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Abrtract We discuss the theo re t i ca l  aspects involved i n  t h e  treatment 
o f  many-body systems s t rong l y  departed from equ i l i b r i um.  We consider i n  
d e t a i l  the nonequi l ibr ium s t a t i s t i c a l  operator  (Nso) me thod .  U s i n g  
Jaynes' maximum entropy formalism complemented w i t h  anad hoc hypothesis 
a nonequi l ibr ium s t a t i s t i c a l  operator  i s  ob.tained. Our a p p r o a c h  i n -  
troduces i r r e v e r s i b i l  i t y  from the outse t  and we r e c o v e r  s t a t  i s t i c a l  
operators l i k e  those o f  Green-Mori and Zubarev as p a r t i c u l a r  cases. The 
connection w i t h  Generalized Thermodynamics and the  const ruc t ion  o f  non- 
1 inear t ranspor t  equations a re  b r i e f  I y descr i  bed. 

1. INTRODUCTION 

The purpose o f  the S t a t i s t i c a l  Mechanics o f  systems away from 

equ i l i b r i um i s  t o  determine the thermodynamic proper t ies  and evo lu t i on  

i n  t ime o f  macroscopic observables o f  such systems i n  terms o f  the d y -  

namical laws which govern the motion o f  t h e i r  c o n s t i t u t i v e  p a r t i c l e s .  

The bas ic  goals o f  nonequ i l ib r ium s t a t i s t i c a l  mechanics a r e : '  (a) t o  

de r i ve  t ranspor t  equations and t o  understand t h e i r  s t r u c t u r e ,  (b )  t o  

understand how the approach t o  equ i l i b r i um occurs i n  i so la ted  n a t u r a l  

systems; (c) t o  study the  proper t ies  o f  steady s ta tes ,  and (d) t o  c a l -  

c u l a t e  the instantaneous values and the  temporal e v o l u t i o n o f t h e  physi-  

cal  q u a n t i t i e s  which spec i fy  the macroscopic s t a t e  o f  the system. 

The ana lys is  of nonequ i l ib r ium systems presents greater  d i f f i -  

c u l t i e s  than those faced i n  the theory o f  e q u i l i b r i u m  systems. This i s  

due t o  the  f a c t  t ha t  a more d e t a i l e d  discussion t o  determine the tem- 

pora l  dependence o f  measurable proper t ies ,  and the  c a l c u l a t i o n  o f  t ime- 

-dependent t ranspor t  coe f f i c i en ts  associated w i t h  the i r r e v e r s i b l e  pro-  



cesses t h a t  take place i n  these systems, are  necessary. 

At present there e x i s t  severa1 theo re t i ca l  me thods  t o  study 

the macroscopic evo lu t i on  o f  nonequi l ibr ium systems. The usefulness o f  

these metliods can be ascerta ined through comparison o f  the r e s u l t s  ob- 

ta ined by app l i ca t i on  of the theory w i t h  experimental data. However, 

the reason why these methods work we l l  w i t h i n  t h e i r  own domi n i o n s  o f  

app l i ca t i on  can not  be proper ly  understood u n t i l  a profound i ns igh t  o f  

the basic conceptual problems associated t o  the i r r e v e r s i b l e  processes 

i s  obtained. Ex i s t i ng  formalisms have inherent  d i f f i c u l t i e s :  t y p i c a l l y  

those re la ted  to ,  mainly, i n t roduc t i on  o f  coarse-grained procedures,the 

quest ion o f  i r r e v e r s i b i l i t y ,  and the d e f i n i t i o n  o f  i n i t i a l  and boundary 

cond i t ions .  I n  any approach an o v e r a l l  important step i s  the d e r i v a t i o n  

o f  nonl inear t ranspor t  equations ab le  t o  descr ibe the temporal m a c r o -  

scopic evo lu t i on  o f  nonequi l ibr ium systems. I t  i s  worth n o t i c i n g  t h a t  

the n o n l i n e a r i t y  o f  the t ranspor t  equations impl ies feeback rnechanisms 

which may be the source o f  remarkable se l f - organ iza t ion  e f f e c t s  on a 

macroscopic scale i n  the system (synergesis) . 
I n  the next sec t ion  we b r i e f l y  descr ibe the m a i n  q u e s t i o n s  

tha t  arise: i n  dea l ing  w i t h  the S t a t i s t i c a l  Mechanics o f  far- f rom-equi-  

l i b r i u m  systems. Further,  among the d i f f e r e n t  ava i l ab le  formalisms we 

s ing le  ou t  f o r  study the so c a l l e d  nonequ i l ib r ium s t a t i s t i c a l  o p e r a t o r  

(NsO) method. I t  provides a very promising technique which i s  an ad- 

vanced general i z a t i o n  o f  s t a t i s t i c a l  methods based on Bo1 tzmann and 

Gibbs' fundamental ideas. We de r i ve  a nonequi l ibr ium s t a t i s t i c a l  o p e r -  

a t o r  using Jaynes' maximum entropy formal ism2 complemented wi t h  an ad 

hoc hypothesis. Our approach a l  lows us t o  int roduce ( f o r c i  b l  y) i r r e -  

v e r s i b i l i t y  from the outse t ,  and t o  recover, a s  p a r t i c u l a r  cases, s t a t -  

i s t i c a l  operators proposed i n  the ava i l ab le  l i t e r a t u r e  on the sub jec t .  

