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Abfiraa We g i ve  an exact fo rmula t ion  o f t h e  sp in- l  Blume-Emery-Griffiths 
model on a Cayley t r e e  o f  coord inat ion  z as a two-dimensional mapp ing  
problem. We ca l cu la te  the regionsof  s t a b i l i t y  o f t h e  paramagnetic and the 
ferromagnetic f ixed points. Below a t r i c r i  t i c a l  temperature, there  i s an 
over lap  o f  these regions o f  s t a b i l i t y .  I n  the  i n f i n i t e  coord inat ion  
l i m i t ,  the mapping becomes one-dimensional, and we regain the mean- field 
resul  t s  o f  Blume, Emery and G r i f f  i ths.  

I. INTRODUCTION 

I n  t h i s  paper we use an 

i z a t i o n  o f  a spin-one I s i n g  model 

We have two purposes: f i r s t ,  we g 

w i t h  a simple system showing a t r  

t e r a t i v e  scheme t o  ob ta in  the magnet- 

deep i n  the i n t e r i o r  o f  a Cayley tree. 

ve an example o f  a mapping associated 

c r i t i c a 1  po in t ;  second, we emphasize 

the mechanism and the  advantages o f  the so-cal led i n f i n i t e  coord inat ion  

l i m i t  o f  a Cayley t ree .  

Ordinary spin-1/2 I s i n g  rnodels on a Cayley t r e e o f c o o r d i n a t i o n  

z have been s tud ied by a number o f  a ~ t h o r s ' > ~ ' ~ .  I n  p a r t i c u l a r ,  ~ h o m ~ s o n ~  

has shown t h a t  i t  i s  poss ib le  t o  w r i t e  an i t e r a t i v e  scheme o f  the form 

f o r  cornputing the magnet izat ion per spin, m i n  the jth sh,ell o f  a i' 
Cayley t ree ,  i n  terms o f  1n the  ferromagnetic case, the  m a ' s  con- 

3 
verge t o  a s tab le  f i x e d  p o i n t  m*, such t h a t  m* = f h * ) ,  which may be 

i n te rp re ted  as the l oca l  magnetization per sp in  deep i n  the i n t e r i o r  o f  

the  t ree .  Indeed, t h i s  s o l u t i o n  corresponds t o  the we l l  known Bethe- 

-Pe ier ls  approximation fo r  the I s i ng  model on a Bravais l a t t i c e  o f  co- 

o rd ina t i on  z .  Moreover, i n  the  i n f i n i t e  coord inat ion  l i m i t ,  ;z- tm, J - t O ,  

wi t h  zJ = constant, where J i s the exchange parameter, one recovers the  

usual mean- field approximation f o r  the I s i ng  model. I n  the anti ferromag- 



n e t i c  case, below c e r t a i n  c r i t i c a  

f i e l d ,  the f i x e d  po in t  b i f u r c a t e s  

by m+ = f h-) and m- = f Gn,) . 
I n  a very recent pub l ica  

have used t h i s  procedure t o  study 

t i ons  J, and J 2  between f i r s t  and 

values o f  temperature and magnetic 

t o  a s tab le  two cyc le  (m+, m) , given 

ionq,  Yokoi and the present a u t h o r s  

an I s i n g  model w i t h  competing in terac-  

second neighbors r e s t r i c t e d  t o  the  

branches o f  a Cayley t r e e  o f  coord inat ion  z. As had been pointed ou t  

by Vannimenuss, who considered t h i s  model on a t r e e  o f  coordinat  ion 2=3, 

the i t e r a t i v e  scheme cons i s t s  o f  a se t  o f  th ree coupled m n - l i n e a r  f i r s t  

-order dí f ference equations. However, i n  the i n f  i n  i t e  c o o r d i n a t  i o n  

1 i m i  t, z +m, J1 + O, Jp + 0, wi t h  zJ1 = constant and z25, = constant, 

the problem i s  considerably s i m p l i f i e d .  Under these circunstances, the 

se t  o f  equations i s  reduced t o  a system o f  on l y  two f i r s t - o r d e r  non- l in -  

ear d i f f e rence  equations which lend themselves t o  a d e t a i l e d  numerical 

ana lys is .  The phase diagram presents a v a r i e t y  of modulated phases, i n  

a d d i t i o n  t o  the usual ferromagnet ic and paramagnetic phases. Also, i t  i s  

shown tha t ,  g iven some i n i t i a l  cond i t ions ,  the coupled e q u a t i o n s  may 

lead t o  a strange a t t r a c t o r  w i t h  a f r a c t a l  character4.  ' 

A spin-one model i s  perhaps the s implest  general i.zat ion o f  the  

ord inary  spin-1/2 I s i n g  model t o  present severa1 m u l t i c r i t i c a l  po in ts .  

