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Abstmct Exact s o l u t i o n s o f  the Einstein-Conformal ly  I nva r i an t  S c a l a r  
F i e l d  Equat ions are  obtained f o r  Kantowski Sachs and Bianchi types l and 
I11 cosmologies. The presence o f  the conformal ly  i n v a r i a n t  sca lar  f i e l d  
i s  responsible f o r  some i n t e r e s t i n g  features o f  the so lu t i ons .  . l n  par-  
t i c u l a r  i t  i s  found tha t  the Bianchi I model i s  cons is ten t  w i t h  the b i g  
-bang theory o f  cosmology. 

1. INTRODUCTION 

In  the  l a s t  th ree decades a respectable e f f o r t  was devoted t o  

the i nves t i ga t i on  o f  the f i e l d  equations o f  the general theory o f  r e l a -  

t i v i t y  foi- spa t i a l  l y  homogeneous but  an i so t rop i c  space- t i m e s .  These 

space-times belong e i t h e r  t o  the Bianchi types I - i X  o r  to  the Kantowski 

Sachs c lass  and a r e  genera l ly  i n te rp re ted  as cosmological models. Re- 

cent ly ,  ttie study o f  s p a t i a l l y  homogeneous an i so t rop i c  c o s m o l o g i  c a l  

models w i t h  a conformal ly  i nva r i an t  sca lar  f i e l d  as the m a t t e r f i e l d h a s  
1-3 

received some a t t e n t i o n  . The proper t ies  o f  the energy-momentum ten- 

sor of the conformal ly  i nva r i an t  sca lar  f i e l d  a re  q u i t e  d i s t i n c t  f rom 
4-6 

those concerning the  ord inary  sca lar  f i e l d  . Besides, the p red l c t i ons  

o f  the theor ies  i nvo l v ing  the two tensors are  ra the r  d i f f e r e n t  i n s t r o n g  

g r a v i t a t i o n a l  f i e l d s 7 .  

I n  t h i s  paper exact s o l u t i o n s ,  g i v e n  i n  a u n i q u e  p a r a -  

met r isa t ion ,  f o r  KantowskiSachs (KS) and Bianchi types I and I 1  I cos- 

mological models w i t h  a conformally i nva r i an t  sca lar  f i e l d  are  obtained. 

An i n t e r e s t i n g  fea tu re  o f  the former models i s  t h a t  one can  r e c o v e r  

from them the corresponding vacuum so lu t i ons  i n  a s t ra igh t fo rward  way. 

The cosmological imp l ica t ions  o f  the Bianchi I model a re  discussed i n  a 

systematic way. 



2. FIELD EQUATIONS AND SOLUTIONS 

I nchoos ing loca lo r thonorma l  basesa' theKSmetr ic  (a= l ) ,  
(a) ' 

the Bianchi type I I I met r i c  (a=2) , and the  Bianchi type I met r ic  wi t h  

two an i so t rop i c  d i rec t i ons  (a=3) can be put  i n  the form . 

where 

From the f i e l d  equations' 

PV f(s) = 6: % saUs - 42% 2"'s + 2s  vuvvs , 

where V denotes covar iant  d i f f e r e n t i a t i o n  and 

@ being the massless sca lar  f i e l d ,  we ob ta in  t h e  f o l  l o w i n g  s e t  o f  

equations: 

where dots,  as usual, denote d e r i v a t i v e  w i t h  respect t o  t, &=+I ,- 1,  o r  



0, accordi ng t o  whether a= l  , a=2 o r  a=3 i s  chosen, and Ki i s  an i n- 

t eg ra t i on  constant. 

Int roducing the new t ime va r i ab le  T by dt = ydlP, the l i n e a r  

combination o f  (3b) and (3c) g ives  

bYf) ' '  + Klxyf = 0, 

d where ( ) ' = . From (3b) one gets 

I n  a d d i t i o n  one has the cons t ra in t  equation 

The so lu t i ons  o f  the se t  o f  eqs. (4) can be presented i n  the 

f o r m  

E = +l: x = [(tan $B-a + (ta. 2' I )  fy Y 

E = - 1 :  . r = [(tanh 9 + (tanh 5> @+a ] , , 



For convenience, the m u l t i p l i c a t i v e  constants, as we l l  as an 

a d d i t i v e  i n teg ra t i on  constant concerning the va r i ab le  T have been e l im-  

inated. 

3. DISCUSSION 

Solu t ions  (5a) and (5b) are new. The f i r s t  one r e p r e s e n t s  a 

closed spa t i a l  l y  homogeneous an i so t rop i c  cosmological model , whereas  

the second belongs t o  an open universe.  A universe i s  said t o  be closed 

o r  open, according t o  whether the space-time presents s p a t i a l l y  homo- 

geneous sect ions w i t h  compact o r  noncompact manifolds s t ruc tures ,  re -  

spect ive ly .  T r a d i t i o n a l l y ,  the open o r  c losed fea ture  o f  a cosmological 

model i s  re la ted t o  the s ign o f  the  3-scalar  o f  curvature(3) R ,  but,  as 

was pointed out  by Assad and soares8, the  scalar  o f  c u r v a t u r e  i s  no t  

t o p o l o g i c a l  a quant i  t y  t ha t  can i n  general be associated w i t h  t he 

proper t ies  o f  the models. 

