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Abstract D i f f e r e n t  v a r i a t i o n a l  approaches f o r  the  p rob lemo fco l1 i s i ona l  
t ranspor t  i n  a magnet ical ly  conf ined magnetoplasma a re  discussed, and 
approximate methods o f  s o l u t i o n  a re  pointed out .  I n  p a r t i c u l a r ,  an ap- 
proach analogous t o  the wel l known Rayleigh-Ritz method i s p r o p o s e d ,  
y i e l d i n g  an energy-convergent approximate s o l u t  ion fo r  t he r e  1 evan  t 
d r i f t  Fokker-Planck equation. Selected app l i ca t i ons  t o t h e i n v e s t i g a t i o n  
o f  magnetoplasmas o f  a r b i t r a r y  degree o f  c011 i s i o n a l  i t y  a r e  b r  i e f  l y 
discussed. 

1. INTRODUCTION 

Var ia t  

Fokker-Pl,enck k 

bounda r y  condi t 

I ona 

i net  

i ons 

the context  of r a r i  

approaches f o r  the study o f  the Bol  tzmann and 

c equations corresponding t o  prescr ibed i n i t i a l  and 

have been invest iga ted by severa1 authors both i n  

ied gas dynamics1-3 and plasma dynamics4-'0 . Thei r 

main i n t e r e s t  l i e s  i n  the p o s s i b i l i t y  o f  adopt ing s i m p l e  n u m e r i c a l  

methods which enable the  d i  rect. determinat ion o f  re levant  mac r o s c o p  i c 

physical  q u a n t i t i e s  i n  terms o f  appropr ia te  approximate s o l u t i o n s  o r  

even o f  the so-cal l e d  t r i a l - f u n c t i o n s  ( i  .e., polynomial func t ions  con- 

t a i n i n g  undetermined constants which a re  then chosen i n  sych a way a s t o  

extremize the  re levant  v a r i a t i o n a l  func t iona l )  . I n  f ac t ,  even i n  l i n e a r  

problems ( i  .e., f o r  which i t s u f f  i c i e s  t o  consider I inear ized approxi-  

mations oF the  previous k i n e t i c  equations) , the a p p l i c a t i o n  o f  ' i rect  

so lu t i on  inethods as, f o r  example, expansions i n  a complete b a s i s  o f  

orthonormal p o l  y n o m i a l s  l e a d s  t o  u n s a t i  s f a c t o r y  r e s u l  t s  due t o  

the slow convergence o f  the approximate s o l u t i o n  and the  consequentpoor 

accuracy i n  es t imat ing  the  phys i ca l l y  re levant  dynamical var iab les .  I n  

add i t ion ,  i t  should be noted t h a t  i n  many cases such as the macroscopic 

desc r i p t i on  o f  a dynamical system, which i s  the  case o f  a magnetoplasma, 

- 
Based on a seminar de l ivered a t  I n s t i t u t o  de E s t u d o s  Avançados,  Cen- 
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we need much l e s s  than t h e  p r e c i s e  knowledge o f  t h e  s o l u t i o n s  o f  t h e  

k i n e t i c  e q u a t i o n  ( d i s t r i b u t i o n  func t ion )  . For  example, i n  t h e  case o f  a  

qu iescen t  magnetoplasma, i . e .  a  plasma m a g n e t i c a l l y  c o n f i n e d  i n  which 

tu rbu lence  i s  n e g l i g i b l e ,  t h e  r e l e v a n t  macroscopic q u a n t i t i e s  a r e  t h e  

m a t e r i a l  f l u x e s  ( i  .e., t h e  p a r t i c l e  and k i n e t i c  energy f l u x e s  

ac ross  an i s o b a r i c  sur face)  . 
I  t i s  wel l -known t h a t  v a r i a t i o n a l  methods a r e  p a r t i c u l a r 1  y  

convenient  when the  v a r i a t i o n a l  f u n c t i o n a l  i t s e l f  can be expressed i n  

terms o f  such macroscopic dynamical v a r i a b l e s .  I n  such cases, i n  f a c t ,  

an e r r o r  o f  o rder  O(&) i n  e s t i m a t i n g  t h e  s o l u t i o n  o f  t h e  k i n e t i c  equa- 

t i o n  leads t o  an e r r o r  o f  h i g h e r - o r d e r  (O(&' ) )  f o r  t h e  v a r i a t i o n a l  func-  

t i o n a l  . 
Approaches o f  t h i s  k i n d  have been p r e v i o u s l y  developed by sev- 

era1 au thors  i n  k i n e t i c  t h e ~ r ~ ' - ' ~ .  As f a r  as what concerns s p e c  i f i c  

a p p l i c a t i o n s  t o  plasma dynamics, v a r i a t i o n a l  methods have been adopted 

t o  i n v e s t i g a t e  b o t h  c o l l  i s i o n a l  t r a n s p o r t  problems i n  q u i  e s c e n t  sys-  

tems4-a and l i n e a r  s t a b i  l i t y  problems i n  weakl y  t u r b u l e n t  systems9-10. 

Up t o  now, f o r  t h e  f i r s t  c l a s s  o f  problems, v a r i a t i o n a l  a p -  

proaches have been developed s y s t e m a t i c a l l y  o n l y  f o r  t h e  s o - c a l l e d  

w e a k l y - c o l l i s i o n a l  plasmas, t h a t  i s ,  s u b j e c t  t o  t h e  assumption V / 
s , e f f  

/ o ~ , ~  << 1 (where v ~ , ~ ~ ~  i s  an e f f e c t i v e  c o l l i s i o n  f requency d e f i n e d  i n  

Appendix A, and w  = (bC ds / l v l1 l )  - ' i r  t h e  bounce o r  t rans i t  f requency 
b,s  

which c h a r a c t e r i z e s  t h e  unper turbed p a r t i c l e  mot ion  a long  a  magnetic 

f l u x  l i n e ;  C  i s  a  c losed  unper turbed p a r t i c l e  o r b i t )  and f o r  "symmetric 

hydromagnetic e q u i l i b r i a "  ( i .e . ,  assuming t h a t  t h e  c o n f i n i n g  magnetic 
-1 4 - 8  

f i e l d  B i s  s p a t i a l l y  symmetric) . Such t h e o r i e s  f a l l  e s s e n t i a l l y  i n  

two c l a s s e s :  a) asympto t i c  theor ies,  based on an asympto t i c  e x p a n s  i o n  

f o r  t h e  t r i a l  f u n c t i o n  ob ta ined  i n  t h e  l i m i t  6-10 where 6  i s  g i v e n  by: 

( B ~ ~ ~  i s  t h e a b s o l u t e m a x i m u m o f  B o n a  g i v e n  i s o b a r i c  s u r f a c e s ;  t h e  

b racke ts  "< denote an appropr  i a te1  y  wei ghted average taken on t h e  

same sur face)  , c o r r e c t i o n s  o f  o r d e r  0 (63) o r  h i g h e r  t o  the  v a r i a t i o n a l  

f u n c t  i o n a l  5 ' 6  we r e  negl  ected;  b) p e r t u r b a t i v e  theor ies,  based on a  
7 8  p e r t u r b a t i v e  expansion f o r  t h e  d e t e r m i n a t i o n  o f  an approx imate s o l u t i o n  

which a l l o w s  f o r  t h e  i n v e s t i g a t i o n  o f  hydromagnetic e q u i 1 i b r i a w i t h " a r -  

b i t r a r y "  magnetic f i e l d .  For t h i s  case, i n  p a r t i c u l a r ,  t h e  p r e v i o u s  



asymptotic cond i t ion  6 << 1 does not  need t o  be invoked ( h e r e  a per-  

t u rba t i ve  expansion i s  performed i n  terms o f  the adimensional parameters 

A = 611-&I2) .  