2. THE NONEXXJILIBRIUM STATISTICAL OPERATOR METHOD 

As i s  we l l  known, s ince i n  any experiment there  i s  no a c c e s s  

t o  a complete knowledge o f  the  microscopic dynamical s t a t e  o f  a many- 

-body system one reso r t s  t o  s t a t i s t i c a l  mechanics t o  ob ta in  a descr ip -  

t i o n  o f  the macroscopic s t a t e  o f  the system i n  terms o f  a small se t  o f  

dynamical quan t i t i es ,  say P,, P,, ..., Pn, where n i s  much smal ler  than 

the number o f  degrees o f  freedom o f  the system under observat ion.  Quan- 



t i t i e s  p. are  func t ions  def ined over the phase space i n  the c l a s s i c a l  
3 

l i m i t  o r  hermi t ian  operators ac t i ng  on the H i l b e r t  space o f  the wave- 

func t ions  i n  the quantum case. 

One o f  the main problems o f  nonequi l ibr ium s t a t i s t i c a l  mech- 

anics i s  the choice o f  these quant. i t ies and the de r i va t i on  o f  c losed 

equations o f  evo lu t ion  (nonl inear t ranspor t  equations) f o r  the macro- 

scopic var iab les  Q . ( t ) ,  j = 1,2 ,..., n, which a re  s u i  t a b l e  a v e r a g e s  
3 

< ~ . l t  of  t h e P  t o  be put i nco r respondencew i th  t h e  measurements  
3 i' 

obtained i n  a g iven experiment. For example, the set  {P.} may be con- 
3 

s t i t u t e d  by the mass densi ty,  momentum dens i ty  and energy dens i ty  when 

the hydrodynamics o f  a f l u i d  i s  studied. 

These quan t i t i es  P change i n  t ime w i t h  the evo lu t i on  o f  the 
j 

dynamical s t a t e  o f  the system; however the experiment does not  f o l l o w  

t h i s  microscopic evo lu t ion ,  i t  on ly  f o l l ows  the  numerical values Q.( t )  
3 

o f  P The r e s u l t s  o f  such experiment a re  d e s c r i  bed b y  t r a n s p o r t  i' 
equations o f  the form 

where 4 i s  a func t iona l  o f  the macrovariables Q. which, i n  general, i s  
j 3 

expected t o  be nonl inear,  non- local and w i t h  memory e f f ec t s ,  i . e .  de- 

pending on the past h i s t o r y  o f  var iab les  Q up t o  the t ime t when the 

measurement i s  performed. Severa1 questions a r i s e  immediately and need 

be addressed 

1)How t o  choose these va r i ab les?  At present there  seems t o  be 

no whol ly  sa t i s fac to ry  theory t o  generate t h i s  informat ion a l l ow ing  the 

making o f  a unique decis ion.  

F i r s t  we should r e c a l l  b g o l i u b o v ' s  asse r t i on 3 t h a t  a c o n -  

t r ac ted  desc r i p t i on  i s  poss ib le  i f  there  e x i s t s  a re laxa t i on  t ime f o r  

microinformat ion,  -c such t h a t  a f t e r  i t  has elapsed the system loses v '  
the memory o f  the i n i t i a l  d i s t r i b u t i o n .  For no t  too shor t  d e l a y  t i m e s  

a f t e r  e x c i t a t i o n ,  i .e. f o r  t »-c co r re la t i ons  w i t h  l i f e t i m e  smal l e r  
)i' 

than -cU can be ignored and the macroscopic s t a t e - o f  the nonequi l ibr ium 

system can be descr i  bed by the reduced se t  o f  macrovariables Q . ( t )  , j = 
3 

= 1,2 ,..., n. 

Some authors suggest t ha t  t h i s  basis se t  o f  var iab les  must i n -  

c lude a l l  approximate i n teg ra l s  o f  motion, o r  quas i - inva r i an tva r i ab le s ,  



t h a t  change very s lowly on a molecular t ime scale. Others a r g u e  t h a t  

one should inc lude enough var iab les  t o  make the func t i ona l s  4 "almost 
j 

markoff ian" , o r  almost instantaneous i n  t ime. Another p o s s i b i l i t y  con- 

s i s t s  i n  inc lud ing on l y  those var iab les  which are  measurable ( d i r e c t l y  

o r  i n d i r e c t l y )  i n  the experiment under considerat ion.  This i s  i n  the 

s p i r i  t o f  Jaynes' maximum informat ion entropy formal ism2, and i t i s  the 

one we use t o  deal w i t h  the study of u l t r a f a s t  re laxa t i on  phenomena i n  

semiconductors t o  be described i n  a forthcoming a r t i c l e .  

