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Abma W e u s e a p e r t u r b a t i v e s c h e m e t o c o n s i d e r a n  I s i n g  m o d e l o n a  
l a t t i c e  def ined as the car tes ian  product o f  a Koch curve b y  a 1 i n e a r  
chain. To leading order,  we w r i t e  t he  s ingu la r  p a r t  o f  the  f r e e  energy 
i n  terms o f  c e r t a i n  spin- spin c o r r e l a t i o n s  on the I s i ng  square l a t t i c e .  
There i s  no change i n  the c r i t i c a 1  exponent associated w i t h  t h e s p e c i f i c  
hea t . 

I. INTRODUCTION 

There are  many questions regarding the e f f e c t o f t h e  Hausdorff 

diniensional i t y  D on the c r i t i c a 1  behavior o f  sp in  models d e f  i ned o n  

f r a c t a l  l a t t i c e s .  I t  was f i r s t  conjectured tha t  i t  plays the same r o l e  

as the Euclidean dimension d, as i n  the case o f  E = 4-d expansions used 

i n  the  renormalization-group scheme. This has been checked by the ap- 

p l i c a t i o n  o f  approximate and a l so  exact decimation procedures toseve ra l  

models. The r e s u l t s  obtained so f a r  i nd i ca te  t h a t  the c r i t i c a 1  behavior 

may depend on D, but  a l so  depends on the so- cal led s p e c t r a l  dimen- 

s i o n a l i t y ,  DS, and on o ther  proper t ies  o f  the  f r a c t a l  l a t t i c e s ,  a s t h e  
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branching character  and the connec t i v i t y  . 
Despite the elegance o f  the decimation procedures, which a re  

q u i t e  adequate f o r  tak ing  care o f  the s e l f - s i m i l a r i t y  o f  the f r a c t a l  

s t ruc tures ,  we be l ieve there  i s  s t i l l  room f o r  add i t i ona l  exact as w e l l  

as approximate analyses o f  the c r i t i c a 1  behavior. We have recen t l y  used 

the t rans fe r  ma t r i x  formal ism t o  study the I s i n g  model on a Koch curve5. 

From the exact r e s u l t s  i n  zero f i e l d ,  we show tha t  there  i s  no t ran -  

s i t i o n ,  and the f r a c t a l  d imens iona l i ty  p lays a t r i v i a l  r o l e .  I n  the 

present paper we consider an I s i n g  model on a l a t t i c e  def ined as a ca r -  



tes ian  product o f  a Koch curve by a l i n e a r  chain. The f r a c t a l  dimen- 

s i o n a l i t y  o f  t h i s  an i so t rop i c  Koch carpet  i s  D = 1 + log4/1og3. I f  we 

walk a long the x d i r e c t i o n  we have a Koch curve. Along the y d i rec t ion ,  

however, there  i s  j u s t  a simple l i n e a r  chain o f  spins. This model i s  

n o n - t r i v i a l  because there  a re  two k inds o f  nearest-  ne i g h b o r  in terac-  

t i ons :  ( i )  nearest-neighbor p a i r s  o f  spins along x and y chairis, 
'i,j 

w i t h  l i+ j -R-k l  = 1, i n t e r a c t  w i t h  an exchange parameter J ;  ( i i )  

nearest-neighbor p a i r s  o f  spins introduced by the Koch curve, t ha t  i s ,  

o f  the form Si .S i n t e r a c t  w i t h  an exchange parameter JE,. 
,J i + 2 , j 9  

It i s  easy t o  formulate the p a r t i t i o n  func t i on  o f  the I s i n g  

model on the an i so t rop i c  Koch carpet  according t o  thestandardprocedures 

t o  consider two-dimensional s t a t i s t i c a l  problems. I n  p a r t i c u l a r ,  we 

w r i t e  a t rans fe r  mat r ix ,  but  the ana lys is  o f  the  l a rges t  e i g e n v a l u e  

becomes a n o n- t r i v i a l  problem, probably w i thout  an a n a l y t i c a l  so lu t i on .  