S i m i l a r  techniques, on the o ther  hand, have been developed f o r  

weak-turbulence problems, and i n  p a r t i c u l a r  f o r  the i n v e s t i  g a t  i o n  o f  

l i n e a r  s tab i  l i t y  o f  magnetoplasmas subject  t o  l i nea r d i ss  i pa t i v e  

perturbat ions o f  the d r i f t  typeg-1°.  In  t h i s  case, a v a r i a t i o n a l  f o r -  

mulat ion was obtained on l y  by adopting a s i m p l i f i e d  c o l l i s i o n  operator  

model f o r  the Fokker-Planck k i n e t  i c  equat ion (the so-cal led  p i  tch-angle 

-scat te r i r ig  approximation f o r  the Fokker-Planck c o l l  i s i o n  operator) . 
I t  i s  the purpose o f  t h i s  paper t o  address the problem o f  a 

v a r i a t i o n a l  fo rmula t ion  f o r  the l i nea r i zed  Fokker-Planck equation which 

occurs i n  problems o f  c o l l i s i o n a l  t ranspor t  under standard assumptions 

( i  .e., a so-cal led  'lsmall-Larmor-radiusl' ordering11'12) and which, i n  

general, a l so  re fe rs  t o  " c o l l i s i o n a l"  o r  "s t rong ly  c o l l i s i o n a l "  plasmas, 

A basic fea ture  o f  the re levant  boundary-value problem associ-  

ated w i t h  such an equation i s  t ha t  the equation i t s e l f  i s  n o n - s e l f -  

- ad jo in t  wh i l e  the ( l inear )  operator  t he re in  def ined i s  n o t  p o s i t i v e  

d e f i n i t e .  

I n  t h e  seque1 we intend t o  discuss var ious p o s s i  b l e  v a r i -  

a t i ona l  formulat ions f o r  the given problem, and, i n  p a r t i c u l a r ,  a so- 

- ca l l ed  "constrained v a r i a t i o n a l  formulat ion" recen t l y  proposed by the 

author13, where the c lass  o f  admissib le va r i a t i ons  i s  constra ined ap- 

p r o p r i a t e l y  'a p r i o r i  ' .  
We intend t o  show tha t  the v a r i a t i o n a l  func t iona l  may indeed 

be chosen i n  such a way as t o  be a physical  l y  meaningful quan t i t y  (re- 

la ted,  i n  f a c t ,  t o  the  surface-average o f  the  l oca l  entropy product ion 

rate)  which turns ou t  t o  be b i l i n e a r  w i t h  respect t o  the mater ia l  f luxes  

and the thermodynamic forces t o  be l a t e r  def ined.  

F i n a l l y ,  an approximate s o l u t i o n  method which i s ,  i n  a sense, 

a general i z a t i o n  o f  the wel I-known Rayleigh-Ritz d i r e c t  v a r i a t  i o n a  l 

so lu t i on  method i s  discussed. We a re  ab le  t o  prove t h a t  the approxi-  

mate so lu t i on  obtained i n  the form o f  an expansion i n  terms 0 f . a  basis 

o f  coordinate func t ions  which are  both orthonormal and complete i n  en- 

ergy, i . e . ,  w i t h  respect t o  the symmetric and p o s i t i v e - d e f i n i t e  p a r t  o f  



the l i n e a r  operator  appearing i n  the  k i n e t i c  equation, converges weakly 

i n  the  sense o f  energy convergence. 

2. BASIC EQUATIONS 

Let us b r i e f i y  r e c a l l  the matheniatical mo de^^"^. We s h a l l  

consider a  magnetoplasma embedded i n  a  s p a t i a l l y  s y m m e t r i c  m a g n e t i c  

f i e l d  ( i n  the  seque1 we s h a l l  l i m i t  our ana lys is  t o  t h e  c a s e  o f  

t o r o i d a l  axisymmetry as i n  r e f .  8) , and subject  t o  the so-cal l ed  "smal l 

-Larmor-radius" order ing10 (known as "neoclass i c a l "  o rder ing  f o r  such 

a  type o f  hydromagnetic equi 1 ibr ia")  , i .e. a  pe r tu rba t i ve  scheme i n  

terms of an adimensional parameter E << 1 (where = rs/L i s t h e  r a t i o  
S 

between the  Larmor radius r = Vth,s/Rs, w i t h  v ~ ~ , ~  s  the thermal v e l -  

o c i t y  and R, the Larmor frequency Rs = esB/msc, and L i s  the  smal lest  

c h a r a c t e r i s t i c  scale length  o f  the  " equi l ibr ium"  dynamical var iab les  t o  

be def ined appropr ia te ly ) .  Eipanding a11 the phys i ca l l y  re levant  quan- 

t i t i e s  i n  power ser ies  o f  cs,and i n  p a r t i c u l a r  the one- pa r t i c l e  d i s t r i -  
-f + 

bu t i on  func t i on  fs(r,u,t) ( the index s denotes the p a r t i c l e  spec  i e s ,  

and the  leading-order c o n t r i b u t i o n  w i t h  respect t o  e f o r  a  g iven dy- s  
namical va r i ab le  i s  denote as i t s  "equ i l ib r ium"  part )  , one i s  l e f t  

w i t h  a  h ie rarchy  o f  pe r tu rba t i ve  k i n e t i c  equations which a re  coupled 

t o  Maxwell 's equations f o r  the  electromagnetic f i e l d  (which i s  o b v i  - 
ously dependent on the  plasma dynamics) . 