2) The quest ion  of i n i t i a t  condi t ions.  Transport equations (1) 

a re  of f i r s t  o rder  i n  the t ime d e r i v a t i v e  and there fore  requ i re  an i n -  

i t i a l  cond i t i on  f o r  a unique s o l u t i o n  t o  be obtained. Once t h e  d e f  i -  

n i t i o n  o f  the basis se t  o f  macrovariables has been decided, i t  becomes 

necessary t o  provide i n i t i a l  cond i t i on  & . ( t , ) ,  a t  a g iven t ime t,,which 
3 

should show a la rge degree o f  r e p r o d u c i b i l i t y .  Many times t h i s  i s  done 

using i n i  t i a 1  cond i t i on  tha t  appear t o  be reasonable and we l  1 s u  i t e d  

t o  t heo re t i ca l  ana lys is .  I n  our s tud ies  o f  u l t r a f a s t  t r a n s i e n t s  i n  

semiconductors we used i n i t i a l  values obtained from the e x p e r i m e n t a l  

data, e i t h e r  from d i r e c t  measurements o r  through est imat ions based on 

informat ion concerning the experimental setup and known proper t ies  o f  

the sample. C lear ly  t h i s  incorporates a c e r t a i n  lack  o f  r e p r o d u c i b i l i t y  

r e s u l t i n g  from experimental indeterminat ion.  The s e n s i t i v i t y  o f  the re-  

s u l t s  t o  rhe d e t a i l s  of the i n i t i a l  s t a t e  needs be c a r e f u l l y  considered. 

:3) How are  the funct ionals $ . i n  Eq.  ( I )  obtained? I n o t he r 
J 

words, whet i s  the form o f  the nonl inear t r anspb r t  equations f o r  macro- 

var iab les  {Qj (t) 1. 
Severa1 approaches t o  nonl inear t ranspor t  a re  a v a i  l a b l e  a t  

present. ,FOI lowing zwanzigl they can be c l a s s i f  ied  as: 

i )  I n tu  i t i v e  techn iques, 

i i )  Techniques based on the  general i zat  ion o f  the k i ne t i c 

theory o f  gases, 

i i i )  Techniques based on the theory o f  s tochast ic  processes, 

i v )  Expansions from an i n i t i a l  equ i l i b r i um ensemble, 

v) General i z a t  ions o f  G i  bbs' ensemble a l g o r i  thm. 

The l a s t  of them, o r  nonequi 1 i b r i  um s t a t i  s t i c a l  operator method 

(NSO), has an appealing s t ruc tu re  and seems t o  be a v e r y  e f f e c t i v e  

technique t o  deal w i t h  a la rge c lass  o f  experimental s i tua t ions .E legant  



treatments are  due t o  Robertson4 and z u b a r e v 5 ,  and a v e r s i o n  o f  

Zubarevls method adapted t o  deal w i t h  open systems was app l ied  by us 

t o  the study o f  po la r  semiconductors under h igh  degrees o f  e x c i t a t i o n 7.  

This ç t a t i s t i c a l  method i s  based on the const ruc t ion  o f  an ensemble o f  

rep l i cas  o f  the  system d i s t r i b u t e d  w i t h  some a p r i o r i  p r o b a b i l i t y  over 

a11 the microscopic s ta tes  i n  accordance w i t h  the i n i t i a l  spec i f i ca t i ons  

and cons t ra in t s  imposed on the system. To the  representa t ive  ensemb le  

one associates a d i s t r i b u t i o n  func t i on  ( s t a t i s t i c a l  operator) p ( t ) ,  and 

the average over the ensemble o f  a dynamical quan t i t y  , 

i s  placed i n  correspondence wi t h  the resu l  t a ( t )  o f  a measurement per-  

formed on the ac tua l  physical  system. 

