n t ,  but  on ly  h a l f  o f  them 

( f o r  N = even) . 

3.3 - Transformat íons between Schrodinger i nva r i an ts  

As we s tud ied the obtent ion  o f  Schrodinger i n v a r i a r i t s ,  we 

showed tha t  we could get  severa1 o f  these out  o f  the same invariant.Now 



Table 2 

schrgdincjer invar iants  coming from Table 1 by power transformation o f  the 

independent v a r i a b l e .  











l e t  us take two t ransformat ions:  

The indices a i n  (33c) take the  same values f o r  j=m and f o r  
j , k  

j=n, bu t  they are  re la ted  t o  d i f f e r e n t  constants Ak i n  the o r i g i n a l  i n -  

va r i an t .  With t h i s  i n  mind, we f i n d :  

m+2 2 (m-n) 
n , k  = n+2 m , k  + n +I 

I t i s  easy t o  see tha t  any "diagonal" term yk i s  j u s t  t h e  

energy o f  the re levant  problem. 

I t  i s  a l so  easy t o  see tha t  the  term y i s  re la ted  t o  t h e  
n ,n 

coupl ing  Ym f o r  rm. , n 
Appl ica t ions  o f  these t ransformat ions have been made t o  t h e  

case N=6 f o r  the Coulomb and spher ical  o s c i l l a t o r  problems. S ince  n = - 1  

i s  the harmonic p o t e n t i a l ,  c a l l i n g  

the angular momentum, energy and fo rce  constant, t he c o r  r e s p o n d  i ng 

Schrodi nger equat i on  i s 

For j=O we have the Coulomb p o t e n t i a l ,  w r i t i n g  



yo,-2 = -Ro (Ro+l) , y, , -, = -g ,  and y O ,  O = k: ; 

the corresponding ~ c h r o d i n ~ e r  equat ion i s  

We ob ta in  the wel l known r e ~ a t i o n s " " ~ ' ~ ~  

Not ice t h a t  the signs are such t h a t  f o r  p o s i t i v e  k21 and w2 on ly  nega- 

t i v e  kt and p o s i t i v e  gl are  re la ted,  showing tha t  o n l y  bound  s t a t e s  

enter  the game. 

b s e 6  and ~ a z e a u ~ '  s tud ied these t ransformat ions f o r  the ra the r  

specia l  case o f  p o t e n t i a l s  w i t h  a s ing le  term (apart from the e n e r g y  

cen t r i f uga l  terms) . ~ohnson"  has developed t h i s  work t o  cover m u l t i  - 
term po ten t i a l s .  A l l  t h i s  work represents a se t  o f  specia l  cases  o f  

the t ransformat ions we present here. I n  our case we p ro f  i t f rom t he 

knwledge o f  a common foundat ion f o r  a l l  cases t o  u n d e r s t a n d  b e t t e r  

t h e i r  propert ies;  i n  o ther  terms, we take advantage o f  the f a c t  t h a t a l l  

po ten t i a l s  i n  a f am i l y  are obtained out  o f  the same inva r i an t .  

A remark i s  appropr ia te  here: s ince we intend t o  discussnormal 

so lu t ions  (eq. (Ia)), which decrease s t rong ly  a t  i n f  i n i  t y ,  the signs o f  the 

severa1 couplings are important. I f  the o r i g i n  i s  a regular  s i n g u l a r i  t y  

f o r  the corresponding equation, f o r  po ten t i a l s  wi t h  p o s i t i v e  maximum 

power the corresponding c o e f f i c i e n t  must be pos i t i ve ,  as we l l  as the en- 

ergy term. If, however, the highest  power i s  the energy t e m ,  i t  has t o  

have a negat ive c o e f f i c i e n t ,  as we l l  as the highest  negat ive power. I f  

the s i n g u l a r i t y  a t  the o r i g i n  i s  n o t  regular ,  the smal lest  (more nega- 

t ive)  power must have a p o s i t i v e  c o e f f i c i e n t  t o  avoid the " f a l l  i n t o  the  

center"  c a t a ~ t r o ~ h e ~ ~ .  