For the  i nves t i ga t i on  o f  most o f  the  t ranspor t  problems i t  i s  

s u f f i c i e n t  t o  solve an l y  the  f i r s t  two pe r tu rba t i ve  equations, deter-  

mining both thellequilibriumlldistribution func t ions  f (s,S,t) and 
+ + + 4 p S  

t h e i r  f i r s t  order pe r tu rba t i on  f (r,v,t) (here f. fp,v,t) d e n o t e s  
i I'S 2,s 

the pe r tu rba t i on  o f  order f o r  i = 0,) ,... ) . . Assuming f o r  

f G,$,t) a  l oca l  maxwell ian d i s t r i b u t i o n  constant o n a  g i v e n i s o b a r i c  
O 9s + 

surface ( i  .e., such t h a t  6 . V f  = O being ?i = ve rs {~ , } )  w i t h  vanishing 
0,s 

mass v e l o c i t y  and subject  t o  the so-cal l ed  cond i t i on  o f  t e m p e r a t u r e  

e q u i l i b r i u m ( T  = T  f o r a l l s p e c i e s a n d g i v e n b y :  o,k o,k 



and 

one obta ins  f o r  f 
1 , S .  

where 

. 
(wi th  no = e B /msc) ánd fi,s i s  the  s o l u t i o n  o f  the so- ca l led  d r i f t  

,i? S o 
Fokker-Planck equat ion: 

where L i s  the l i n e a r  operator  given by: 
S 

and F i s  the source t e m :  
S 

Here the no ta t i on  i s  standard (see r e f  .8,1 I). Thus, Cs Cf, i s  t h e  l i n -  

ear ized Fokker-Planck c o l l i s i o n  operator  i n  the  Landau form r e c a l l e d  i n  
+ 

AppendixA, vD i s  thed iamagnet ic  d r i f t  v e l o c i t y  and Èrot i s  the  
9 s  

induct ive  p a r t  o f  the e l e c t r i c  f i e l d .  Furthermore, we h a v e  d e n o t e d  
+ro t  v,, = 0.2 and = E .i?. Eq. (3) impl ies, upon averaging on an i so -  

b a r i c  surface, the i n teg ra l  equation: 

6 + 
e 

< -- S r o t  
O,, ~-v~ ,s .V fo . s  + - T o  ,s ~IIEII foi8 + cs~oi?l)3>S(A) = O (6) 

where S(X) E S i s  the subdomain o f  S i n  which v,, i s  rea l .  

bie imnediately n o t i c e  t h a t  whi l e  Eq. (6) i s  se l f - ad jo in t ,  Eq. 

(3) i s  nat .  Such equat ions a r e  supplemented by standard boundary and 

regu la r i  t y  condi t ions" ; the boundary condi t ions being ob ta i  ned by re-  
+ + 
(r,v,t) t o  be pe r i od i c  on a  given i soba r i c  surface.  



I n  the  asymptotic l i m i t ,  where ps+O, i t  has been'  p r e v i o u s l  y  

shown f o r  both symmetric5'8 and non-symmetric hydromagnetic equi l i b r i a  

t ha t  i t  i s  a c t u a l l y  s u f f i c i e n t  t o  determine on ly  the  general so lu t i on  o f  

the i n teg ra l  equation (6) ( i n  f ac t ,  denoting fl,s=<fl,s>S+f:,s, one 

can v e r i f y  t ha t  f 1  /<Si ,s>S Q, O (ps)) . However, i f  O (ps) %O(])  o r  even 
l , S  

i f  0(p  ) > > I  ( f o r  the case o f  a  c o l l i s i o n a l  o r  a  s t rong ly  c o l  l i s i o n a l  
S 

p lasmarespect ive ly )  t h e n t h e s o l u t i o n o f  Eq.(3) i s r e q u i r e d .  Thus ,  

whi l e  previous v a r i a t i o n a l  theor ies5-E concerning weakly- c o l  l i s i o n a l  

plasmas have dea l t  on ly  w i t h  the s e l f - a d j o i n t  Eq. (6), i n  general, one 

needs t o  ob ta in  a  v a r i a t i o n a l  fo rmula t ion  f o r  a  non-  se1 f - a d j o i n t  

equation o f  type (3), supplemented w i t h  the appropr ia te  b o u n d a r y  and 

r e g u l a r i t y  cond i t ions .  

3. VARIATIONAL FORMULATIONS FOR THE DRIFT FOKKERPLANCK EQUATION 

Here, we wish t o  g i ve  the previous boundary-value problems a  

v a r i a t i o n a l  formulat ion,  i .e. we look f o r  a  f unc t i ona l ,  V(?, I?1) , b i -  

l i n e a r i n ?  ( s = l , r ; i s t h e n u m b e r o f p a r t i c l e  species present i n  
l , S  

thesys tem,  r > 2  i n t h e c a s e o f a m u l t i c o m p o n e n t e p l a s m a ) ,  rea l  and 

i r r e d u c i b l e  i n  the  sense tha t  i f  ~ C f l g )  = O f o r  an a r b i t r a r y  choice o f  

the func t i on  gs i n  an appropr ia te  func t iona l  c lass ,  then, fs = O ident -  

i c a l l y .  Furthermore, we requ i re  GW(T,IS,) = <LfllGf1>, i .e. ,  t h e o p e r -  

a t o r  L  = { L , ,  ..., L 1 must co inc ide  w i t h  the Euler operator  a s s o c i a t e d  
r -  

t o  the  func t iona l  V(fllfl), where "611 denotes the usual v a r i a t i o n a l  

d i f f e r e n t i a t i o n  and the brackets " c > "  an appropr ia te  sca lar  product 

on a  domain t o  be def ined.  

Va r ia t i ona l  formulat ions o f  such a  type usual l y  r e l y  on the  

se l f- ad jo in tness  o f  the equation, i .e . ,  i n  the present case o n r e q u i r i n g  

the 1 inear operator  L t o  be symmetric i n  the usual sense, <flLg>=<LfIg>. 

We r e c a l l ,  i n  f a c t ,  t ha t ,  thanks t o  the Theorem o f  Vo l te r ra ,  anecessary 

cond i t i on  f o r  the existence o f  a  f unc t i ona l  ~ ~ ~ 1 ~ ~ )  f u l f i l l i n g  the 

previous cond i t i on  @wfllT1) = <LT,IGT,>) i s  t h a t  the l i n e a r  operator  

L  be symmetric w i t h  respect t o  the same sca lar  product. This cond i t i on  

could a l so  become s u f f i c i e n t  only i f  the func t iona l  domain (7,) (do- 

main o f  d e f i n i  t i o n  o f  the operator  L) i s  convex 

tha t  one must look f o r  an appropr ia te  d e f i n i  t 

uc t ,  i f  there exists,which f u l f i l l s  such a  cond 

.. I n  prac t ice ,  t h i s  means 

i o n  o f  the sca lar  prod- 

i t i o n  o f  symmetry.Another 



possi b l e  approach cons is ts  i n  appropr ia te ly  const ra in ing  the  c lass  1 
in such a  wayas t o  ob ta in  anon-convex domain.In t h i s  case,the previous 

cond i t i on  o f  symmetry i s  no longer a  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  

existence o f  a  v a r i a t i o n a l  formulat ion.  Thus, one may look f o r  a  con- 

s t r a i n e d v a r i a t i o n a l  formulat ion o f  a  specia l  nature, e.g., one f o r  which 

the cons t ra in t s  a re  such t h a t  the c lass  o f  admissib le v a r i a t i o n s  i s  no t  
t 