These methods are  connected w i t h  a p r o j e c t i o n  operator  tech- 

nique which separates the NSO p ( t )  i n t o  two par ts  

The f i r s t  term P ( t )  , obtained by appl i c a t i o n  o f  the  time-de- 
cg 

pendent p r o j e c t  ion operator  P(t) on the complete NSO, i s  a non - d i s s  i - 
pa t i ve  term which def ines the  mean values o f  q u a n t i t i e s  P i . e .  the  

i '  
macrovariables 

The second term, p l ,  c a r r i e s  the in format ion  on the dynamics 

re levant  t o  the desc r i p t i on  o f  the i r r e v e r s i b l e  evo lu t i on  o f  the sys- 

tem4 s 5 ' 8  . Therefore, P '  ( t) must s a t i s f y  the r e l a t i o n  
' 

where R i s  any 1 inear combination o f  the quant i  t i e s  P The NSO p ( t )  , i .  
and t h e  coarse-grained s t a t i s t i c a l  operator  p ( t ) ,  express the same 

cg 
rnacroscopic s t a t e  but  d i f f e r  i n  d e t a i l s  due t o  the r n i c r o s c o p i c  p r o -  

cesses developing i n  the media. 

At present there  e x i s t  severa1 approaches used f o r  the d e r i -  

v a t i o n  o f  the  nonequil ib r ium s t a t i s t i c a l  operator  l i k e  t h o s e  due t o  

Green-Mor i Robertson4 and Zubarev5. We propose here a der i v a t  ion o f  a 

general nonequ i l ib r ium s t a t i s t i c a l  operator  which al lows us t o  recover 



the approaches o f  re fs .5  and 8 as p a r t i c u l a r  cases. 

F i r s t  i t  should be noted t h a t  f o r  an i so la ted  system the NSO 

p ( t )  must s a t i s f y  the L i o u v i l l e  equation 

a - av p  (t) + i L  p  ( t )  = O 

where L  i s  the L i o u v i l l  ian operator  o f  the  system ( iLp  i s  the  P o i  sson  

parenthesis i p , ~ )  i n  the c l a s s i c a l  l i m i t  and the c o n u t a t o r  (iK) -' [p,~] 

i n  the quantum case, where H i s  the  t o t a l  hami 1 tonian) . Eq. (4) i s  L t -  

- i nva r i an t ,  i .e. i t rema i  ns una1 t e r e d  by t h e  t r a n s f o r m a t  i o n  

( t , iL)  -+ ( - t ,  ( i i )  +) . 
This poses another fundamental quest ion:  

4) How t o  o b t a i n  i r r e v e r s i b l e  behavior  i n  the evo tu t i on  of the 

macroscopic s t a t e  of the system? This i s  sometimes re fe r red  t o  as the  

t ime arrow problem. 

To proceed f u r t h e r  w i t h  the method we a r e  cons  i d e r  i ng ,  we 

overcome t h i s  quest ion by the i n t roduc t i on  o f  Pr igog ine 's  p r i n c i p l e  o f  

d y m i c  c o n d i t i o n  for d i s s i p a t i v i t y g .  Thi s  i s  an a d  hoc non-mechanical 

hypothesis cons i s t i ng  o f  a  breaking o f  the t ime- reversal  symmet ry  o f  

the L i o u v i l l e  equation which cas ts  i t  i n  the form 

where A i s  a  modi f ied L i o u v i l l i a n  composed o f  an odd and an even p a r t  

under t ime- reversal and 6 a  transformed NSO i n  which an i r r e v e r s  i b l  e  

character  f o r  the evo lu t i on  o f  the  macroscopic s t a t e  o f  the  system has 

been b u i l t l O .  

To de r i ve  the complete NSO s a t i s f y i n g  the separat ion obtained 

by p ro jec t i on  technique [eq. (2)] and having the  BOI t zmann- Pr  i g o g i n e  

symmetry o f  eq. (5) , we r e s o r t  t o  the use o f  a  v a r i a t i o n a l  p r  i n c  i p l e ,  

the mmimwn entropy formaZism (MEF) ' . I t i s  based on Jaynes ' sugges- 

t i o n s  tha t  Gibbs' ensemble a lgo r i t hm a l lows the cons t ruc t i on  o f  s t a t -  

i s t i c a l  operators which f u l l y  descr ibe nonequ i l ib r ium cond i t ions .  The 

main quest ion associated w i t h  t h i s  approach i s  how t o  ob ta in  the prob- 

a b i l i t y  assignment compatible w i t h  the ava i l ab le  in format ion  and avoid-  

ing  unwarranted assumptions. This i s  answered by Jaynes who formulated 

the c r i t e r i o n  tha t :  The l eas t  biased p r o b a b i l i t y  assignment {pi) f o r  a  

set  o f  mutua l ly  exc lus ive  events x i s  t h a t  wh i c h  m a x i m i z e s  t h e  i 



"entropy"  

S = - C pi l o g  p 
i i 

s u b j e c t  t o  t h e  c o n s t r a i n t s  imposed by ava i  l a b l e  in fo rmat ion12 .  