i& s h a l l  now concentrate on the p a r t i c u l a r  case o f  p o t e n t i a l s  

w i t h  a s ing le  term. For these, we have 

= -R. (R .+i) , y j ,  i = k: Yi,-= 3 3 



and the o n l y  term i n  the p o t e n t i a l  we choose t o  be y .  (n # j, n # -2). 
3 >n 

There a re  th ree cases possib le,  corresponding t o  the range o f  values o f  

aj,. They are  

Let  us consider the  second case. Then, as the cen t r i f uga l  term 

con t ro l s  the behaviour a t  the o r i g i n  and the energy term c o n t r o l s  the 

behavíour a t  i n f i n i t y ,  we have the  fo l l ow ing  cond i t ions :  

-2  
a) The lowest power, r imposes L = l .  i ' 
b) The highest  power being r? we must have 

3 

To a l l ow  a t o  take values i n  the i n t e r v a l  (-2,O) , we must have 
M,n 

Choosing one p a r t i c u l a r  value f o r  n ,  say m, using the t ransformat ions 

the i nva r i an ts  w 1 be: 

k see t h a t  the  p o t e n t i a l  coupl ing y becomes the  energy o f  
M,m 

the new inva r i an t ,  and the  respect ive energy now becomes t h e  h i g h e s t  



po ten t i a l  term whose exponent i s ,  now: 

which i s  pos i t i ve ,  s ince m S M-I.  That i s  

A  study o f  Table 2 shows several examples, among them the r e l a t i o n  4 + 2 ,  

Coulomb t o  osci  

(39)) . 
The r e  

I l a t o r ,  which has a1 ready been considered (eqs. (36) t o  

l a t i o n  between both exponents i s  

Considering po ten t i a l s  i n  the f i r s t  range o f  values o f  t l te 

exponent, they t ransform i n t o  p o t e n t i a l s  i n  the same i n t e r v a l .  S i n c e  

the energy term and the s ingu la r  term a t  the o r i g i n  must be present,the 

s t a r t i n g  i nva r i an t  i s :  

An ana lys is  analogous t o  the one performed before shows t h a t  again the 

energy term i n  one i nva r i an t  becomes the  po ten t i a l  term i n  the o the r .  

For po ten t i a l s  w i t h  several terms, o r  mu l t i t e rm  po ten t i a l s ,  we 

can use again the t ransformat ion from a  given i nva r i an t  v i a  the change 

o f  va r i ab le  (34) . 
Looking a t  eqs. (35) we see t h a t  the energy t e r m  yk, i n  

1") (pk) i s  re la ted  t o  the coupl ing constant y f o r  the p o t e n t  i a 1  i n  
Li, k 

1") (rj) , whose exponent a i s  : 
j , k  

C1 = 
2 (k- j )  

j , k  j + 2  

Conversely, the  energy term y i n  1") ( r . )  i s  re la ted  t o  the 
j ,j J 

term w i t h  coupl ing y i n  1")  (rk) w i t h  exponent a such tha t  
k ,j k , j  



or ,  again: 

The remaining po ten t i a l  terms are  o f  the form: 

and these r e l a t i o n s  are extensions o f  the ones obtained by ~ o h n s o n l  l .  

The f a c t  t h a t  the  coupl ing constants and exponents t r a n s f o r m  

w i t h  the change o f  var iab les  t h a t  c a r r i e s  from one member o f  a fami ly  

o f  p o t e n t i a l s  t o  another member o f  the same fami l y  might c r e a t e  t h e  

i l l u s i o n  t h a t  some s o r t  o f  t ransformat ion f o r  a  g iven N may talte i t  t o a  

s impler  case, such as ~ = 6 .  An examination o f  the r e l a t i o n s  i n v o l v e d  

(eqs. (28)-(30)) shows t h i s  t o  be impossible. The number N g e n n u i  n e l  y  

represents a  se t  o f  func t ions  which are  d i f f e r e n t  from the ones t h a t  re-  

su l t ed  f o r  N=6. I n  o ther  terms, unless one makes the c o e f f  i c i e n t s  t o  

vanish i n  the o r i g i n a l  i nva r i an t  d i f f e r e n t  from A-, ,  A-1 and A,, i n  no 

way i t  i s  poss ib le  t o  r e l a t e  any s o l u t i o n  f o r  a  g iven N(# 6) t o  the  os- 

c i l l a t o r  o r  Coulomb so lu t ions .  