We then reso r t  t o  a pe r tu rba t i ve  scheme, int roduced by Barber t o  study 

the  I s i n g  model on a square l a t t i c e  w i t h  nearest and next-nearestneigh- 

bor i n te rac t i ons ,  which gives the  leading term o f  the f r e e  energy f o r  

1 6 1  f I J / J I  < < i .  l t  should bement ioned t h a t  i t  i s  equa l ly  easy t o  F 
apply t h i s  scheme d i r e c t l y ,  w i thout  reference t o  t h e  t r a n s f e r  m a t r  i x  

method. The f r e e  energy i s  w r i t t e n ,  as i n  the work o f  Barber, i n  terms 

o f  the f r e e  energy o f  the  corresponding I s i n g  model on the under ly ing  

simple quadra t ic  l a t t i c e ,  t h a t  i s ,  w i t h  JF = 0, p lus a co r rec t i on  term 

invo l v ing  the spin- spin c o r r e l a t i o n  func t ions  r e l a t e d  t o  the  terms de- 

pending on J F' 
Unl i k e  the case o f  the super-ant i ferromagnet ic (S A F) model  

considered by Barber, i n  the present case the c r i t i c a l  temperature i s  

s h i f t e d  bu t  the  c r i t i c a 1  index u associated w i t h  the  s p e c i f i c  heat re -  

mains unchanged. As we a re  not  aware o f  o ther  app l i ca t i ons  o f  Baber's 

scheme, we a l s o  checked t h i s  procedure i n  the case o f  the  exac t l y  s o l -  

ub le  I s i n g  model on the  Union-Jack l a t t i c e .  WI then have s t rong i n d i -  

ca t ions  t h a t  the f r a c t a l  d imens iona l i ty  o f  the  an i so t rop i c  Koch carpet  

p lays a t r i v i a l  r o le ,  which i s  r e s t r i c t e d  t o  the sca l i ng  o f  the corre-  

l a t i o n  length  along the x d i r e c t i o n .  

This paper i s  organized as fo l lows.  I n  sec t ion  2 we de f i ne the  

, ma t r i x  formulat ion,  the 

I n  sec t ion  3 we ob ta in  

i n  the l i m i t i n g  case 

1 and discuss, on the basis o f  the  t rans fe r  

d i f f i c u l t i e s  t o  ob ta in  an exact so lu t i on .  

leading order expression o f  the f r e e  energy 



16)  = J J ~ / J J  << 1 .  I n  sec t ion  4 we use Barber's procedure t o  a n a l  y z e  

the c r i t i c a l  behavior o f  the model. F i n a l l y ,  some concluding r e m a r k s  

are presented i n  sec t ion  5. 

2. THE FORMULATION OF THE PROBLEM 

I n  zero f i e l d  the I s i n g  model on the an i so t rop i c  Koch carpet  

i s  given by the Hami l tonian 

w h e r e N = b N ,  L = b L ,  g = g ( L , i )  = L ( 4 { - 2 ) ,  a n d N  ind ica tes  the  N- th 

step i n  the const ruc t ion  o f  the carpet .  The f i r s t  sum i n  eq. (2.1) de- 

scr ibes the nearest neighbor I s i n g  i n te rac t i ons  which are homeomorphic 

t o  the I s i ng  square l a t t i c e  w i  t h  N 2  s i t es .  The second sum takes care o f  

the non-periodic i n te rac t i ons  a l l ong  the x - d i r e c t i o n  o f  the mode1,which 

are  responsible f o r  the f r a c t a l  character .  

The model descr i  bed by eq. (2.1) i s  homeomorphic t o  the  I s i ng  

model on a  square l a t t i c e  pZus non-per iodic th i rd- neighbor in terac t ions .  

We can then use the we l l  known techniques developed t o  analyze two-di- 

mensional sp in  problems, However, t h i s  homeomorphism, wh i c h  r e l a t e s  

planar l a t t i c e s  w i t h  h igher order  neighbor i n te rac t i ons  and f r a c t a l  

models, a l ready ind ica tes  the k ind  o f  d i f f i c u l t i e s  i n  the s o l u t i o n  o f  

the problem. Indeed, the presence o f  crossing bonds i n  p lanar l a t t i c e s  

precludes the establishment o f  exact so lu t i ons  by a l l  known methods. I n  

the present case t h i s  i s  e a s i l y  seen i f  we discuss t h e  ma i n  s t e p s  

towards the s o l u t i o n  i n  termc; o f  the t rans fe r  ma t r i x  method. We r e f e r  t o  
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the c lass i ca l  treatments f o r  f u r the r  discussions and d e t a i l s  o f  the 

ca l cu la t i ons .  