a convex tiomain. Here we s h a l l  g i ve  examples o f  both types o f  v a r i -  

a t i o n a l  formulat ions f o r  the  d r i f t  Fokker-Planck equation (3) . 
As an example of an a p p l i c a t i o n  o f  the f i r s t  method, we adopt 

here an approach s i m i l a r  t o  t h a t  developed by cerc ignan i4  i n  the case 

o f  the  l i nea r i zed  b l t zmannequa t i on  i n  problems o f  r a r i f i e d  gas  

dynamics. Thus, denoting by P the p a r i t y  operator  i n  v e l o c i t y  s p a c e  

w h i c h  exchanges the s ign  o f  v,,, i.e.,such t h a t  

+ + -  
wi t h  U l  = L)-nv,,, we de f i ne  the  "inner" product o f  two a r b i  t r a r y  func- 

t i o n s  g = { g  ,,..., g,) and h = {h ,  ,..., h,) belonging to(f l land r e l a t i v e  

t o  the  domain i2 = S (w i th  R: the v e l o c i t y  space and S an i soba r i c  yY v 
surface, i . e .  a  generic surface o f  equation ao = const. w i t h  

where i n  the case o f  a  t o r o i d a l  axisymmetric hydromagnetic e q u i l i b r i u m  

the surface average i s  def ined as8: 

Here C i s  the p r o j e c t i o n  o f  a  magnetic f l u x  l i n e  on a  po lo ida l  p l a n e  

( i  .e. a  plane belonging t o  the p r i n c i p a l  a x i s  o f  the  torus) , x i s  a 
+ 

c u r v i l i n e a r  coordinate on C, B  i s  the po lo ida l  component o f  B  ( i  .e.,. 
+ P 

B  = B . ê  w i t h  ê. = VX/IVXI) which i s  assumed always $ O along C, and P X X 
A i s  a  fu r ic t ion  in tegrab le  i n  X. I t  i s  obvious tha t  such an' i n n e r  

product i s  no t  a  sca lar  product i n  the standard sense, i n  f a c t  i t  

e x h i b i t s  a l l  the cor rec t  p roper t ies ,  except t h a t  < g l g > p  may have nega- 



t i v e  values too. However, i t  i s  r e a d i l y  seen t h a t  the  l i nea rope ra to r  L 

i s  indeed s y m e t r i c  w i t h  respect t o  sucha product; i n  f ac t ,  

where we have i ntroduced the  no ta t  ion  Ch = 1 C, (f, I h) , . . . , Cr Cf, Ih) 1 .  On 

the other hand, i t  i s  obvious t h a t  <glP~g> may take both p o s i t i v e  and 

negat ive values, hence,L i s  no t  p o s i t i v e  (or negatiye) d e f i n i t e  w i t h  

respect t o  such a  product. 

Thanks t o  eqs. (9) a  v a r i a t i o n a l  p r i n c i p l e  can be constructed 

w i thout  d i f f i c u l t y .  I n  f ac t ,  de f i n i ng  the func t i ona l  ~,Cf;,lf,): 

we ob ta in  a  v a r i a t i o n a l  p r i n c i p l e  f o r  the d r i f t  e q u a t  i o n  (3) i f we 

impose E u l e r ' s  equation: 

- (P) Here the  va r i a t i ons  a re  made w i t w i  t h  r e s p e c t  t o  6 7 j D )  and 
- do) , s 

(f,,, b e i n g  t h e  odd ,  and  7") the even p a r t  o f  flPs w i t h  respect 
1, s  

t o  v,,) which a r e  considered l i n e a r l y  independent Vs = I,r. S i m i l a r l y ,  

a  v a r i a t i o n a l  p r i n c i p l e  f o r  the i n teg ra l  equat ion (6) i s  furnished by 

eq. (11) by imposing, i n  add i t i on ,  a  cons t ra in t  on the c lass  o f  ad- 

m iss ib le  va r i a t i ons ,  i .e.: 

Let  us next  consider a  v a r i a t i o n a l  fo rmula t ion  o f  the  second 

type, i.e., a  constra ined v a r i a t i o n a l  fo rmula t ion  recen t l y  proposed by 

the author13.  i& def ine i n i t i a l l y  the sca lar  product: 



and we n o t i c e  t h a t  by w r i t i n g  L =D-C (wi th C =  {C,, ..., C 1 and 
Ci = r 

= v , ,  6.V) the l i n e a r  operators D and C r e s u l t  antisymmetric and  sym- 

me t r i c  r e l a t i v e  t o  such a  product, respect ive ly .  The above statement 

can be expressed as: 

At thesame time, t h e o p e r a t o r c  i s  semi-negative d e f i n i t e ,  i . e . ,  

< g ( ~ g >  L 0, b e i n g  = O when 

where 

N1 ,S9 

maxwe 

C (or 

T1, u o  are  densi ty,  temperature and v e l o c i t y  per turbat ions  t o  the  
-+ -f 

I l i a n  d i s t r i b u t i o n  f (r,v,t) , respect ive ly .  Thus, the  operator  
o 9s 

-C) i s  negat ive (posi t ive)  d e f i n i t e  i n  an appropr ia te  f unc t i ona l  

c lass  {fi)' from which func t ions  of type (15) have been subtracted. 

I n  order t o  const ruc t  a  v a r i a t i o n a l  p r i n c i p l e  w i t h  such a  def i -  

n i t i o n  o f  the  sca lar  product we reca l18 ' "  t ha t  a  v a r i a t i o n a l  f o r m u -  

l a t i o n  f o r  the i n teg ra l  Eq. (6) i s  provided by Eu le r ' s  equation: 

6sW2Cfllfl) = O  ( V s = l , ~ )  (1 7) 

where the  func t  iona l  W2 Cfl I f may be def i ned, f o r  example, as : 

and the  va r i a t i ons  are  performed w i t h  respect t o  67 - e) and SflSs, and 
1 ,S 

are subject  t o  the  cons t ra in t s  (12). Thus, i t  i s  na tura l  do attempt t o  

obta in ,  i n  analogy w i t h  the  previous Eq. ( I  i ) ,  a  v a r i a t i o n a l  p r i n c i p l e  

f o r  the d r i f t  equat ion (3) i n  terms o f  Eq. (1 7) by appropr ia te ly  con- 

s t r a i n i n g  the c lass  o f  admissib le va r i a t i ons .  I t seems o b v i o u s  t h a t  

the  s implest  cons t ra in t s  can be constructed i n  terms o f  Eq. (3) i t s e l f  

s ince they a re  c l e a r l y  f u l f i l l e d  by i t s  so lu t i ons .  Thus, we require,  

f o r  example: 



where F @) and F are  the odd and even par ts  o f  F w i t h  respect 
l , S  1,s 1,s 

t o  v , , ,  respect ive ly .  