4. ON THE SOLUTIONS FOR POWER LAW POTENTIALS 

The problem o f  so l v i ng  the r a d i a l  Schrodinger equation can be 

faced by f i r s t  look ing a t  the  so lu t i ons  o f  

where I (2) i s  an i nva r i an t  such t h a t  wi t h  appropr ia te  changes o f  v a r i -  

ab le  severa1 Schrodinger i nva r i an ts  f o l l ow .  The changes of v a r i a b l e s  

and the correspondi ng changes i n the dependent va r i ab le  are  eqs. (28) 

and (29) , respect ive ly .  

The Schr6dinger equat ions so obtained are  o f  d i f f e r e n t  na t u  r e  

according t o  whether the o r i g i n  i s  a  regu lar  o r  i r r e g u l a r  s i n g u l a r  

po in t .  I n  the f i r s t  case, we must have: 



k exchange the po in ts  a t  the o r i g i n  and i n f i n i t y ,  as we d i d  - 1 
before, by the transforrnation z = p : 

I n  the no ta t i on  o f  eq. (8) : 

There i s  no regu lar  s o l u t i o n  a t  i n f i n i t y ,  since the  srnaltest 

value f o r  M i s  - 1 .  I f  we now propose a  normal so lu t i on :  

wi t h  f (P) a polynomial i n  I/p: 

s u b s t i t u t i n g  i t  i n  (40) we have: 

I n  order  t o  ob ta in  a  poss ib ly  regu lar  s o l u t i o n  f o r  v a t  i n f i -  

n i t y ,  s ince the strongest  po le  i n  the second bracket i s  o f  order -J-1, 

we rnust assure tha t  the t h i r d  bracket has no term w i t h  a  pole o f  higher 

order than -2J-2. The on ly  poss ib le  r e l a t i o n  i nvo l v ing  the o r i g i n a l  

i nva r i an t  i s :  
- (2~+2) = - (~+4 )  



The remaining c o e f f i c i e n t s  r e s u l t  from (40) by demanding the 

fo l l ow ing  unwanted s i n g u l a r i t i e s  i n  the' c o e f f i c i e n t s  t o  cancel. 

I t  i s ,  however, an easy and i n t e r e s t l n g  exerc ise t o  ca l cu la te  

these terms i n  the exponential 

way. L e t ' s  look a t  the ac t i on -  

I f  the  p o t e n t i a l  i s  d i  

by another,physical ly  more a p p e a l  i ng,  

i ke  i n t e g r a l  

ergent a t  i n f i n i t y ,  l e t ' s  then e x t r a c t  

the most d ivergent  term and expand the square root  keeping a l l  theterms 

up t o  the convergent ones a t  i n f i n i t y .  This determines u n i q u e l y  t h e  

c o e f f i c i e n t s  of the exponential f a c t o r  i n  the  normal so lu t i on .  For i n -  

stance, l e t  ~ ( r )  be 

The square root  i n  the above i n teg ra l  becomes 

which upon i n t e g r a t i o n  r e s u l t s  i n  the  same c o e f f i c i e n t s  f o r  t h e  e x -  

ponent ia l  as the  s u b s t i t u t i o n  i n  ( 4 0 )  does. 

The same holds f o r  the o r i g i n .  Exponent iat ing the r e s u l t  one 

obta ins the r' term f o r  the rad ia l  Schrodinger wave func t ions .  

The amazing t h i n g  i s  perhap. r e l a t e d  t o  the WKB approximation 

f o r  the p o t e n t i a l .  