L e t  us make t h i s  e x p l i c i t  f o r  a  many-body p h y s i c a l  systemwhich 

i s  t h e  o b j e c t  o f  a  g iven  exper iment ,  and i n  t h e  t rea tment  we i n c l u d e  

memory e f f e c t s  and n o n - l o c a l i t y .  F i r s t  we i n t r o d u c e  t h e  Gibbs en t ropy  

w i t h  p ( t )  d e f i n e d  i n  t h e  i n t e r v a l  ( t , , t ) ,  and norma l i zed  a t  a l l  t imes,  

I .e. 

T r { p ( t l ) )  = 1, f o r  to 6 t '  6 t . (7) 

-+ 
F u r t h e r ,  once t h e  b a s i s  s e t  o f  dynamical q u a n t i  t i e s  { P .  (r) ) has b e e n  

3 
chosen13 t h e  c o n s t r a i n t  c o n d i t i o n s  

a r e  i n t r o d u c e d , f o r  to 6 t '  6 t. To w r i t e  t h e  l a s t  e q u a l i t y  we have used 

the  f a c t  t h a t  

Eqs. (8) i n t r o d u c e  a  dynamical c h a r a c t e r  i n  t h e  i n f o r m a t i  o n  

s i n c e  they i n v o l v e  t h e  e v o l u t i o n  o f  t h e  system f rom t h e  i n i t i a l  t i m e  o f  

p r e p a r a t i o n  to ( t o  > -r ) up t o  t i m e  t. A l s o  t o  be no ted  i s  t h e  formal  
U 

c h a r a c t e r  o f  eqs. (8) where we make t h e  assurnption t h a t  one has t h e  

knowledge o f  t h e  va lues  o f  v a r i a b l e s  Q i n  t h e  t i m e  i n t e r v a l  ( t o  , t )  . 
However, t h i  s  i n fo rmat ion- ga ther ing  i n t e r v a l  can be reduced t o  i n f  o  r - 
mat ion  recorded a t  a  un ique  t: t h e  f o r m a l  i s m  p r o d u c e s  e v o l  u t i o n  

equa t ions  f o r  v a r i a b l e s  & . ( t )  wh ich  g i v e  t h e i r  v a l u e s  a t  a n y  t i m e  
3 

t o >  t, 2 t once t h e  i n i t i a l  va lues  ~ ( t , )  a r e  p rov ided  (Cf.  q u e s t i o n  (2) 

i n  t h e  f i  r s t  p a r t  o f  t h i s  ~ e c t i o n )  . 
Next,  accord ing  t o  t h e  maximum e n t r o p y  Formalism we o b t a i n  t h e  

NSO t h a t  maximizes t h e  Gibbs en t ropy  o f  eq.  (61, s u b j e c t  t o  t h e  c o n -  

s t r a i n t s  imposed by eqs. (7) and (8) . T h i s  corresponds t o  making ex- 

trema1 t h e  f u n c t i o n a l  



where I - 1  and 4 .  a re  Lagrange m u l t i p l i e r s .  Fol lowing we l l  known p r o -  
3 

cedures wc f i nd 

n t 

p (t) := expi-9 (t) - 1 d3* d t '  4.(;,t,t1;t0)~.(;,t '-t) 1 , (9) 
j= I 3 3 

where 

Next, we w r i t e  the Lagrange m u l t i p l  i e r s  <p i n  the f o l  I o w i  ng  i 
form 

where w i s  an a u x i l i a r y  func t ion .  The form f o r  the Lagrange m u l t i p l i e r s  

g iven by cq. (10) i s  proposed i n  order :  

+ 
1) To introduce the se t  o f  func t ions  F .  ( r& )  such t h a t  they wi l l have 

3 
the r o l e  of in tens ive  var iab les  ( f  ie lds)  thermodynamical l y  conjugated t o  

+ 
t h e e x t e n s i v e v a r i a b l e s  Q . ( r , t ) ,  i n  a way t o  b e d e f i n e d  l a t e r  on, t o  

3 
generate a complete connection w i t h  phenomenological general ized non -  

equ i l i b r i um thermodynamics", and 

2) To def ine  a func t ion  w permi t ing  t o  inc lude Pr igog ine 's  d y n a m i c a l  

cond i t ion  f o r  d i s s i p a t i v i t y  i n  the formalism, and t o  f i x  an i n i t i a l  con- 

d i t i o n  from which the i r r e v e r s i b l e  evo lu t i on  o f  the macroscopic s t a t e  

o f  the nor iequi l ibr ium many-body system i s  obtained. 