Let  P be the t rans fe r  m a t r i x  which takes i n t o  account a l l  i n -  

te rac t ions  i n  a  row along the x d i r e c t i o n  and a l so  between spins i n  ad- 

jacent  rows (y and y+l) . Theri the f r e e  energy per spin,  f , i s  given by 

k ~ T  k ~ T  f = - - log(Tr  P )  - - - log X max ' (2.2) 
N' N + c a  N 

where X i s  the l a rges t  eigenvalue o f  P. I n  order t o  f i n d  X i t  i s  
max max 

convenient t o  w r i  t e  P i n  terms o f  a  se t  o f  2N matr ices o f  o rder  



2Nx2N (see r e f .  8 f o r  a cha rac te r i za t i on  o f  t h i s  se t  and i s  p roper t ied ,  

I f  we ca l1  P the  t rans fe r  m a t r i x  o f  the simple I s i n g  square 
I 

l a t t i c e ,  i t  i s  easy t o  see t h a t  i t  d i f f e r s  from P by the p r e s e n c e  o f  

terms w i t h  a f ou r- fo ld  product of J?' matr ices.  The d iagona l iza t ion  o f P  
I 

i s  based on the f a c t  t ha t  each term u = e x p ( - i  r ) describes a 
uv u v 

s i m i l a r i t y  t ransformat ion between two wel l- def ined representat ions o f  the 

matr ices r Th is  t ransformat ion may a l so  be represented by a r o t a t i o n  
1-i' 

u i n  the 2N-dirnensional space o f  the matr ices r Thus, i f  Pjr i s g i v e n  
1-iv u. 

by the  product o f  severa1 terms o f  the type U i t i s pos s i b 1 e t o  uv' 
de f i ne  p as the product o f  the corresponding terms u The diagon- 

I u v a  
a l i z a t i o n  o f  p i s  then an easy problem which leads t o  the  eigenvalues 

I 
o f  P I .  However, the presence o f  four- fo ld  products i n  eq. (2.5) makes i t  

impossi b l e  t o  r e l a t e  P t o  a 2 M N  mat r i x  p .  Indeed, the f o u r - f o l d  prod- 

ucts do not  descr ibe ro ta t i ons  among the  rP, since the s imi  l a r i  t y  trans- 

format ion gives r i s e  t o  the  presence of t h ree- fo ld  products o f  the r ' s  

which a re  l i n e a r l y  independent of the r ' S .  
1-i 

Due t o  t h i s  s p e c i f i c  d i f f i c u l t y  (which w i l l  a l so  appsar i f  we 

choose another method) , so lu t i ons  o f  p lanar models wi t h  crossir ig bonds, 

and hence of f r a c t a l  l a t t i c e s  w i t h  Hausdorff dimensions D > 2, s t i l l  

remain t o  be found. So, i n  the  next  sec t ion  we r e s t r i c t  our treatment 

t o  a fo rmula t ion  i n  the l i m i t  ( E (  5 (JF/J( C< 1 .  Also, we a re  forced t o  

reso r t  t o  the  pe r tu rba t i ve  scheme introduced by Barber. 

3. THE LIMIT OF SMALL JF 

ihen lei << I, we may w r i t e  t o  leading order 



where 

Let us assume t h a t  i t  i s  no t  necessary t o  consider h igher order terrns i n  

eq. (3.1) t o  detect  poss ib le  changes i n  the c r i t i c a l  b e h a v i o r  o f  the  

model w i t h  respect t o  t he  simple square l a t t i c e .  I f  we ca l1  

p t  = P ( C O S ~  BJE) -NO , (3 .3)  

and use eqs . (3.1) and (3.2) , we have t o  leading order  

s i  nce 

(2 s inh  BJ) N/2 

To f i r s t  order i n  w = tanh BJ6, the eigenvalues o f P 1  areg iven 

where X and I X  I are  the  eigenvalues and eigenvectors of the  t r a n s f e r  I I 
mat r i x  P o f  the sirnple I s i n g  square l a t t i c e .  The f r e e  energy per sp in  I 
i s  g iven by 

k ~ T  
f =  i i m  - -logbr PY = - - i o g  [ iFx (I - w < i ~ x ~ ~ m ~ ~ x > ) ]  N , 