The on ly  poss ib le  normal s o l u t i o n  o f  eq. (40) i s  f o r  even  

values o f  M (and o f  N, consequentl y) . To ob ta in  a  s o l u t i o n  f o r  odd M 

one needs a  subnorma12 so lu t i on .  



bR pass now t o  the Schrodinger equation, through (28) and (29) , 
one having 1 " )  (r-l) as i nva r i an t :  

The cases (see Table 2) correspond t o  

w i t h  maximum power 

po ten t i a l s  o f  the  conf in ing  type 

f o r  N  = 6,8,10,12,. . . , respect ive ly  and 

f o r  N  = 7 ,9 , l l , l 3 ,  ..., respect ive ly .  

The cases fo r  N  even are the ones r e l a t e d  t o  normal solut ionsof  

(40) ; f o r  odd N, the so lu t i ons  o f  the Schrodinger equation a re  normal 

but  f o r  (40) they are  subnormal. 

This resu l  t f o r  odd M (and N) gives support t o  the choice made 

by Z n o j i l  i n  h i s  o r i g i n a l  work, namely, f o r  the p o t e n t i a l s  w i t h  even  

p o s i t i v e  power the Schrodinger equation admits always a  normal solut ion.  

The o ther  po ten t i a l s  i n  a  g iven fam i l y  f o r  any N  admit a t  most 

subnormal so lu t ions .  For N even, two k inds  o f  po ten t i a l  admit a  normal 

so lu t i on :  the one obtained d i r e c t l y  from the i nva r i an t  ~ ( z )  and the one 

wi t h  a-  = 2,6,10,14.. . . For N odd, j u s t  the po ten t i a l s  wi t h  a-l ,M = 1 ,M 
= 4,8,12,. .. admit a  normal so lu t i on .  

The normal o r  subnormal so lu t i ons  may be expanded i n  power  

ser ies .  The re levant  expressions may be found i n  the a r t i c l e s  by Znoji 1'' 

and Rampa1 and ~ a t t a ' ~ .  

I t has been proved " t h a t  i f the  ser ies  i n  a  normal o r  subnor- 

mal s o l u t i o n  doesn' t  end, i t  must be divergent .  That 's  why so lu t i ons  

are w r i  t t en
g ' l 0  i n  terms o f  continued f rac t i ons .  Znoj i 1 lo has proved 

the convergence o f  the Green func t i on  o f  the extended continued f r a c -  

t i o n ,  and showed numerical examples o f  good convergence f o r  t h e  s o l  - 
u t i ons .  

hhen ne i t he r  the o r i g i n  nor i n f i n i t y  a r e  regu lar  s i n g u l a r  



po in ts ,  the  procedure j u s t  app l ied  i s  extended t o  the case when normal 

so lu t ions  work f o r  the o r i g i n .  

5. CONCLUSION 

We have presented what we bel ieve t o  be the most s y s  t e m a t  i c  

mathematical treatment f o r  the two body Schr8dinger equation w i t h  power 

law po ten t i a l s .  I t  i s  probably the most general admissib le one i11 terms 

o f  the theory o f  a n a l y t i c  funct ions.  

The method developed by Ince al lowed us t o  es tab l i sh  r e l a t i o n -  

ships between fam i l i es  of po ten t i a l s ,  as exempl i f ied i n  Table 2. This 

may be q u i t e  useful when t r y i n g  t o  devise a  s o l u t i o n  fo r  a  g iven prob- 

lem i f  the s o l u t i o n  f o r  another member of the fami ly  i s  known. 

The po ten t i a l s  d isplayed i n  Table 2  are  a11 o f  r a t i o n a l  e x -  

ponent, and cover most o f  the examples found i n  the Physics l i t e r a t u r e .  

I t  i s  cur ious,  a t  l eas t ,  t ha t  a  p o t e n t i a l  which was p r o p o s e d  .a lmos t  

e n t i r e l y  from h e u r i s t i c  arguments, the famous 6-12 o f  Lennard and Jones, 

i s  a  member o f  one o f  these fam i l i es .  I t  i s  poss ib le  t ha t  o ther  combi- 

nat ions which are  usefu l  i n  o ther  domains o f  physics appear i n t h e  l i s t .  