I n  t h i s  paper, we consider a s imple vers ion  o f  the Blume-Emery-Griff i ths 

(BEG) model ', given by the hamil ton ian 

where S, = +1 ,O,- 1, f o r  a l l  s i t e s  1 o f  a c r y s t a l  l a t t i c e ,  the  f i r s t  
R 

surn i s  over nearest neighbors, and J ,  D, and H, a re  p o s i t i v e  par-  

ameters. On a Cayley t r e e  of a r b i t r a r y  coord inat ion  z ,  we w r i t e  the 

so lu t i on  o f  t h i s  problem i n  terms o f  a se t  o f  two f i r s t - o r d e r  d i f f e r -  

ence equations ( f o r  the magnetizat ion per s i t e  <S.>, and the non- cr i  t i -  
2 

cal  densi t y  <s;>) . I n  the  parameter space p x T ,  where p = D/zJ and T i s 

the temperature i n  u n i t s  of k /zJ, there  i s  a c r i t i c a 1  l i n e  ending a t  a 
B 

t r i c r i t i c a l  po in t .  Below the t r i c r i t i c a l  temperature there  i s  a reg ion 

where both the paramagnetic and the  ferromagnetic f i x e d  p o i  n t s  a r e  

s tab le .  This should correspond t o  the  Bethe-Peierls approximation f o r t h e  

BEG model. I n  the i n f i n i t e  coord inat ion  l i m i t ,  however, the problern i s  



reduced t o  a s ing le  f i r s t - o r d e r  

analysis i s  much simpler. I n  t h  

and recover the main resu l t s  o f  

Emery, and ~ r i f f  i t h s
6
.  

I n  sect ion 2 we def ine  

d i f fe rence equation, and the numerical 

s l i m i t ,  we draw the pxT phase diagram 

the mean-field ca lcu la t ions o f  Blume, 

the w d e l ,  ob ta in  the recursion re- 

l a t i ons ,  and analyze the s t a b i l i t y  o f  the  paramagnetic and the f e r r o -  

rnagnetic f i x e d  po in ts .  The resu l t s  i n  the i n f i n i t e  coordinat ion l i m i t  

are discussed i n  sect ion  3. I n  sect ion  2 the recursion re la t i ons  are  

obta i ned accordi ng t o  the procedures o f   ar ar ter' and ~ a n n  ime.nuss, wh i l e 

i n  the appendix we present an a l t e r n a t i v e  der iva t ion ,  according t o  a 

scheme used by ~ h o m ~ s o n ~ .  

2. THE RECURSION RELATIONS AND THE STABIL IN  CRITERIA 

The Cayley t r e e  i s  a cyc le- f ree graph, t ha t  is ,  a l a t t i c e  w i th  

no closed paths. I n  f i g .  1 we dep ic t  a Cayley t r e e  w i t h  c o o r d i n a t i o n  

z=3 and three generations. Consider a spin-1 I s ing  w d e l ,  given by the 

hami l tonian (1.2),  on a Cayley t r e e  o f  a r b i t r a r y  coordinat ion z .  

Fig.1 - Cayley t r e e  w i t h  coord inat ion  
2=3 and three generat ions o f  s i  tes. 

Let z P )  , z?) , and z l - )  denote the pa r t  ia1 p a r t i  t i o n  funct  ions 

f o r  a t r e e  of R generations, w i t h  the cent ra l  spin f i xed  a t  the values 

+1, 0; and -1, respect ive ly .  Then, i t  i s  s t ra ight forward t o  w r i t e  the 
192 

re la t i ons  



and 

where r = z-1. At t h i s  po in t  i t  i s  convenient t o  i n t roduce theva r iab les  

and 

(4 
Q = z~ 

R (2.5) 

z do) 
i n  terms of which we have the fo l l ow ing  se t  o f  two non-1 i n e a r  f i r s t -  

-order d i  f ference equat ions, 

and 

and 

A l te rna t i ve l y ,  we may def ine the var iab les  

t h  which correspond t o  the magnetization per spin,  <S >, on the R gen- 
R 

e r a t i o n  o f  the t ree,  and t o  the non- c r i t i ca1  densi ty,  <s2>, respect ively.  
R 

Also, i t  i s  easy t o  see t h a t  



and 

Then we .have the recurs ion  r e l a t i o n s  

and 

where 

~h,q) = e -eD+BH [ 4  cosh Bj + rn s inh  Bj + 1 - q Ir (2.14). 