I t  i s  immediate t o  prove tha t  Eq. (17) w i t h  such cons t ra in t s  on 

the c lass  of va r i a t i ons  (now i t  i s  s u f f i c i e n t  t o  perform the v a r i a t i o n s  

> + 7' ) ,  i s  i n -  wi t h  respect t o  6f (')I and 6f I ,  where f = ,s 
1, s  1,s 1,s 

deed a  v a r i a t i o n a l  p r i n c i p l e  f o r  Eq. ( 3 ) ,  and, moreover, t ha t  i t  re-  

s u l t s  i n  a  minimum v a r i a t i o n a l  p r i n c i p l e  (see Appendix B ) .  From Eqs. 

(17) and the const ra in ts  (19) and (20), i t  f o l l o w s ,  i n  p a r t i c u l a r ,  

t ha t  another poss ib le  choice fo r  the  func t i ona l  W2 lfl 17,) (obviously, 

there  i s  an i n f i n i t y  o f  them) i s  j u s t :  

Thus, i f  $,s E v 1 '  ( i  .e. the func t iona l  c lass  from w h i c h  func t ions  
1 

of the type (15) have been excluded), the func t i ona l  w2(filfl) i s ,  i n  

t h i s  case, p o s i t i v e  d e f i n i t e .  I t  i s  i n t e r e s t i n g  t o  remark t h a t  the con- 

s t ra ined v a r i a t i o n a l  p r i n c i p l e  (17) i s  analogous t o  t h a t  r e p o r t e d  i n  

r e f .  5 ,  from which, however, i t  d i f f e r s  on the choice o f  t h e  v a r i -  

a t i ona l  func t iona l  w2(jil which i n  t h e i r  case i s  g iven by: 

where 

JD = -<Ph 1 L(Dh + v , ,  Gf, $Ot + gr)) > , 

J+ = - <Ph 1 C P ~ >  , 

and we have introduced the pos i t i ons :  



r o t  
hs =P1,, - v11 Gs fo,s E,,  

w i t h  G being the s o l u t i o n  o f  the Spitzer-Harm equation: 
S 

e 
s  

csVoIv,1 foG) = - v , ,  POSS 
0,s 

I t  i s  ímmediate t o  show t h a t  the  v a r i a t i o n a l  p r i n c i p l e :  

leads t o  a v a r i a t i o n a l  fo rmula t ion  f o r  the equation: 

r o t  -+ 
D(hs + ~ I IGsfo ,s~ l l  = - v ~ , s '  *O,S + 

stemming from Eq. ( 3 ) ,  upon s u b s t i t u t i o n  o f  the so l u t i o n  o f  Eq. (25). 

which i n  t h i s  case i s  assurned t o  be known 'a p r i o r i  ' (contrary t o  the 

v a r i a t i o n e l  fo rmula t ion  prev ious ly  described). I t  can e a s i l y  be proven 

tha t  (17') w i t h  the cons t ra in t s  (19') and (20') i s ,  cont rary  t o  the  

previous c:ase, a  mini-max v a r i a t i o n a l  p r i n c i p l e  (being minirnum w i t h  
-(a ) respect t o  7 1  and maximum wi t h  respect t o  fl 

9 s  9 5 

4. RELATIOIYSHIPS WITH THE MATERIAL FLUXES 

An important fea ture  o f  the present approach i s  t ha t  the p r e  

vious v a r i a t i o n a l  f unc t i ona l s  W I  e, 17,) and W, e, lf,) a r e  re la ted  t o  

the mater ia l  f luxes  (of p a r t i c l e  and k i n e t i c  energy) as we l l  a s t o t h e  

para1 l e l  ( e l e c t r i c )  cur rent  dens i ty  J,, f l ow ing  p a r a l l e l  (or an t ipara l-  

l e l )  t o  2. I n  f ac t ,  s u b s t i t u t i n g  the s o l u t i o n  o f  Eq. (3) i n t o  Eq. (]O), 

one f i nds :  



or ,  from Eq. (7) : 

where we have def i ned the thermodynamic forces Ais ( i = I ,  3; s= l  , r )  : 

- - - a  , n ~  (1 - i V,) E, 0,s 

- a 
A 2 ~  - 8ToRn (28) 

r o t  
A3S = A3 = Ell 

(wi th rl, = akn N /akn To,s), w h i l e  ris and r,, a r e ,  t h e  s o - c a l  l e d  
O 9s 

geometrical f l uxes  o f  p a r t i c l e  and k i n e t i c  energy across an i s o b a r i c  

sur faces ' "  respect ive ly ,  and they may be w r i t t e n  i n  the form: 

and 

S i m i l a r l y ,  i t  r e s u l t s  f o r  w,(J@,I~,): 

- - 
Thus, i n  p a r t i c u l a r ,  W, (f, If,) i.e., i t s  extrema1 v a l u e ,  coincides 

wi t h  the surface-average o f  the l oca l  entropy product ion rate dueto  7 
1, s  

<5Ct',Ij1> = -<f1Icf1>) : 

whi le ,  from Eqs. (27) and (30), i t  obviously resu l t s :  

W1 Gi 171) = s<f l I f l )  - 2<43J,,/To,g>S . (32) 



Not ice t h a t  >(FIITl) i s  re la ted  t o  t h e  

product ion r a t e  by the simple re la t i onsh  

total  surface-averaged entropy 

i p: 

'I, 

and f i s  def  i ned by Eq. (2) . 
1,s 

Hence, i n  order  t o  determine the f luxes (29) and the para1 l e l  c u r r e n t  

densityJ,,,  i t  su f f i ces  t o c o m p u t e d i r e c t l y  e i t h e r  Wi(S,IS1) o r  - - 
W2CflIfl) i n  terms o f  the thermodynamic forces. The i r  knowledge i s ,  i n  

turn,  equivalent  t o  t h a t  of the surface-average t o t a l  e n t r o p y  pro-  
' I 8  'I, 

duct ion  r a t e  G(filf l) may be compu teds )  . I n  f ac t ,  d e f i n i n g  the  

t r a n r p o r t  c o e f f i c i e n t s  1!8~) ( i , j  = 1,3; s,k = 1,r) i n  terms o f  SVl1fi) 

as : 
23 

one obta ins  the f o l l o w i n g  c o n s t i t u t i v e  r e l a t i o n s  f o r  the f l uxes  and the  

cur rent  dens i ty :  

provided the r e c i p r o c i t y  r e l a t i o n s :  

a r e  f u l f  i ' l led. Not ice tha t  i n  the previous equations Ais (<=I ,2) a re  

the total p a r t i c l e  and k i n e t i c  energy f luxes  across an i soba r i c  sur-  

face, wh i l e  ri., (i=1,2) a re  the so-cal led e l e t r i c - d r i f t  f 1 u x e s 8 '  li. 