We have discussed s h o r t l y  the so lu t íons  f o r  members o f  t h e s e  

fam i l i es  o f  po ten t i a l s .  Normal so lu t i ons  should e x i s t  f o r  s e v e r a 1  o f  

them and,presumably, the r e l a t i o n s  among the members o f  a  f am i l y  should 

he lp  i n  f i n d i n g  new so lu t i ons .  An important quest ion i s :  are these the 

only poss ib le  so lu t i ons?  A p o t e n t i a l  such a s r T d o e s n ' t  f i t  i n  t h e  

scheme; does t h i s  mean i t  doesn't have a  normal o r  subnormal s o l u t i o n ?  

The quest ion su re l y  admits several roads t o  i t s  answer. 

The understanding o f  the proper t ies  of the poss ib le  s o l u t i o n s  

remains a l so  f a r  from complete. The case N=6 has been widely s tud ied i n  

the past  and i t s  app l i ca t i ons  cont inue.  However, f o r  N >, 7, the poss- 

i b l e  so lu t ions  c o n s t i t u t e  i n  general gennuinely new classes o f f u n c t i o n s  

w i t h  the except ion o f  the general i za t i ons  o f  the h y p e r g e o m e t r i  c  case 

(N even, the o r i g i n  as a  regu lar  s i n g u l a r i t y )  . I t w o u l d  be q u i t e  

i n t e r e s t i n g  t o  advance i n  the sense o f  s u b s t a n t i a l l y  a l l ow ing  f o r  a  

c l a s s i f i c a t i o n  o f  so lu t i ons  and t h e i r  p roper t ies  i n  terms o f  the singu- 

l a r i t i e s  a t  the o r i g i n  and i n f i n i t y .  

Another i n t e r e s t i n g  quest ion i s  the apparent one  t o  one  r e -  

l a t i o n s h i p  between the spectra o f  energy values o f  several p o t e n  t i a  1 s  



i n a g i v e n  f a r n i l y a s w a s o r i g i n a l l y  rernarked by ~ohnson".  Weconjec- 

tu re  tha t  d i sc re te  spectra map i n t o  d i s c r e t e  spectra, and c o n t i n u u m  

i n t o  continuum. This can be seen i n  the osc i  1 lator-Coulomb r e  l a t  i on-  

sh ip23  and deserves f u r t h e r  exp lora t ion .  

Whereas we have made an ana lys is  i n  Sec t i on  4 o f  the existence 

o f  normal o r  subnormal so lu t ions ,  t h i s  ana lys is  i s  obviously r e s t r i c t e d  

t o  the d i  scre te  spectrum. Regardi ng sca t te r i ng  (or  unbounded) so lu t ions ,  

almost nothing i s  known and the  present treatment might be o f  relevance 

t o  them. This i s  o f  specia l  i n t e r e s t  f o r  people w o r k i n g  i n  a t o r n i c  

c o l l i s i o n  theory.  

Another po in t  to  be considered i s  how could we g e n e r a t e  sol-  

u t i ons  f o r  non cen t ra l  po ten t i a l s ,  such as rnu l t ipo le  i n te rac t i ons  f o r  

two body problems, by app ly ing  s i m i l a r  reasoning. 

We hope t o  have shown a promising f i e l d  o f  f u t u r e  r e s e a r c h  i s  

open s ince we made evident  a powerful a n a l y t i c  rnethodto group problems 

i n  non r e l a t i v i s t i c  quantum p o t e n t i a l  theory. 