Replaci ng eq. ( i  O )  i n  eq. (9) , we obta i  n 

t 

p( t )  = exp{- It, dtl w ( t , t l ; t o ) ~ ( t ' , t l - t ) ~  = 

t 
= exp J dtl  w ( t , t l ; t o ) ~ o g  p ( t l , t l - t ) }  

t o  
C9 

where we have introduced the operators 



and the  func t i on  $ ( t )  such tha t  

The f i r s t  term i n  the argument o f  S o r  log  p re fe rs  t o  the time-depen- 

dence on var iab les  F .  and the  second t o  the t ime-dependenceofoperators 
3 

P .  i n  the Heisenberg representat ion.  
3 

The p o f  eq . (12) has the r o l e  o f  the coarse-grained s t a t -  
c9 

i s t i c a l  operator  o f  eq. (2) [ ~ f .  eq.  251, a n d s  o f  eq. (13) i s  termed 

the coarse-grained s t a t i s t i c a l  entropy. The average value o f  S over the 

nonequi l ibr ium ensemble w i l l  be put  i n  correspondence w i t h  the entropy 

func t i on  o f  general ized thermodynamics t h i s  g i v i n g  a s t a t i s t i c a l  f o u n -  

da t ion  fo r  the l a t t e r ;  t h i s  quest ion w i l i  be addressed i n  d e t a i l  i n  a 

f u t u r e  a r t i c l e .  The coarse-grained s t a t i s t i c a l  operator  i s  normalized, 

i .e. 
n 

which can proved from eq. (14) (Appendix 1) . 
Performing a pa r t i a1  i n t e g r a t i o n  i n  eq. (1 1) we get  

t 

log  p ( t )  = w( t , t l ; t )  l o g  Pcg ( t l , t l - t )  / t o  

t (1 5) 
d - 1 dtl  w( t , t l ; t , )  -p- 104 Pcg ( t ' , t l - t )  , 

t o  

where W i s  g iven by 

and we impose the fo l l ow ing  proper t ies  on i t :  

a) W(t,t ; to) = I 



b) 1 i m  w ( t , t 1 ; t 0 )  ? w ( t , t o ; t o )  = O 

tl+to 

c) W i s  taken equal t o  1 a f t e r  the t race  opera t ion  i n  the  c a l c u l a t i o n  

o f  ave rages has been performed . 
Hence, eq. (15) becomes 

(1 7) 
o r  a f t e r  i n teg ra t i on  by pa r t s  

t 

iog  pw(t)  = ( d t '  w ( t , t l ; t J  l og  p ( t ' , t l - t )  . 
cg 

(1 8) 
' t o  

'rhis expression can be i n te rp re ted  as a  time-smoothing o f  the 

operator  S (or log  pcd  weighted by the func t ion  w .  By a  proper choice 

o f  W we recover nonequi 1 i brium s t a t i  s t  i c a l  operators a1 ready p r o p o s e d  

i n  the l i t e r a t u r e  on the sub jec t .  

1 .  Green-Mori NSO i The func t i on  

t-t ' 
w(t , t ; t0)  = 1 - - 

T 

s a t i s f i e s  cond i t i on  (a), cond i t i on  (b) f i x e s  the i n i t i a l  t ime a t  the 

delay t ime t = t - T, and t o  comply w i t h  (c) goes t o  +CO a t  the end 

o f  the ca l cu la t i ons  o f  averages. The func t i on  w i s  and then i t f o l -  

lows Green-Mori NSO e 

2. Zubarev NSO: l t  i s  obtained by the choice 

which s a t i s f  i es  cond i t i on  (a), and cond i t i on  (b) f o l  lows fo r  t + -CO. A 
o 

change o f  var iab les  a l lows us t o  w r i t e  i t  i n  the  form 
o 

l og  4 ( t )  = E  j dt '  eEt' l o g  pcg ( t+ t l , t l )  , 
-Q) 

(2 0) 



s i n c e  w( t , t8 , t , )  = E e x p { & ( t 1 - t )  ; E ( >  0) i s  an i n f i n i t e s i m a i  parameter 

which goes t o  ze ro  a f t e r  t h e  t r a c e  o p e r a t i o n  i n  the  c a l c u l a t i o n  o f  av- 

erages has been performed t o  s a t i  s f y  requ i  rement (c) . 

3.  Among o t h e r  choices o f  t h e  we igh t  f u n c t i o n  we cou ld  ment ion 

wh ich  s a t i s f i e s  c o n d i t i o n  (a ) ;  c o n d i t i o n  (b) r e q u i r e s  t h a t  to -t -a, and 

a  i s  taken equal t o  ze ro  a t  t h e  end o f  c a l c u l a t i o n  o f  a v e r a g e s  t o  

s a t i s f y  c o n d i t i o n  ( c ) .  S i n c e  

we o b t a i n  

O 
-a2 1 2 

logp,(t) = - 2 a 2  l o g  p C g ( t + t ' , t 1 )  . 

