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Abstract We discuss a recent result concerning the universality of the 
ratio of mass-gap amplitudes using the well known 1-D Heisenberg mdel 
which is the quantum version of the two-dimensional eight-vertex model. 
We confirm the believed extended scaling relation (x =x /4) relatingthe 
polarization and energy anomalous dimensions. We alsg ogtain the ex- 
ponent, a, v ,  ym and y by usual phenomenological renormalization group 
methods . P 

I. INTRODUCTION 

At the 

8-vertex model 

beg i n 

in two 

ing of the last decade ~axter' solved the symmetric 

-dimensions obtaining for the critica1 indexofthe 

correlation length the result 

where a, b, c and d are the vertex weights (see Fig. 1) .The unexpected 

critical index dependence on the details of the interaction (bltzmann 

weights) was promptly explained by Kadanoff and bkgner2. They rewrote 

the mdel in a magnetic representation in which the üaxter model can be 

seen as a Ising one with four-spin coupling which in turn is a marginal 

operator (it has scale dimension equal to the lattice dimension) . 
Later, Barber and Baxter have conjectured expressions for the 

spontaneous magnetization3 and polarization4 exponents, namel y 

B m  = r/16~1 , (2) 



Fig.1 - The e igh t  arrow conf igura t ions  al lowed a t  a  ver tex  w i  t h  t h e  
corresponding ver tex  weights. 

and 

On the o ther  hand, s ince Suther land's work the c lose  r e l a t i o n -  

sh ip  betwaen the two-dimensional 8- vertex model and the I-D quan tum 

Hei senberg model 

i s  we l l  known6. The phase diagram o f  t h i s  Hami l ton ian i s  shown i n  Fig.2, 

where the c r i  t i c a l  1 ines are  denoted by heavy 1 ines ( i n  t h i s  paper we 

on ly  study the l i n e  (1) s ince any o f  them can be mapped on i t  by con- 

venient  t rans format ion) .  For ] A [  < 1 ,  where the model  i s  m a s s l e s s  

( c r i t i c a l ) ,  a  gap develops w i t h  respect t o  A, as 

where 

and A i s  d i r e c t l y  re la ted  t o  a  change o f  temperature i n  the 8- vertex 

model . 
The above r e l a t i o n s  i n d i c a t e  t h e  8 - v e r t e x  rnodel as  a n  

i n t e r e s t i n g  labora tory  t o  check new techniques f o r  ob ta in ing  c r i  t i c a  1 

indices.  I n  t h i s  case the Baxter model has been considered by Blote and 

Nig th inga le7 t o  v e r i f y  a  recent conjecture8 r e l a t i n g  c r i t i c a l  i nd  i c e s  

and co r re la t i on- leng th  amplitudes o f  f i n i t e  systems namely 



Fig.2 - The phase diagram o f  t h e  H e i s e n b e r g  Hami l tonian 
(Eq . 4) . 

wi t h  

where xi i s  the anomalous dimension o f  the operator ,  whose c o r r e l a t i o n  

- f unc t i on  i s  being ca lcu la ted.  

Recently, severa1 authors have t r i e d  t o  f i n d  and e q u a t i o n  

equivalent  t o  Eq. (7) i n  the Hami l ton ian context .  The c o u n t e r p a r t  o f  

the c o r r e l a t i o n  lengths, i n  t ha t  context ,  a r e  the mass-gaps. However, 

as shown by Fradkin and ~ u s s k i n d "  there  i s  a f a c t o r  r e l a t i n g  those two 

q u a n t i t i e s  which, i n  general, i s  no t  under con t ro l .  

The main purpose o f  t h i s  paper i s  t o  study the  r e l a t i o n s h i p  

between c r i t i c a l  indices and mass-gap amplitudes i n  t h e  H e i s e n b e r g  

model. The paper i s  organized as fo l l ows :  i n  sec t ion  2 we present the 

model and i d e n t i f y  i t s  operators.  Further,  a sequence o f  d u a l i t y  t rans-  

format ions i s  performed on the o r i g i n a l  var iab les  t o  get  a Hami l tonian 

which e x h i b i t s  the magnetic operator  as a l oca l  one. Sec t i on  3 contains 

a b r i e f  i n t roduc t i on  t o  f i n i t e - s i z e  sca l i ng  ( F . S S ~  ideas and the nu- 

mer ical  r e s u l t s  f o r  the c r i t i c a l  indices.  F i n a l l y ,  i n  sec t i on  4 we c a l -  



cu la te  the  r a t i o s  o f  mass-gap amplitudes a t  the c r i t i c a 1  coupl ing.  Our 

r e s u l t s  a re  i n  complete agreement wi t h  the exact resu l  t s  o f  eqs. (2) and 

(6). I n  a d d i t i o n  they corroborate the con jec ture  (3) as we l l  as the re-  

cent conjecture9 concerning the  .universal i t y  o f  mass-gap amp 1 i t u d e  

r a t i o s .  