They a re  re la ted  by the fo l l ow ing  equation: 
- 

' i s  - r i s  + r i ~ s  + '~CS 
( i = l  ,2) (3 7) 



(wi th r = EKO' B ~ / ( B B $  and BT = (B2-8;) 'I2) where the AiCs a re  the 

c l a s s i c a l  f l uxes  reported i n  r e f .  8 (Eqs. (2.10). 

I n  conclusion,  both v a r i a t i o n a l  formulat ions p r e v  i o u s  1 y  o b -  

ta ined e x h i b i t  the required proper ty  of a l l ow ing  the computation o f t h e  

phys i ca l l y  re levant  q u a n t i t i e s  (the mater ia l  f luxes) i n  terms o f  the 

f u n c t i o n a l s  W 1  (7, ] f l )  and W, (f ,  I?,) , .  S u c h  a p r o p e r t y  i s ,  

ev iden t l y ,  an important advantage f o r  the purpose o f  ob ta in ing  a t  the 

same t ime good numerical accuracy and mathematical s i m p l i c i t y  f o r  

the ac tua l  app l i ca t i on  o f  the previous methods i n  c o l l i s i o n a l  t ranspor t  

theory.  

5. AN APPROXIMATE SOLUTION METHOD 

As an app l i ca t i on  o f  the v a r i a t i o n a l  formulat ions p r e v i o u s l y  

reported, we sha l l  examine i n  the seque1 the p o s s i b i l i t y  o f  adopt ing 

the we l l  known techniques o f  the "energy m e t h ~ d " ' ~ .  I n  p a r t i c u l a r ,  we 

s h a l  1 p r o p o s e  an approximate s o l u t i o n  technique which i s  founded on 

the c o n s t r a i n e d v a r i a t i o n a l  fo rmula t ion  given by Eqs. (17) ,  (19) and 

(20) f o r  the d r i f t  Fokker-Planck equation. We remark, f i r s t  o f  a1 I, 

tha t  the  search f o r  approximate so lu t i ons  o f  Eq. (3) can a c t u a l  l y  he 

1 i m i  ted t o  weakiíy eonvergent sequences { u  w i  t h  n 6 N and s= l  ,r) i n  n ,s9  
the sence t h a t  

l i m  I IIT, l l c  - i l  u, I l c l  = o (4 0) 
w 

where we have def ined the norm i n  energy (ar llenergyll)*: 

* Not ice tha t  an energy norm of t h i s  type cannot be def ined i n  terms o f  
the inner product (7) , since i n  t h i s  case, the operator  =C i s  no t  pos i -  
t i v e  d e f i n i t e  w i t h  respect t o  the  same func t i ona l  c lass  (f,)'. 



- Il un-fl I1 = - <un-fl lC(un-f i ) >  (41) 

I t  fo l lows i m e d i a t e l y  t h a t  i f  a sequence lunPs; n E N ,  s=l ,r}converges 

i n  energy, i .e . ,  i n  the sense: 

then, thanks t o  the t r i a n g l e  i nequa l i t y  

i t  a 

wea k 

have 

wi t h  

so converges weakl y i n  the sense (40) . 
Let us now suppose t h a t  a sequence {unps; nEN, s= l  ,r}converges 

y t o  Then, according t o  ~ ~ . ( l 8 ' )  provided both 7 and u 
1, s n, s 

f i n i t e  energy, t h i s  impl ies t ha t  

w2(un1ud = / 1 - 1  1; and wz(TlIf1) = I ITII 1;. Howeve r ,  s i n c e  

W , ( U ~ / U ~ )  and ~ , @ , l f ~ )  a re  (pos i t i ve  d e f i n i t e )  quadrat ic  forms interrns 

of the thermodynamics forces (see previous s ec t  ion) , Eq. (44) iinpl ies 

i n  tu rn :  

(s k) (and analogously f o r  the t ranspor t  c o e f f i c i e n t s  L.. , i ,  j =  1,3 and 
23 

s,k = I ,r* ) , i .e., the  sequence converges a l s o  i n  the mean, and -the 

approximate f l uxes  ris(un) (as we l l  as <A3J,,(ur)>S) converge t o  t h e i r  

exact values. I t i s easy t o  see tha t  the weak convergence (40) does not  

imply energy convergence. To show t h i s  e x p l i c i t l y ,  no t i ce  tha t  from Eq. 

(18) i t  fo l l ows  tha t  

and tak ing  i n t o  account ~ q .  (3) one a r r i v e s  a t  



On the o ther  hand, s ince from Eqs. (19) and (20) i t  fo l lows t h a t  

"2 (.niq = 1 1.~11; 9 

weak convergence (40) does not  imply energy convergence unless: 

lim<u,l~Y,> = O (4 9) 
n- 

holds too*. It i s  there fore  q u i t e  na tu ra l  t o  look f o r  approximate so l -  

u t i ons  o f  Eq. (3) i n  the form o f  weakly convergent (or energy conver- 

gent) sequences. 

A possib le r e a l i z a t i o n  o f  a weakly convergent sequent can be 

obtained i n  the form o f  an extrema2 sequence. In t roduc ing theno ta t i ons  

U = u  b 
n,s n ,s 

+ 'n,s 'I, ub)  n,s and u:) V s being, respect ive ly ,  I he  oddand 

2ven pa r t s  o f  u w i t h  respect t o  v , , ,  and: 
n, s 

we say t h a t { u  ;n N,s = 1 ,r) i s  an extrema2 sequence f o r  W P  (U IU ) 
n n 

if u(D) andn"$) are  such tha t :  
n, s n, s 

where m = 1 1  f("11, and M = I I~(P)~I ,  ,and 7, i r a  s o l u t i o n  o f  Eq .0 )  
ei Thus, m and M a re  the extrema (minima) o f  W2 (g(D)]g(D) ) and w2b I g  1, 

according t o  the  d e f i n i  t ions (18) and (50) (see a l s o  Appendix 8) . 
I n  order  t o  const ruc t  a extrema1 sequence f o r  W2 <lun) , we 

adopt here a technique which, i n  a sense, i s  analogous t o  the  we l l  

known Rayleigh-Ri t z  d i  r e c t  v a r i a t i o n a l  so lu t  ion  method (actual ly devel- 

oped o r i g i n a l l y  f o r  s y m t r i c  and p o s i t i v e - d e f i n i t e  opera tors) .  We i n -  

troduce two sets o f  coordinate func t ions  {$i,s (" F,O, i E NI and {$;r:, 
i E N), which are, respect ive ly  odd and even func t ions  w i t h  respect t o  

v , , ,  and a re  def ined on the func t i ona l  c lass  {fl}' .  We assume t h a t  

* This i s  a consequence of the  f a c t  t h a t  the operator  L i s  not  posi-  
t i v e  d e f i n i t e .  Hence, a norm i n  energy w i t h  respect t o  L, i n  analogy 

w i t h  the d e f i n i t i o n  (411, cannot be def ined.  