and 

Qh ,q )  = e - B D - B H  [ q  cosh &J - m i i n h  W + 1 - q I p  (2.15) 

I n z e r o f i e l d ,  equations (2.12) and (2.13) have a  t r i v i a l  

f i x e d  po in t  given by m*=O and q*#O such t h a t  

where 

To leading order, the l i n e a r i z a t i o n  about t h i s  t r i v i a l  p a r a -  

magnetic f i x e d  p o i n t  y i e l d s  the r e l a t i o n s  

and 

where 



and 

e B D 
A, = A, BJ BD tanh 

2~~ + e  

Clear ly  A2 < A , ,  so tha t  the t r i v i a l  f i x e d  po in t  i s  s tab le  when AI < 1. 

Th is  de f ines  a region o f  the  phase diagram which we ca l1  the region o f  

paramagnetic s t a b i l i t y .  Besides the  t r i v i a l  paramagnetic f i x e d  po in t ,  

there  i s  a ferromagnetic f i xed  po in t ,  g iven by the  so lu t ions  o f  eqs. 

(2.12) and (2.13), such t h a t  m* = mRtl = mg # 0, and q* = 9g+1 =4g # 0-  

bR have used numerical methods t o  analyse the  s t a b i l i t y  o f  t h i s  f i x e d  

po in t .  The region o f  the phase diagram where the  f e r r o m a g n e t  i c  f i x e d  

po in t  i s  s tab le  i s  c a l l e d  the  region o f  ferromagnetic s t a b i l i t y .  

I n  f igs. 2-4 we show some (p = 0/23) x (kgT/zJ)  phase diagrams 

f o r  2=3, 2-6, and z=500. The s o l i d  l i ne ,  which corresponds t o  the  l i m i t  

of s t a b i l i t y  of the paramagnetic region (A i= l ) ,  i s  g iven bethe a n a l y t i c  

expres s ion 

r s i n h  &i -cosh BJ + r log  

I 1 [ I s i n h s ~ ~ ~ h W - i  

Fig.  2 - Phase diagram i n  zero 
f i e l d  f o r  a Cayley t ree  w i t h  z=3. 
The s o l i d  l i n e  represents the l i m i t  
o f  s t a b i l i t y  o f  the paramagnetic 
f i xed  po in t .  The dashed l i n e i s  the  
l i m i t  o f  s t a b i l i t y  o f  the f e r r o -  
magnetic f i x e d  po in t .  Both f i x e d  
po in ts  are  s tab le  i n  the hatched 
region. The t r i c r i t i c a l  p o i n t  i s  a t  
the smooth j unc t i on  o f  the  stab- 
i l i t y  l i n e s .  



F1g.3 - Phase diagram i n  
zero f i e l d  f o r  a Cayley 
t ree w i t h  z=6. The mean- 
ing o f  the l i n e s  i s  ex- 
plained i n  the capt ionof 
f i g .  2. 

Fig.4 - Phase diagram i n  
zero f i e l d  f o r  a Cayley 
t r e e  w i t h  z=SUO. Within 
the p r e c  i s i o n  o f  the  
ca lcu la t ions,  t h i s  f i g -  
ure  a1 ready c.orresponds 
t o  the i n f i n i t e  coord i-  
nat ion  l i m i t ,  z+w,J+O, 
w i t h  zJ = constant. The 
l i n e s  have thesame mean- 
ing as i n  f i g s .  2 and 3. 



The dashed l i n e  corresponds t o  the l i m i t  o f  s t a b i l i t y  o f  the ferromag- 

n e t i c  f i x e d  po in t .  Numerical ca l cu la t i ons  i nd i ca te  t ha t  there i s  a f low 

t o  the ferromagnetic f i x e d  po in t  whenever the i n i t i a l  c o n d i t i o n s  a re  

given by mo = qo = 1 ,  w i t h  D/zJ and k T/zJ below t h i s  dashed l i n e .  Only 
B 

i n  the hatched region o f  the phase diagram we may have f lows e i t h e r  t o  

the paramagnetic o r  t o  the ferromagnetic f i x e d  po in t ,  depending on the 

i n i t i a l  cond i t ions .  This hatched region t h u s  c o r r e s p o n d s  t o  t h e  

over lapping o f  the paramagnetic and theferromagnet ic s t a b i l i t y  regions. 