2. THE MODEL 

ivk w i l l  consider the spin-1/2 Heisenberg model inone dimension 

(eq.4) where S" (a = z,y o r  z) a r e  Pau l i  matr ices and h ,  A a re  coup l ing  

constants . The Hami 1 ton ian  (4) can be rewr i  t t e n  as 

H = - r e q c + l - ~ ; q + l )  + q<+i+<s;+l) + M;S;+J, (8) 
i 

which a l lows us t o  i d e n t i f y  ($$+, - s:$+,) as the energy o p e r a t o r  

(oE(<)) a long l i n e  (1) . I t s  c o r r e l a t i o n  func t ion ,  a t  X=O, decays as 

Many o the r  operators can be added t o  H the  best  known i s t h e  po lar-  xyz ' 
i z a t i o n  operator  (5'') whose c o r r e l a t i o n  func t ion ,  a t  A=0, decays as 

where, according t o  Eqs. (1) , (3) , (1 0) , (1 1) and" 

x i s  g iven by 
P 

x = xE/4 . 
P 

(1 3) 

This extended sca l i ng  r e l a t i o n  can be checked by the method o f  

ampl i tudes as we wi 1 1  show i n sec t ion  4 .  However, eq. (6) which gives v 



as a func t i on  o f  A can be obtained on ly  by the c o n v e n t  i o n a l  F.S .S . 
rnethod. To circurnvent t h i s  d i f f i c u l t y  we t ransform the XYZ Hami l tonian 

i n  a s o r t  o f  Ashkin-Tel ler  one. This t ransformat ion i s  done i n  two  

steps12: f i r s t l y  a dual i t y  transforrnation i s  performed on the S v a r i -  

ables (a11 o f  them) by in t roduc ing a new Paul i  se t  o f  matr ices 

which preserves the spin-1/2 algebra and the nurnber o f  s i t e s  (see F ig .  

3). The second step cons is ts  o f  another d u a l i t y  t r a n s f o r m a t i o n  p e r -  

+-m-*m-)-m- 1 Fig.3 - Before doing the dual i t y  
S t ransformat ions we have Svar iab les  

-._0,.__0-.-, 1 i n t e r a c t  ing v i a  eq. (4). Af t e r  doing 

CL the t ransformat ions (14) and (15) 
we get a staggered A s h k i  n -  Te1 l e r  --.X-.X- 

CL" OX- model . 

formed on the odd s i t e s  on 

ducing the nurnber o f  s i t e s  

l y ,  preserv ing cornrnutation re la t i ons  but  re-  

. The new var iab les  o a re  given by 

where j = i+1/2.  F i n a l l y  we ob ta in  H i n  the form 

The advantage o f  t h i s  representat ion f o r  H i s  the presence o f  the mag- 
z Z 

n e t i c  operators a and 11 which remind us o f  the I s i ng  representat ionof  

Baxter 's  model i n  two-dirnensions. According t o  eqs. (3) and (12) we ob- 

t a i n  f o r  x = qm/2 the value rn 



independent o f  A. 

I t  i s  t h i s  un iversa l  behavior which w i l l  hep us i n  e x t r a c t i n g  

the index V f rom the mass-gap ampl i tudes (see sect ion  4) . 

3. FINITESIZE SCALING 

a) The Method 

'The method o f  f i n i t e - s i z e  sca l i ng  i s  a  powerful to01 t o a n a l i r e  

the c r i t i c a 1  proper t ies  o f  i n t e r a c t i n g  systems. The method had i t s  gen- 

es i s  i n  the works o f  Fisher and co l l abo ra to rs  and the most complete re-  

v i e w o f  the theory and i t s  app l i ca t i ons  has been given r e c e n t l y  by  

E?arber13. The method i s  very usefu l  because i t does not  generate new 

terms i n  the Hami l ton ian as the o ther  renormalization-group techniques 

do. The basic 

upon the s i ze  

wh i ch becomes 

FSS asser t ion  ( i n  the t rans fe r- ma t r i x  context) i s  t h a t  

change L -+ L '  the c o r r e l a t i o n  length  5 changes as 

where T i s  an est imate f o r  the c r i t i c a l  temperature. I n  the  case o f  a  
C 

quantum Hami l tonian an appropr ia te  form o f  the FSS can a l s o  be stated14. 