A spec ia l l y  prominent c h a r a c t e r i s t i c  o f  the prev 

i s  t ha t  from them the corresponding vacuum so lu t ions  (s+O 

be recovered i n  a t r i v i a l  way: 

E = -I: x = (tanh 9', y = (tanh 2)" s inh T, 6' = 1 . 

ious so lu t i ons  

, a s w O )  can 

These so lu t ions  were f i r s t  obtained by Kantowski and Sachs and 

rediscovered by Vajk and ~ l t ~ r o t h " ,  and ~orenz"" '  u s i n g  d i f f e r e n t  

parametr izat ions.  The present co inc ide  w i t h  those o f  ~ o r e n z " .  To g e t  

an idea o f  the  in f luence o f  the sca lar  f i e l d  on the models, eqs. (5a) 

and (5b) a re  rewr i t t en  i n  the form 

E = + 1 :  1 1 2' -e 
x =-  (tan g)' , y = - ( r i n  T) (tan 

sf sf 

= -  1 T -6 (tanh$ ' , y = - (sinh T) (tanh 2) 
,'T 0 



Then, one observes t h a t  the e f f e c t  o f  the conformal ly  i nva r i an t  

a r  f i e l d  manifests i t s e l f  through the f a c t o r  I/o and the cons t ra in t  

+ B 2  := I. ( l t  i s  worth n o t i c i n g  t h a t  f + l ,  as s+O.) 

Ca lcu la t ing  the curvature i nva r i an ts  f o r  such rnetr ics one f i nds  

they diverge a t  T = 2na (E=+]) and T = O (€=- I ) ,  i f  the  parameters 

sca 1 

3a2 

t ha t  

a and 0  are  such t h a t  

(6)  

On the o ther  hand, the vacuum so lu t i ons  (5a') and (5b') a re  

s ingu lar  i t t  T = 2n.rr (E=+]) and T = O (E=-)), respect ive ly ,  i f  B = - 1 .  So, 

i f  (6) holds, the  conformal ly  i nva r i an t  sca lar  f i e l d  cannot prevent the 

s i n g u l a r i  t i e s .  I n  the scalar- tensor tt ieory proposed by Schmidt e t  a213, 

a sca lar  f i e l d  i s  used t o  avoid the problem o f  a  s i n g u l a r i t y .  Banerjee 

and santos" showed tha t ,  i n  general, t h i s  i s  not  p o s s i b l e  f o r  a  

F r i e d m a n n - R o b e r t s o n - W k e r  rnodel. The scalar- tensor theory being dea l t  

w i t h  here i s  a  p a r t i c u l a r  case o f  t h a t  presented by Schmidt e t  aZ. 

The me t r i c  corresponding t o  s o l u t i o n  (Sc) i s  given by 

(7) 
' bhen the conformal ly  i nva r i an t  sca lar  f i e l d  i s  sw i  t c h e d  o f f  

(S-+O, as wO) t h i s  met r ic  reduces t o  

where the  parameters p , ,  p2  and p, are  given by* 

B 1-0 
P l  = = ' P 2  = P 3  = m  9 

and s a t i s f y  the re lan t ionsh ips  

3 3 

C P i =  1 
i= 

(1 0) 

i b i l i t y  f 3  = 2 i s  

171 

;=I 

* From (5c) one has tha t  f 3 2  + 

ru led  out .  
-+ 0, so the  poss 



which i s  the ~ a s n e r  empty ~ n i v e r s e ' ~ .  

The conformal ly  f l a t  me t r i c  i s  found t o  be a very specia l  case 

when a = f3 = $ . The met r ic  (7) takes then the  very simple form: 

The cosmological model represented by s o l u t i o n  (7) i s  such tha t  

i t s  proper volume i s  given by 

I t  i s  c l e a r  from the prevjous r e s u l t  t ha t  V vanishes a t  T=O i f  

Otherwise, i f  t h i s  r e l a t i o n  i s  v a l i d ,  V becomes i n f  i n i  t e  as 

T-tao. Thus, the model s t a r t s  from a po in t  s i n g u l a r i t y  and expands t o  an 

i n f  i n i  t e  volume*. The Hubble parameters** concern ing the present mode 1 

are given by 

and i t  can beconcluded tha t  the m d e l  admits an i so t rop i c  e x p a n s i o n s * *  

f o r  (a,@) E B, where B i s  g iven by (13)***. Besides Phis, i t  i s  regu lar  

i n  the range O < !i' <a. 

* The curvature  invar ian ts  regarding so lu t ions  (5c) a r e  found t o  d i -  
verge a t  T=O, i f  (a,@) E C, C = { (a,b) E 13a2+b2=1, a E (O,$ u (g, l/a 
b E (-1,O) U (O,+) U (*,1)}. Hence, B=C, and, as  a consequence ,  the 
proper volume equals 0 ,  where the  curvature  i nva r i an ts  o f  the  model d i -  
ve rge . 
** These are  k inemat ical  parameters associated t o  the 4 - v e l  o c  i t i  es 

a / a t  ( i n  the coordinate system used i n  (1)) .  
*** The p o s s i b i l i t y  o = $ = i s  forbidden by (13). 



The model i n  view i s  cons is ten t  w i t h  the big-bang theory and 

i s  d i f f e r e n t  frorn the so lu t ions  obtained by Acc io ly  e t  a ~ . '  and by 

~ a m ~  . 
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Resumo 

Se obtém soluções exatas das equações de E i  ns te i  n-Campo- Esta- 
l a r  Conformemente Invar ian te  re ferentes  a cosmologias de K a n t o w s k i  - 
Sachs e Bianchi dos t i p o s  I e 1 1 1 .  A presença do campo escalar  confor-  
rnemente i r i var ian te  é responsável por alguns aspectos interessantes das 
soluções. Encontra-se, em p a r t i c u l a r ,  que o modelo de Bianchi I é com- 
pa t í ve l  ccm a t e o r i a  cosmológica do big-bang. 