N- N2 N2 

(3 .7)  
where the superscr ip t  max re fe rs  t o  the l a rges t  eigenvalue and i t s  co r-  

responding eigenvector .  I n  the l i m i t  N + w ,  the expectat ion value o f  Q 
h' 

i s  g iven by 



1 > (3.8) 
i i m  A G " I Q ~ I C " >  = ~ " l f  Pr i a  r r  r * i x Y x >  = 5 a2,1 I k 

t,j Sk,ll>l i s  a  spin-spin co r re la t i on ,  on the under ly ing I s ing  where <S. 

square l a t t  ice, between s i  tes  (.i,j) and (k,R) . Thus we have 

where f i s  the f r e e  energy o f  the  I s ing  square l a t t i c e .  I f  we def ine  
I 

cosh 2W 

and ca l1  K and E the complete e l l i p t i c  i n teg ra l s  o f  the f i r s t  andsecond 

k ind  respect ive ly ,  w i t h  modulus k, i t  i s  easy t o  obta in  the expression 

This c o r r e l a t i o n  i s  continuous as a  funct ion  o f  T, w i t h  a  de r i va t i ve  

which becomes s ingu lar  a t  the  c r i t i c a 1  temperature, given by k=l ,of  the  

Ising model on the square l a t t i c e .  I n  the fo l l ow ing  sect ion  w e  use eqs. 

(3.9) and (3.1 1) t o  perform a detai  l ed  ana lys is  i n  the neighborhood o f  

the  c r i t i c a 1  temperature. 

4. THE CRITICAL BEHAVIOR 

I n  the neighborhood o f  the  c r i t i c a 1  temperature, T'?, we can 

w r i t e  the fo l l ow ing  asymptotic expressions f o r  the  s ingu lar  par ts  o f  

the f ree energy and the spin- spin c o r r e l a t i o n  funct ion  o f  t he  I s i n g  

model on a  simple square l a t t i c e ,  

and 



where j  = ~ / k  T ,  and j  = j - j  , with j C  = J / k B T C .  Inserting these ex- 
B C 

pressions into eq. ( 3 . 9 ) ,  we have to leading order the singular part of 
the free energy 

where wc = tanh (€iC). 
The central idea of üarber's method is the assumptionthatthe 

dependence of the singular part of f with respect to A j '  = j + q  is the 

same as the dependence of the singular part of flwith respect to A j ,  

where q is a function of the small parameter u. For small deviations 

i t i s enough to suppose a 1 inear dependence of q, as wel 1 as of the 

cri ti cal exponent a, wi th respect to w. Of we wri te 17 = Aw and a = Bw , 
we should have 

which can be written as 

(4.5)  

Comparing with eq. (4.3) we have 

2 f i  and B = O  , A = -  
371 

(4 .6) 

whích índícates that the critical exponent a keeps the same value as in 

the Ising model on the square lattice. There is just a shift in the 

critical temperature, which is given by 

if we make w = €iC, and T 
C C 

square lattice. 

I t is now appropr 

is the critical temperature of the Ising 
9 0 

iate to make some comments concerning the 

difference between Barber's and our own results. To this purpose, let 

us consider an Ising model on a square lattice, with first and second 

neighbor interactions, as in the case of the SAF model of üarber. Due 



t o  the absence o f  a term propor t iona l  t o  b j  l o g ( A j l )  i n  eq. (4.3) , we 

have not  found any change i n  the  value o f  the  c r i t i c a 1  exponerit .Terms 

o f  t h i s  type, however, do appear i n  theSAF model because i n  t h i s  case 

the dominant co r rec t i on  i s  a four- sp in  c o r r e l a t i o n  func t i on  whichspl i t s  

i n t o  a square o f  two-spin co r re la t i ons ,  each one o f  them w i t h  a term 

propor t iona l  t o  A, log  I ~ j l .  I t  shoud be not iced tha t  these tt-rms donot 
J 

appear i n  the case o f  the  present model due t o  the form o f  eq . (3.1 1) . 
Indeed, terms o f  the type ( l - k 2 ) ~ 2 ,  which,for T - Tc, are  propor t iona l  

t o  b j  1og lA j  I ) ' ,  cancel ou t  i n  t h i s  equation i n d e n t i c a l l y .  We a re  not  

aware whether t h i s  s i t u a t i o n  a l s o  occurs f o r  a11 co r re la t i ons  a t  longer 

distances. I f  t h i s  happens as described above, the models belonging t o  

t h i s  category w i l l  have the  same c r i t i c a 1  behavior as the  simple square 

l s i n g  l a t t i c e .  