Now, the basic quan t i t y  which determines the  c r i t i c a 1  b e h a v i o r  i s  the 
- 1 

, between the ground and f i r s t - e x c i t e d  states. energy gap G = E,-E, % 5 
I n  t h i s  context ,  eq. (18) 

and the c r i t i c a l  coupl ing 

can be re in te rp re ted  as 

LGL (A) = L 'GL r (A 3 , 

i s  the  s o l u t i o n  o f  

LGL (Ac) = L 'GL (Ac) . 



This method can a l s o  be used t o  ob ta in  c r i t i c a l  exponents. The 

exponents v ,  f o r  example, fo l lows from eq, (20) by tak ing  the der iva-  

t i v e  w i t h  respect t o  the coupl ing constant .  I t  r e s u l t s  

Analogously we can f i n d  the exponent y o f  the s u s c e p t i b i l i t y  by calcu- 

l a t i n g  the second d e r i v a t i v e  o f  the free-energy (ground-state o f  H) w i t h  

respect t o  the magnet i c f i e l d  (h) . I n  general, any thermodynami cal  quan- 

t i t y  Q whose i n f i n i t e  l a t t i c e  behavior i s  

scales i n  the f i n i t e  system as 

Therefore, by cons ider ing  a se t  o f  f 

i b l e  t o  est imate the index $/v by ex t rapo la t  

i n i t e  l a t t i c e s  i t  i s  poss- 

ing  the  sequence 

b) Numerical Resul t s  

We have diagonal ized numerical ly  t heHami l t on ian  (4) f o r  f i -  

n i t e  l a t t i c e s  of L s i t e s  w i t h  pe r i od i c  boundary cond i t ions  ( L = 2  -+ 18). 

The eigenvalues, as we l l  as i t s  de r i va t i ves  were performed a t  the t rue  

i n f i n i t e  c r i t i c a 1  coupl ing X = O f o r  severa1 values o f  A .  To h a n d l e  

such l a r g e m a t r i c e s  we haveused a11 symmetry  p r o p e r t i e s  o f  t h e  

Hami l tonian and employed the Lanczos' a lgor i thm'5  o f  t r i d i a g o n a l i z a t i o n  

( i n  the Appendix we present a shor t  desc r i p t i on  o f  t h i s  method). 

The c r i t i c a l  exponents obtained a r e  shown i n  Table 1 and  2 

together wi t h  the exact resu l  t s  g iven by eq. (6) . These exponents were 

ca lcu la ted by adequatly choosing the func t i on  Q (A) i n  eq. (25). The 
L 

exponent v was estimated by using the Beta- funct ion 

a 
BL(hc) = l og  GL(h) 

Ih=O ' 



Table 1 - Estimated (F.S.S.) and exact r e s u l t s  f o r  the  thermal (V anda) 

c r i t i c a l  exponents o f  the I - D  Heisenberg model (eq. 4 ) .  

Table 2 - Estimated (F.S .S .) and exact re -  

s u l t s  f o r  the  e l e c t r i c a l  s u s c e p t i b i l i t y  i n -  

dex (yd . 

whi l e  the exponent a was obtained by choosing the "speci f  i c  heat" 

as the Q func t ion  i n  eq. (25) . I n  the same fashion t o  c a l c u l a t e  the 
L 

e l e c t r i c a l  s u s c e p t i b i l i t y  index y we introduce i n  the Harni l tonian (4) 
P 

an e l e c t r i c  f i e l d  t e m  E 2 5': and we use as QL(U the " e l e c t r i c  sus- 
Z 

c e p t i b i l  i t y t l  



üe notice a remarkable agreement between the numerical est imates and 

exact results. The poor convergence in the A = 1 region is to be ex- 

pected since the A = 1 value corresponds to a first-order transition 

(KDP). It is worthwhile to mention that the high precisior; achieved is 

due to the use of Vanden Broeck-Schwartz tables16. 