REFERENCES 

1 .  A.R. Forsyth, Theory of  LXfferentiaZ Equations, Dover Ed., New York 

(1959) . 
2. E. L. I nce, Ordinary DifferentiaZ Equations , Dover Ed . , New Y o r k 

(1 956) . 
3. P.M. Morse and H .  Feshbach, Methods of TheoreticaZ Physics, McGraw- 

H i I 1  Book Co. Ltd. ,  New York (1953) . 
4.  R .  Courant and D. H i l ber t ,  Methods of  Mathematical! Physics, I n t e r -  

science Publ ishers,  New Y o r k  (1962) . 
5. L.T. Lh i t t ake r  and G.N. b tson,  A Course o f  Modern A n a Z y s i s ,  

Cambridge Univ. Press (1958) . 
6. A. K, Bose, Nuovo C i m .  32 ,  679 (1964) . 
7. A. Lemieux and A.K. Bose, Ann. I n s t .  H .  Poincaré 1 0 ,  259 (1969). 

8. K. Heun, Math. Annalen 33, 161 (1889). 

9. V.  Singh, S.N. Biswas and K. Dat ta,  L e t t .  Math. Phys. 3 ,73 (1979). 

10. M. Z n o j i l ,  L e t t .  Math. Phys. 5,. 405 (1981) ; J. Phys. A 15, 21 1 

(1982); i b i d  A 16, 213 (1983); i b i d  A 16, 279 (1983); J.Math.Phys 

2 4 ,  1136 (1983). 



1 1 .  B.R. Johnson, J. Math. Phys. 21, 2640 (1980). 

12. C.  Quigg and J.L. Rosner, Phys. Reports 5 6 ,  167 (1979) . 
13, C .  Bender and T.T. Wu, Phys. Rev. L e t t .  21, 406 (1968) ; F'hys. Rev. 

184, 1231 (1969) ; J. Math. Phys. 11, 797 (1970) . 
14. J.J. Loef fe l ,  A. Mar t in ,  B. Simon and A.S. Wightman, Phys. Lett.308, 

656 (1 970) . 
15. A. Rampal and K .  Datta,  J. Mat. Phys. 24, 860 (1983). 

16. M.L. Lima and J.A. Mignaco, J.  Phys. A 17, L323 (1984). 

17. The change o f  va r i ab le :  *az2 i n  the equat ion f o i  the o r b i  t i n  the 

Kepler problem (see, f o r  instante, H .  Goldstein, CZassicaZ Mech- 

anics, Addison-Wesley Publ. Co (19591, eq. (3.36)) b r ings  i t  i n t o  

the corresponding i s o t r o p i c  o s c i l l a t o r  equation, e x c h a r i g i n g  t h e  

ro les  of the energy and p o t e n t i a l  energy terms. 

18. E.  C.  Kemb l e, ~undrrmentaZ PrvincipZe of &uantm MechQnZcs, Mc Grawii i 1 1 

Book Co L tds . ,  New York (1937). . 
19. S .  FIÜgge, PracticaZ Quantum Mechanics, Springer-Verlag, Ber l i n 

(1971) . 
20. R.M.Spector, J .  Math, Phys. 5 ,  1185 (1964). 

21. J.P. Gazeau, Phys. L e t t .  A 75, 159 (1980) . 
22. L.D. Landau and E. L i f s h i t z ,  Mécanique Quantique, Eds. M I R ,  Moscow 

(1972) . 
23. M.L. Lima, M. Sc. Thesis, I n s t .  de F ís ica ,  Universidade Federal do 

Rio de Jane i ro  (1984) . 

Mostramos que os potenc ia is  do t i p o  das combinações de poten- 
c ias  com expoentes rac iona is  admitem um tratamento s is temát ico  disponí-  
ve l  da t e o r i a  c l áss i ca  das equações d i f e r e n c i a i s  l ineares  de segunda 
ordem. Os potenc ia is  resu l tan tes  nesta aná l ise  se apresentam em f a m i -  
l i a s  obt idas a p a r t i r  de equações d i f e r e n c i a i s  que possueni umiiúmerode- 
terminado de s ingular idades regulares elementares. Em decorrência, en- 
contramos e discutimos relações en t re  os potenc ia is  d i f e ren tes  de uma 
mesma fami 1 i a. 