, f o r  ) and  + 'P' (;,;) a r e  i n d e p e n d e n t  ,orthonormaI 
2,s i , s  

i n  energy i n  the sense: 

and complete i n  the sense o f  energy convergence, i.e., there  are  an 

in teger  k* and constants ãpi, aDZ ( i=l,k) such tha t ,  f o r  k >  i? ,  one  

f i n d s :  

f o r  an a r b i t r a r y  gs{f,}' and E > O .  

Then, an extrema1 sequence can simply be constructed by i n -  

t roducing the sequences: 

(P) (p) > whero the Four ie r  c o e f f i c i e n t s  a = i u f ) >  and api = (mi lun D i  
are  chosen i n  such a way tha t  the func t i ona l  W p  (uniun) has a con- 

(D) (D) ) and  d i t i o n a l  ex t remum,  i . e . ,  W, (u ,  (p) j (p) ) Iun ~2 h, un 
are  minima under the  cons t ra in t s :  

Hence, a s o l u t i o n  f o r  the  Four ie r  c o e f f i c i e n t s  api, aDi (i=l,n) can be 

determined, f o r  example, by the  method o f  Lagrange m u l t i p l i e r s  byso l v -  

ing the se t  o f  a lgebra ic  equations: 



and Eqs. (55) and (56) . The f o l  lowing r e s u l t  can then be proven: 

Theorem I - If Eq. (3) has a  s o l u t i o n  w i t h  f i n i t e  energy, a. s o t u t i o n  of 

t he  s e t  of aZgebraic equations (55)-(58) g i v e s ,  i r ,  t e r m s  of t h e  
+ 

h f i n i t i o n s  g iven by Eqs. f54), an  extrema2 sequence fo r  W2 (u lu ) . n  n  

A sketchof the  proof can be giveri by adopting a  method s i m i l a r  

t o  t h a t  o f  Ref. 15 (see pages 88-90), so, onl y some guidel i nes shal 1 

be aiven here. Let us consider.  as an i l l u s t r a t i o n .  the  discussion f o r  

u(" ( t h e  same i s  t r u e  f o r u ( ' ) ) .  I f  u ( S )  E i ? ,} '  t h e n  b y  
n, s n, s n ,  s  

d e f i n i  t i o n :  

On the  other hand, m2 i s  an exact lower bound f o r  ~ , ( g ( ~ )  I ~ ( ~ ) )  , under 

the  cons t ra in t s  (19) and (201, f o r  g p  6 ~ ~ l l i .  Thus, t he re  e x i s t s  a  

f uns t i on  V ( v )  € sush t h a t :  

( 0  E I b  I I C 4 m  4- 2 (61) 

(0) f o r  an a r b i t r a r y  p o s i t i v e  E .  S ince the  basis { $ i , s ( ~ , ~ ) ,  i 6 N}  i s  o r -  

thonormal and complete in  ene rgy , i t  f o l l o w s ,  furtherrnore, t h a t  t he re  

e x i s t  k* 6 N  and constants bz (<=i ,n) such tha t  f o r  n> k * :  

v  (D) = (D) 
n, s  ' i = l , n  bgi ' i ,  s  ' 

' Th is  r e s u l t  i s  thus completely analogous t o  t h a t  o b t a  i ned by the  
c lass ica l  Rayleigh-Ritz d i r e c t  v a r i a t i o n a l  s o l u t i o n  method. See, f o r  
example, Ref. 1 5 .  



It f o l  lows tha t  

(0) (0) 
m L  Ibn [Ic 5 1 1 0  [ I c  + I 2  m  + E (63) 

(0) However, s ince ev iden t l y  1 lu:)/ l C  2 114 I I C  
by Eqs. (54) - (58) , by l e t t i n g  €+O, we i n f e r  t h a t  

(0) (0) the sequence u (D) i s  m i  n  i ma 1 f o r  W 2  (un lun ) 
n,s 

w i  t h  u (D) g i ven  

~ ~ u ~ ) ~ ~ c + m .  Hence, 

6. CONCLUIDING REMARIS 

Various poss ib le  v a r i a t  ional  formulat ions f o r  t h e  d r i f t  

Fokker-Planck equat ion  have been discussed, which a r e  based e i  t he r  on 

"constrained" v a r i a t i o n a l  p r i nc ip les ,  whe re  t h e  c lass  o f  admissib le 

v a r i a t i o n s  i s  appropr ia te ly  1 im i ted  i n  terms o f  "ad hoc" c o n s t  r a  i n t  

equations, o r  on a  v a r i a t i o n a l  p r i n c i p l  

appropricite inner product ( i n  terms o f  

pear ing i n  the given i n t e g r o - d i f f e r e n t i  

have shown t h a t  i n  the  cases presented 

t i o n a l s  a re  r e l a t e d  t o  phys i ca l l y  meani 

e  based on the  d e f i n i t i o n  o f  an 

which the  1 inear operator  ap- 

a1 equation i s  symmetric). We 

above the v a r i a t i o n a l  func- 

ngfu l  dynamical var iab les  (ma- 

t e r i a l  f l uxes  across an i soba r i c  surface and the p a r a  l l e l  e1 e c t  r i c  

cur rent  densi ty)  , and the re fo re  such v a r i a t i o n a l  formulat ions a p p e a r  

p o t e n t i a l  l y  usefu l  f o r  an accurate determinat ion o f  s u c h  dynami  ca  1 

va f iab les .  An approximate method o f  s o l u t  ion  based on a  "constra i  ned" 

va r i a t i o r i a l  p r i n c i p l e  has a l s o  been described. I n  p a r t i c u l a r ,  we have 

shown how an approximate s o l u t i o n  can be constructed i n  the  f o r m o f  an 

extrema1 sequence, p rov i  ng, i n  a d d  i t i o n , i t s  weak convergence. The 

present r e s u l t s  seem usefu l  i n  o rder  t o  a l l ow  açcurate t ranspor t  c a l -  

culation!; f o r  c o l l i s i o n a l  o r  even s t rong l y  c o l l i s i o n a l  magnetoplasmas, 

i n  the sense t h a t  e i t h e r  v /w % 1 o r  Vs,eff/wb,s >> I. I n  f a c t ,  s ,e f f  b,s 
f o r  such types of plasmas an accurate and systematic i n v e s t i  g a t  i o n ,  

based on r igorous mathematical methods i s  i n  t h e  a u t h o r ' s  v i e w ,  

s t i l l  l a r g e l y  missing. I n  p a r t i c u l a r ,  i t  seems p o t e n t i a l l y  usefu l  t o  

ascer ta in  the accuracy o f  previous t ranspor t  ca l cu la t i ons  performed by 

var ious ,suthors and based on d i f f e r e n t  a p p r o x i m a t  i o n  t e c h n i q u e s .  

Selected app l ica t ions  and comparisons w i t h  o ther  previous work sha l l  

be the ob jec t  o f  a forthcoming paper. 
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APPENDIX A 

I n  order t o  de f i ne  the adimensional pararneter p =v /w 
:: s,ef f b,s' 

i t  i s  convenient t o  w r i  t e  the d r i f t  Fokker-Planck equation (see eq.(21), 

def ined i n  s ec.3) i n  terms o f  adimensional var iab les  and the case E;O~=O. 