We also calculated the critica1 indices of the Hamiltonian (16) 

for lattice size ranging from 2 to 9 sites (4 states per site). The in- 

dex v, calculated as before, confirms that both Hamiltonians exhibits 

the same critical behavior (see Tables 1 and 3). 

Table 3 - Mass-gap cri tical exponent (V) of 

theHami1tonian (16). 

In this new version it is difficult to calculate the index y 
P 

because the polar i zat ion operator # has ç non-local representation in 

terms of a's and !.I'S. The opposite happens for y which is easy to cal - rn 
culate in the new representation by adding to the Hamiltonian (16) a 

magnetic field 

which breaks expl icitly the Z(2) symmetry of the Hamiltonian. Finally 

we use the magnetic susceptibility 

in eq. (25) to calculate ym (see Table 4). Our results confirm the uni- 



Table 4 - Magnetical s u s c e p t i b i l i t y  index (y,). 

versa1 behavior o f  q given by 

4. MASS-GAP AMPLITUDES 

I n  the f i n i  te- s ize  scal  ing theory f o r  continuous t r a n s  i t i o n s  

the inverse c o r r e l a t i o n  length  vanishes a t  c r i t i c a 1  temperature, as 

where A i s  the  so-cal led amplitude o f  c o r r e l a t i o n  length.  Recently an 

i n te res t  ing  conjecture has been proposed c la iming tha t  the ampl i tude A 

i s  re la ted  t o  c r i t i c a 1  exponents, namely 

where i s  the exponent o f  the spin- spin co r re la t i on- func t i on .  ~ a t e r ~ ,  

t h i s  conjecture was extended t o  inc lude an i so t rop i c  models as we l l  as 

o ther  cor re la t ion- lengths .  I n  the case o f  a  quantum Hamiltonian instead 

o f  the  severa1 cor re la t ion- lengths  we have the var ious mass-gaps 

and the un iversa l  quant i  t i e s  seem t o  be the r a t i o s  o f  mass-gap ampl i- 

tudes. The r e l a t i o n  (7b) i s  now replaced by 



where x .(x .) i s  the anomalous dimension o f  the operator  r e l a t e d  t o  the  
3 

corresponding mass gap G .(G .) . 
2 3 

For the Hamil ton ian (4) the r a t i o  A,/A, i s  re la ted  t o  x /xE 
P 

since the  p o l a r i z a t i o n  operator  i s  l i n e a r  i n  # wh i l e  the energy one i s  

b i l i n e a r  i n  s'. So, f o r  any value o f  A we expect t o  ob ta in  Al/A, = 1/4 

according t o  eq. (13). I n  f a c t  as shown i n  Table 5 our  numerical calcu- 

Table 5 - Mass-gap amplitude r a t i o  (Al/A2) , 
f o r  severa1 values of coup l ing  A ,  o f  the 

Hami l tonian (4) . 

l a t i o n s  are  i n  complete agreement w i t h  t h i s  r e s u l t .  I t  i s  worthwhi le t o  

mention t h a t  t o  ob ta in  the exponent v we need t o  consider Hami 1 t o n i a n  

(16) which contains the  magnetic operator  whose anomalous d i mens i o n  

does not  depend3 on coupl i ng constant (z = 1 /8) . Then, by cons i der i ng 
m 

the f i r s t  and t h i r d  mass-gap o f  Hamiltonian (16) we f i n d  the  r a t i o  

AT 
where x: (xCR) i s  the anomalous dimension o f  the  energy ( c r o s s o v e r )  

operator  o f  the Ashkin-Tel ler  model, which í n  t u rn  i s  r e l a t e d  t o  the 

anomalous dimens i on  o f  the e i  ght- vertex onel ' by 

Thus, we ob ta in  



I m  Table 6 we show the rnass-gap amplitude r a t i o s  together with the exact 

resu l  t s .  

APPENDIX 

diagonal i 

quantum I 

Table 6 - Mass-gap amplitude r a t i o  ( A , / A , ) ,  

f o r  severa1 values o f  coupl ing A, o f  the 

Harni l tonian (16). 