To decide whether a po in t  i n  t h i s  region belongs t o  the thermodynamic 

paramagnetic phase o r  t o  the ferromagnetic phase i t  would be necessary 

t o  analyze the f r e e  energy. However, i t  i s  not  our purpose t o  perform 

t h i s  ana lys is  i n  the  present paper. Anyhow, the presence o f  an over lap-  

p ing region where two f i x e d  po in ts  are  s tab le  i nd i ca tes theex i s tence  o f  

a f i r s t - o r d e r  t r a n s i t i o n  l i n e .  This region o f  coexistence ends a t  the 

t r i c r i t i c a l  po in t ,  which i s  located by the  smooth j unc t i on  o f  the stab- 

i l i t y  l i nes .  Above the t r i c r i t i c a l  temperature both s t a b i l i t y  l i n e s  co- 

i nc ide  and then we have a c r i t i c a 1  l i n e .  The t r i c r i t i c a l  po in t  i s  pre-  

sent f o r  a11 physical  values o f  the coord inat ion  z. 

3. THE INFINITE COORDINATION LIMIT 

I n  the i n f i n i t e  coord inat ion  l i m i t ,  g iven by J-t O ,  z -ta, w i t h  

zJ = constant, the  recurs ion  r e l a t i o n s  a re  d r a s t i c a l l y  s imp l i f i ed .  I n  

zero f i e l d ,  from eqs. (2.12) and (2.13), we have 

2 s inh  ,, 
L - 

m!L+l 
2 cosh 2 T + epiT 

and 

rn 
R 2 cosh 7 
L 

%+I - 
/T 

9 

2 cosh + eP 

where T i s  the temperature i n  u n i t s  of k /zJ, and p = D/zJ. S ince q B Rt 1 
does no t  depend on qa, the problem i s  reduced t o  a one-dimensional map- 

ping. This k i nd  o f  reduct ion o f  the d imens iona l i ty  o f  the mapp ing ,  

which occurs f o r  severa1 models def ined on a Cayley tree4", seems t o  



be a pecu l i a r  e f f e c t  brought about by the  i n f i n i t e  coord inat ion  l i m i t .  

The l i n e a r i z a t i o n  i n  a neighbourhood o f  the t r i v i a l  paramag-  

n e t i c  f i x e d  po in t ,  m*=O, y i e l d s  the r e l a t i o n  

From eq. (3.3), we ob ta in  the 

phase, 

l i n e  o f  stab i 1  i t y  o f  the pa ramagne t  i c  

which corresponds t o  the  i n f  i n i  t e  coord inat ion  l imi t o f  eq. (2.22) . For 

p=O, we regain the mean-f i e l d  c r i  t i c a l  temperature, Te = 2/3, f o r  the 

ord inary  spin-1 I s i n g  model. 

The ferromagnetic f ixed po in t ,  m*#O, i s  given by the numerical 

s o l u t i o n  o f  eq. (3 . l ) ,  w i t h  mh1 = m g  =m*. Whenever there i!; a s o l -  

u t i o n  m*#O, the ferromagnetic f i x e d  po in t  i s  s tab le .  From eq. (3.11, i t  

i s  easy t o  see t h a t  there  i s  a t r i c r i t i c a l  po in t  a t  T = 1/3 and pt = 
t 

= 2/3 l o g  2, which almost coincides w i t h  the maximum o f  the pxT curve. 

Above Tt, the c r i t i c a 1  l i n e  ind ica tes  the l i m i t  o f  s t a b i l i t y  o f  both 

the ferromagnetic and the  paramagnetic f i x e d  po in t s  ( tha t  i s ,  m* = O a t  

the c r i t i c a 1  l i n e ) .  Moreover, i t  i s  possib le t o  show t h a t  the c r i t i c a l  

l i ne  and the  l i ne  of s tab i  1 i t y  of the  ferromagnetic f i xed  po in t  meet 

t a n g e n t i a l l y  a t  the t r i c r i t i c a l  po in t .  

Fig. 4, which was drawn f o r  z = 500, a1 ready corresponds to  the 

i n f i n i t e  coord inat ion  l i m i t .  I n  the hatched region, both the ferromag- 

n e t i c  and the  paramagnetic f i x e d  po in ts  can be reached, depencling upon 

the i n i t i a l  condi t ions.  From eq. ( 3 . 4 ) ,  we see on the l i n e  of para- 

magnetic s t a b i l i t y  t h a t  p ( ~ )  + O  as T+O w i t h  an i n f i n i t e .  slope. On the 

o ther  nand, f o r  f i n i t e  coordinat ions i t  goesto  the 1 i m i t  l / z  f o r  T = 0.  