We remark t h a t  t h e  c o n s t r u c t i o n  o f  NSO i n  t h i s  way resembles 

t h e  methods o f  t h e  theory  o f  summab i l i t y  o f  t r i g o n o m e t r i c a l  s e r i e s  and 

i n t e g r a l  t r a n s f o r m ~ : ' ~  Case ( I )  i s  r e l a t e d  t o  F e j è r -  (or  ~esãro - l ) , case  

(2) t o  Abel- , and case (3) t o  Gauss- summabi 1  i t y  procedures. Up t o  t h e  

p resen t  t i m e  we do n o t  have i n t e r p r e t a t i o n s  f o r  t ime-smoothing i n t e g r a l  

procedures o t h e r  than those o f  eqs. (19) and (20) . 
I n  case (1) , eq. (1 9) d e f i n e s  a  t ime  average over  i n t e r v a l  T , 

and i t  i s  based on t h e  assumption t h a t  c o r r e l a t i o n s  damp o u t  i n  t imes 

much s m a l l e r  than T. A f t e r  t h e  c a l c u l a t i o n  o f  averages t h e  l i m i t  T + a 

i s  taken; i t has been argued t h a t  t h i s  t ime-smoothing procedure 1 e a d s  

t o  d i f f i c u l t i e s  i n  the d e f i n i t i o n  o f  i n t e g r a l s  a s s o c i a t e d  w i t h  t r a n s -  

p o r t  c o e f f  i c i e n t s 1 6 .  

I n  case (2) , E q .  (20)] l o g  pE( t )  i s  i n t e r p r e t e d  as t h e  l o g a r -  

i t hm o f  p  e v o l v i n g  f r e e l y  w i t h  L i o u v i l l i a n  L f rom t ime t '  up t o  t i m e  

t, and then t h e  system undergoes a random t r a n s i t i o n  under t h e i n f l u e n c e  

o f  t h e  i n t e r a c t i o n  w i t h  t h e  su r round ings  w i t h  a  Poisson d i s t r i  b u t i o n  

o v e r  a l l  i n i t i a l  t i m e s  

I l e  e q u a t i o n  t h e  sources 

E e x p { ~ ( t - t ' )  1 ;  t h e  NSO i s  o b t a  

t '  The NSO o f  eq. (18) s a t i s f  

(See Appendi x  2) 

i ned averag i ng 

ies  t h e  L i o u v i  



and there fore  i n  Green-Mori ' s  method we f ind 

and i n  Zubarev's method 

where we observe the presence o f  an i n f i n i t e s i m a l  source which b r e a k s  

tL-symmetry and introduce Boltzmann-Prigogine symmetry. 

Next we der ive  the conqect ion o f  our resu l  t s  w i  t h  p r o j e c t i o n  
operator techniques. For t ha t  purpose we f i r s t  note t ha t  using the op- 

e ra to r  i den t i  t y  

where 

+ Y ( B / U )  e-*BeUA , 

the NSO p w ( t )  can  be  w r i  t t e n  as 

n 
p ( t )  = e x p { - + ( t )  - F . ( ~ ) P . }  =e-s( t *O)  , 
c g  j=l J 3 

(26a) 

t 
d dt '  w ( t , t 1 ; t 0 )  l o g  pcg ( t t , t l - t )  (26b) 



The NÇO o f  eq. (25) i s  composed o f  two a d d i t i v e  p a r t s  as i n  

eq. (2) and, because o f  eq . (3) we f i nd tha t 

T r @ .  p 1 ( t ) )  = T ~ { P .  D ( k )  p ( t ) )  = O  . 
3 3 w c g  

(27b) 

Eq. (27a) i s  a  m a n i f e s t a t i o n  o f  t h e  f a c t  t h a t  p  ( t)  i s  assumed t o  be 
c$? 

norma l i zed  and, s i n c e  D ( t )  i s  d i r e c t l y  r e l a t e d  t o  t h e  e n t r o p y  p r o -  
d W  

d u c t i o n  o p e r a t o r  - l o g  pcg(t,O) (Cf.  eq. (38)) , i t a l s o  r e f  1  e c t s  

t h a t  t h e r e  a r e  no d i s s i p a t i o n  e f f e c t s  i n  t h e  ensernble c h a r a c t e r i z e d  by 

P ( t )  . 'v 
I n  eq. (26a) , as wel l as i n  the  f o l  l ow ing  equat ions we h a v e  

dropped the  space dependence o f  quant i t i e s  P and v a r i a b l e s  Q and F, i n  

o r d e r  t o  avo i d  cumbersome express ions.  

Banach space 

where aP = P 

Consider now q u a n t i t i e s  P as v e c t o r s  o f  an n - d i m e n s  i o n a l  i 
w i t h  a m e t r i c  d e f i n e d  by t h e  i n n e r  p roduc t  

P = ( t  = Tr{pi @i pcg(t) } , 
d 

(28) 

- T r  {P pcg ( t )  1 and 

1 

2 - 1  d u ~ ( ~ / u )  e ( t  ,O) A ( t  , 0) (29) 
O 

D e f i n i  t i o n  (28) a1 lows us t o  i n t r o d u c e  the  t ime-dependent p r o -  

j e c t i o n  o p e r a t o r  

which i s  l i n e a r  

hermi t i a n  

I I8 



and idempotent 

P ( t l ) P ( t ) ~  = P ( ~ ) A  . 