In  t h i s  appendix we d i s c u s s  t h e  Lanczos  scheme o f  t r i -  

za t i on  which has been so usefu l  i n  f i n i t e - s i z e  s t u d i e s  o f  

-0 Harniltonians. I n  t h i s  method we seek  a u n i  t a r y  t r a n s -  

format ion 

U'HU = T  , u+u'= I 

where T i s  t r i d i agona l ,  r ea l  and symmetric: 

(A. 1) 

Wr i t i ng  u as a ser ies  o f  columm vectors 



we ob ta in  from (A.1) 

Hul = a,u, + b,u, 

= b u + aiui + biui+l Hui i - 1 ; - 1  

These questions can be used recu rs i ve l y  t o  ca l cu la te  a l l t h e  c o e f  - 
f i c i e n t s  {a b . )  which appear i n  T.  

i' z 
The advantage o f  the  Lanczos a lgor i thm over o ther  methods i s  

t ha t  i t  does not  requ i re  the m a t r i x  H t o  be stored i n  a l a rge  N x N  ar ray  

which i s  " f i l l e d  in"  by the c a l c u l a t i o n  even i f  H has a la rge number o f  

zero elements. We on ly  requ i re  storage space fo r  3 Lanczos' vectors and 

a subroutine to. m u l t i p l y  a vec tor  by H. Fur ther  we ca l cu la te  the sca lar  

product 

which equals a as a consequence o f  the h e r r n i t i c i t y  o f  H and o f  the o r -  i 
thonormal izat ion o f  u . .  F i n a l l y  we get  

Z 

The main property o f  Lanczos' method i s  t h a t  t h e  l o w - l y i n g  

eigenvalues o f  H can be obtained a f t e r  30 o r  40 steps (even f o r  systems 

w i t h  218 degrees o f  f r e e d o d .  One can moni tor  t h e  c o n v e r g e n c e  by  

comparing the eigenvalues obtained a f t e r  n steps w i t h  those ca l cu la ted  

a f t e r  (n-1) Lanczos steps. 

To implement t h i s  scheme i n  the  computer i t  i s  convenient t o  

represent a quantum s t a t e  by an in teger  number (or  a c o m b i n a t i o n  o f  

integers) which i n  t u r n  i s  a sequence o f  I ' s  and O's i n  the b inary  code. 

The e f f e c t  o f  the  Hami l ton ian on a quantum s t a t e  can be o b t a  i ned by 

using l o g i c a l  b u i l t - i n  func t ions  usua l l y  a v a i l a b l e  i n  advanced computer 

languages. I f ,  f o r  example, we want t o  a c t  on the  s t a t e  +.r+++ E (01101) 

by the operator  8 ( 3 )  ax (2) a1 1 we have t o  do i s  t o  form t h e  l o g i  ca  1 



EXCLUSIVE OR (IEOR) f u n c t i o n  o f  t h e  o r i g i n a l  s t a t e  13 w i t h  t h e  number 

6(00110). The r e s u l t  i s  11 (01011) E+++++. T h e d i a g o n a l  p a r t  o f  t h e  

H a m i l t o n i a n  can be implemented by t h e  BITEST f u n c t i o n  w h i c h  r e t u r n s  

" t rue"  i f  t h e  b i t  i s  1 and " f a l s e "  i n  any o t h e r  case. 

fkcause o f  r o u n d- o f f  e r r o r s ,  t h e  s t a t e  u ~ + ~  may n o t  be o r t h o g-  

ona l  t o  , , . . , , i n consequence, spur ious  e igenva lues  (ghosts) can 

be ob ta ined .  F o r t u n a t e l y  these ghosts  can be recognized because we as-  

sume H t o  be nondegenerate. The spur ious  e igenvalues can a l s o  be recog-  

n i z e d  by comparing w i t h  t h e  e igenvalues o f  t h e t r i d i a g o n a l  m a t r i x  formed 

f rom t h e  f ' i  r s t  (N-1) i n t e r a c t i o n s .  
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Resumo 

Discutimos nesse trabalho um resultado recente que re l ac i ona 
os expoentes críticos de um modelo com as amplitudes das lacunas demas- 
sa da Hamiltoniana associada. Nõs usamos como teste o modelo de Heisen- 
berg unidimensional que é a versão quântica do modelo de oito-vértices 
(~axter) em duas dimensões. São obtidos, pelo método usual do grupo de 
reno rma l i zação f enomeno 1 Õg i co , os índ i ces v ,  a, y, e yp. Os resultados 
conf i rmam a universal idade da razão das ampl i tudes mencionadas. 