5. CONCLUSIONS 

We have s tud ied an I s i n g  model on a l a t t i c e  def ined by a car-  

tes ian  product o f  a Koch curve and a 1 inear chain (which we ca 1 1 the  

an i so t rop i c  Koch carpet). Our main i n t e r e s t  resides on the  appl i c a t i o n  

o f  d i f f e r e n t  techniques t o  i nves t i ga te  the in f luence o f  the f r a c t a l  d i -  

mensional i ty  on the c r i t i c a 1  proper t ies  o f  I s i n g  m d e l s  on f r a c t a l  l a t -  

t i c e s .  The exact t rans fer  m a t r i x  formal ism f o r  the a n i  s o t r o p í c  Koch 

carpet  has been discussed and we have pointed ou t  t h a t  the  presence o f  

f o u r - f o l d  products o f  r matr ices makes i t  impossible t o  ob ta in  an ex- 

p l i c i t  expression f o r  the  l a rges t  eigenvalue. We t h e n  r e s t r i c t  our 

treatment t o  the  reg ion (J~/J/ << 1 , and f o l  low a procedure introduced 

by Barber t o  analyze the  c r i t i c a 1  behavior o f  the  SAF I s i n g  model. The 

s ingu la r  p a r t  o f  the  f r e e  energy can be w r i t t e n  i n  terms o f  the f r e e  

energy and a p a r t i c u l a r  spin- spin c o r r e l a t i o n  funct ion,  which i s  no t  

d i f f i c u l t  t o  ca l cu la te ,  f o r  the I s i n g  model on a simple quadra t ic  l a t -  

t i c e .  These resu l t s ,  w i t h i n  the framework o f  Barber's procedure, could 

a l so  have been obtained w i thou t  any connection w i t h  the  t rans fe r  ma t r i x  

formalism. Un l i ke  the  case o f  the SAF model, we detec t  a s h i f t  i n  the 

c r i t i c a 1  temperature but  no change i n  the  c r i t i c a 1  exponent associated 

w i t h  the s p e c i f i c  heat. We thus conclude t h a t  t h e f r a c t a l  d imens iona l i ty  

o f  the an i so t rop i c  Koch carpet  has a t r i v i a l  e f f e c t  on the c r i t i c a 1  

behavior. Th is  conclusion a l so  holds f o r  o ther  models w ih t  the same 



form o f  the spin-spin co r re la t i ons  funct ions.  I nc iden ta l l y ,  we checked 

tha t  Barber's scheme r e a l l y  works i n  the case o f  the exac t l y  s o l  u b l e  

I s ing  model on the Union Jack l a t t i c e .  

REFERENCES 

1. Y .  Gefen, B.B. Mandelbrot, and A. Aharony, Phys. Rev. Le t t .  45, 8556 

(1980) . 
2. Y .  Gefen, A. Aharony, and 0.0 .  Mandelbrot, J. Phys. A16, 1267 (1983). 

3. R. Rammal and G. Tolouse, J. Phys. L e t t .  44, 13 (1983) . 
4. M. Suzuki, Prog. Theor. Phys. 69, 65 (1983). 

5. R.F.S . Andrade and S .R. Sa 1 inas, J. Phys. A17, 1665 (1984) . 
6. M.N. Barber, J. Phys. A22, 679 (1979). 

7. B. Kaufman, Phys. Rev. 76, 1232 (1949) . 
8. K. H uang , S t a t i s t i c a Z  Mechrmics, John W i  1 ey, New Y ork,  1983. 

9. R.J. Baxter, ExuctZy SoZved ModeZs i n  S t a t i s t i c a Z  Mechanics,Academic 

Press , London, 1982. 

Usamos um esquema per turbat  i vo  para considerar o modelo de Ising 
numa rede de f i n ida  pelo produto cartesiano de uma curva de Koch por uma. 
cadeia l i nea r .  Em ordem dominante, escrevemos a par te  s ingu lar  da ener- 
g ia  l i v r e  em termos de determinadas correlações spin-spin para o modelo 
de I s ing  def in ido numa rede quadrada. Não hã mudanças no e x p o e n t e c r í t i -  
co associado ao ca lo r  especí f ico .  