Eq. (21) can then be w r i  t t e n  i n  the form: 

where 

and 

(A. 1) 

i s  the S p i t z e r  s e l f - c o l l i s i o n  frequency. The l i n e a r  i n teg ro -d i f f e ren -  

t i a 1  operator  D s ,  appearing i n  Eq.  (A.l) i s  re la ted  t o  the Fokker- 

-Planck co l  l i s i o n  operator  ( i  .e. Ds(h) = Cs (foi h) / v s )  , and X denotes 

an appropr ia te  ang le - l i ke  c u r v i l i n e a r  coord inate  along the c lose  path 

C. Reca l l ing  the representa t ion  of t h e  1 i n e a r  i z e d  F o k k e r - P l a n c k  

c o l l i s i o n  operator  i n  the Landau form8'" i n  terms o f  t h e  V-space 
+ 

coordinates (v,X,<) w i t h  V = / V I  and X = 2p/v2 one obta ins  ( f o r  T = 
0,s 

= 2 f o r  a l  l species) : 
0, k 

D s (h) = H:) ( h 2  + H @ )  s ( h 2  + H:?) (h) 



where 

1 e2 k v3 L 1 aiL a m 
H (2) (h) = - C  --- a:. d v'+, ih gf - - a h ) .  s 2 ~ = I P  e; u k av 0  ,S mk f 0 , 8 ~  k 

O,S 

(A.5) 

and 

where (A. 6) 
CL (v) = -x; 

Notice that  the 1 inearized Fokker-Planck c01 1 i s ion  operator ç (fo lh ) 
may a lso be w r i t t en  i n  the form: 

where 

+ 
w i th  u = $-;I - 2aeiek Itn bsk/m:) and Iln Ask the Coulomb logar- %k - 
i thm. 



APPENDIX B 

For completeness we intr33duce here, the proof of the following 

result: 

Theorern (theorern of the minUnffZ functional W2 (7, I?,) ) . 
The functionaí! W2 (g 1 g l  , according to the definition (1 8 ) ,  has a m i n h  

in the class e,)' in which the variations are subject to the 

comtraint eqmtions (19) and (20), for f solution of Eq. (3). 
1,s 

The proof can be obtained by noticing that ~ ( ~ l g )  has a 

minimum both wi th respect to cf > and 3' (where 3 = <?l,s>s + 
l,SS-(D) ',s-(P) 

+ 7; ,,) as well as with respect to f and fl,s, separately. It is 1,s 
convenient to introduce the following parametrization: 

Adopt ing the rnethod of Lagrange mul tipl iers, we obtai n f rom Eqs. (17) , 
(19) and (201, from the first variation with respect to the variations 

of type (B. 1) : 

a 
S 

W,(S(~) ~g(')) + UIgl (g(d ~g(~)) + ri2&?,(g(~) /g('))l 

which leads to an integral equation depending on the Lagr ange rnulti- 

pl iers v, and V,. On the other hand, Eqs. (19) and (20) imply: 

- - 
From the defini tion (18) for h72Cfi lfi) , it results irnmediately, for 

compatibility with such an equation,that p1 = u2 = 0, while evidently, 

the second variationgives: 

@'I ' S imi!arly, we consider the variations wiih respect to 6f(D) I and 6f1,s , 
1,s 

adopting for convenience the parametrizations: 



D - (D) ' 
$7:' <pD> = + P6fi,. 

P - (P) ' 
9:' (6') = ?? + B,6f,,, 

In analogy with Eq. (€3.31, one finds: 

(8.7) 
m m for m=D,P and s=l ,r. The mul tipl iers A, and A, are again determined 

by taking into account Eqs. (19) and (20) . Us ing for W2 (SI 17,) the de- 
P D P finition (181, it results = A2 = O and A, = h, = 2. We find again: 

and thus the searched result is reached. It is interesting to point 

' out that i f adopt instead the definitions (18') for the funct ional 

~~(glg) , we immediately obtain that w2(glg) has, on the contrary a 

m ~ i ~  For S' , soiution of ~ q .  (3) . 
l ,S  

1 .  C.Cercignani, C.D.Pagani, Phys. Fluis, 9, 1167 (1966). 

2. C.Cerc ignani , J. S tat. Phys., 1, 297 (1968) . 
3. C.Cercignani, in flonequitibKum Phenomena I - The BoZtzmann Equa- 

tion, Edi tors J.L.Lebowi tz and E.W.Montrol1, North-Hol land Publ . 
Co., p.123 (1983). 

4. 8. B.Robinson, I. B. krnstein, Ann. Phys., 18, 110 (1962) . 
5. M.N.Rosenbluth, R.D.Hazeltine, F.L.H inton, Phys.Fluids,Z5, 116(1972). 

6. R.D.Hazeltine, F.L.Hinton, M.N.Rosenbluth, Phys.Fluids, 1 6 ,  1645 

(1973) . 
7. M.Tessarotto, Meccanica, 17, 119 (1982) . 
8. M.Tessarotto, N.Cimento, 758, 19 (1983). 

9. M.N.Rosenbluth, Phys. Fluids, 11, 868 (1968). 

10. M.N.Rosenbluth, D.W.Ross, P.P.Kostomarov, Nucl.Fusion, 12, 3(1972) .  



1 1 .  M.Tessarotto, Ann. Mat. Pura Appl . , 126, 253 (1981) . 
12. M.Tessarotto, Z e i t .  Angew. Mech. Math., 62, 521 (1982). 

13. M.Tessarotto, Proc.Annua1 Conference o f  the "Gese l  I s h a f t  f Ü r  

Angewandre Mathematik und Mechanik" (Hamburg, March 28-31, 1983 ) ; 

Proc. Workshop "Var iat iona1 Methods f o r  Equi 1 ib r ium P r o b l  ems i n  

Fluids", Centro In ternaz iona le  per I a  Ricerca Matematica, (Trento, 

June 20-25, 1983); Aster ique (Societè Matematique de France) 118,225 

(1984). 

14. P.H.Rutherford, Phys. Flu ids,  13, 482 (1970). 

1 5 .  S.G.Mikhl in, Variationa2 Methods in MathematicaZ Physics, Pergamon 

Press (1 964) . 

Resumo 

Procedimentos var iac iona is  d i f e ren tes  são d iscut idos  no caso 
do problema do t ranspor te  c o l i s i o n a l  em !m plasma confinado magnet ica-  
mente e métodos aproximados de solução sao indicados. Em part ic! lar, 6 
proposto um procedimento análogo ao de Rayleigh e R i t z .  Aplicaçoes se- 
lecionadas para a jnvestigação de magnetoplasmas onde o e f e i t o  c o l i s i o -  
na1 é a r b i t r á r i o  sao d iscut idos  brevemente. 