Also, i t  i s  easy t o  show t h a t  the  l i n e  of s t a b i l i t y  o f t h e  ferromagnetic 

f i x e d  pointsgoes t o  the 1 i m i t  p = 1 as T + 0, w i t h  a negat ive i n f i n i t e  

slope. F i n a l l y ,  i t  should be pointed ou t  t ha t  the  expression f o r  the 

c r i t i c a 1  l i n e  as we l l  as the  i o c a t i o n  o f  the t r i c r i t i c a l  p o i n t  agree 

w i t h  the mean-f i e l d  resu l t s  o f  Blume, Emery and ~ r i f f t h s ~ .  



4. CONCLUSIONS 

k have presented an exact fo rmula t ion  of the Blume-Emery- 

- G r i f f i t h s  rnodel, on a Cayley t r e e  o f  a r b i t r a r y  coord inat ion  2, as a 

two-dimensional mapping problem. We have found a n a l y t i c a l  expressions 

fo r  the boundary of a region o f  paramagnetic s t a b i l i t y  i n  theD/zJxkgTbJ 

phase diagram. Also, we have performed numerical ca l cu la t i ons  t o  f i n d  

the l i n e  o f  s t a b i l  i t y  o f  the ferromagnetic f i x e d  po in t .  Be low t h e  

t r i c r i t i c a l  temperature, there  i s  a region where both the paramagnetic 

and the ferromagnetic f i x e d  po in t s  a r e  s tab le .  I n  the i n f i n i t e  coord i-  

na t i on  l i m i t ,  z + m,J+ 0 ,w i th  zJ = constant, the  prob.lem 

a one-dimensional mapping, and we have regained the  mean-f 

o f  Blume, Emery and Gri f f t h s .  

i s  reduced t o  

i e l d  r e s u l t s  

APPENDIX - A l t e i ~ t i v e  Formulation of the Problem 

An a i  t e r n a t i v e  way t o  se t  up the  i t e r a t i v e  scheme cons is ts  o f  

summing successively oversp ins  i n  the outerrnost shel l 3 ,  as shown sche- 

rna t ica l ly  i n  f i g .  5. We may w r i t e  

Çig.5 - The i n t e r a c t i n g  spins o f  the ou te r -  
Sr most s h e l l  o f  a Cayley t r e e  w i t h  coord i-  

na t i on  z = r + 1 .  

from which we have 

r 
B = T l o g  1 + 2 e-BD cosh (BJ+B@ 

1 + 2 e-BD cosh (W-BH) 

(A. 2) 



and 

[l + 2 e-BD cosh B H ] ~  

Thus, we can w r i t e  the recursion r e l a t  

the anisotropy C, 

ions i n  terms o f  the f i e l d  B and 

and 

If we introduce the de f in i t i ons  

C a exp @ o - ~ a ~ )  2 sinh BI1 
a - - 

= z exp @a - co2) 
+ corhBk ' 

cl 

and 

C a2 exp @o-ca2) 
a 

2 cosh BL - - - (A. 7) 
- r exp (BO - co2) + h Bk ' 

a 

i t  i s  straightforward t o  show that  the recursion re la t ion  (A.4) and (A.5) 
are completelyequivalent t o  eqs. (2.12) and (2.13). 

In the i n f i n i t e  coordination l i m i t ,  eqs. ( ~ . 2 )  and ( ~ . 3 )  are 

reduced t o  the expression 

B = 2 e-BD r inh BH 
BJz , (A. 8) 

1 + 2 e'BD C O S ~  BH 



and 

Since C vanishes i d e n t i c a l l y ,  the mapping can be w r i t t e n  as 

2 s inh  B ,  

and 

CR+] = BD . 
Usi ng eq. (A.6) we have 

which gives the one-dimensional mapping 

m = -  
2 s i n h ( 6 ~  + &Jz mQ) 

R+ 1 
sBD + 2 cosh (BX + md 

(A.11) 

(A. 12) 

(A. 13) 

In  zero f i e l d ,  t h i s  expression i s  i d e n t i c a l  t o  eq. (3.1). 
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Resumo 

Apresentamos uma formulação exata do modelo de spi  n-1 de Bl ume, 
Emery e G r i f f i t h s  numa árvore  de Cayley de coordenação z como um proble- 
ma de mapeamento em duas d imensoes . Ca 1 cu l  amos as regiões de es tab i l ida- 
de dos pontos f i x o s  paramagnéticos e ferromagnético. Abaixo de uma de- 
terminada temperatura t r i c r í t i c a ,  há uma justaposição destas regiões de 
es tab i  1 idade. No l i m i t e  de coordenação i n f  i n i  ta,  o mapeamento se torna 
unidimensional e recuperamos os resul tados de campo médio de Blume, 
Emery e G r i f f  i t h s .  