Further,  P(t )  p ro jec t s  the  l oga r i  thm o f  the NSO Pw ( t )  over 

minus the coarse-grained entropy s(t,O) , i .e. the operator  l og  p (t,O). 
c9 

I n  f ac t  using eqs. (25) and (30) we f ind  

But 

wh ich  i s  nu1 l because o f  eq. (27b) . 
Therefore, we have proved t h a t  

f o r  any NSO pw( t )  . 
Using these resu l t s ,  f o r  the s p e c i f i c  case o f  Zubarev's rnethod, 

eq. (24) can be a l t e r n a t i v e l y  w r i t t e n  i n  the form 

where 

i A  = i1 + E[]-P (t)]  , 

and we have obtained a rnodif ied L i o u v i l l e  equat ion i n  the s p i r i t  o f  

Pr igog i ne ' s  proposal . 
To make connect ion wi t h  General ized Thermodynami cs we d e f  i ne 

the func t i on  o f  macrovariables Q .  ( t )  
3 



z ( t )  = -Tr{pW(t)  l og  pcg(t ) )  = Tr(S(t ,O)pW(t)}  = 

n 

c a l l e d  the coarse-grained entropy. The Lagrange m u l t i p l i e r s  F . ( t )  a re  
3 

def ined by eq. (3) : us i ng  the normal i z a t i o n  proper ty  

n 
= iog  r r iexp[ -  1 F . ( ~ ) P ~ ] }  , 

j = l  3 

i t  fo l l ows  tha t  

Further,  5 and 4 s a t i s f y  the P f f a f i a n  forms 

and 
n 

d3 (t) = 1 F j  ( t )  dQ . (t) , 
j = l  3 

and therefore the P. ( t )  a re  the d i f f e r e n t i a l  c o e f f  i c i e n t s  o f  t h e  
3 

coarse-grai ned entropy 

Equations (37a,b) can be considered as nonequi 1 i brium equations 

of s t a t e  connecting the se t  o f  macrovariables, Qj (t) , on wh i  c h  the 

coarse-grained entropy depends, and the d i f f e r e n t i a l  c o e f f i c i e n t s  o f  the 

l a t t e r ,  o r  in tens ive  var iab les  F . ( t ) .  
3 

The connect íon w i  t h  General i zed ~hermodynamics '~  f o l  lows f rom 

t h e i d e n t i f i c a t i o n o f  t h e c o a r s e- g r a i n e d e n t r o p y o f  eq. (35) w i t h  the 

general ized thermodynamical entropy. The i r r e v e r s i b l e  product ion o f  en- 

tropy,  which plays an essent ia l  r o l e  in. the thermodynamics o f  i r r e v e r s -  

i b l e  processes, i s  obtained by t ime d i f f e r e n t i a t i o n  o f  eq. (35) 



and i n  t h e  s o- c a l l e d  q u a s i - l i n e a r  r e l a x a t i o n  regime (Y = 1 i n  eq. (26d)) 

i t  can be w r i t t e n  as t h e  a u t o c o r r e l a t i o n  o f  t h e  e n t r o p y  p r o d u c t i o n  op- 

e r a t o r  - t i  ;it. l o g  pcg(t) over  t h e  ensemble character imed by t h e  coarse-  

-g ra ined  ç t a t i s t i c a l  o p e r a t o r .  The G l a n s d o r f f - P r i g o g i n e  u n i v e r s a l  e v o l -  

u t i o n  c r i t e r i o n  and P r i g o g i n e ' s  minimum e n t r o p y  p r o d u c t i o n  t h e o r e m 1 4  

a r e  con ta ined  i n  t h e  f ~ r m a l i s m ' ~ .  

The nonequi 1 i b r ium s t a t i  s t  i c a l  o p e r a t o r  method can a l s o  be used 

t o  deal  w i t h  t h e  s tudy o f  d i s s i p a t i v e  s t r u c t u r e s  i n  f a r - f r o m-  e q u  i 1 i b -  

r ium systems (morphologica l  t r a n s i t i o n s ,  t r a n s i  t i o n s  between mu 1 t i p l  e 

steady s t a t e s ,  macroscopic p e r i o d i c  o s ~ i l l a t i o n s ) ' ~ ,  which i n v o l v e  syn- 

e r g e t i c  processes. T h i s  i s  a r e s u l t  o f  t h e  n o n l i n e a r  c h a r a c t e r  o f  t h e  

genera l  i z e d  t r a n s p o r t  equa t ions  t h a t  can be d e r i v e d  w i t h i n  thef ramework 

o f  the  NSO method. T h i s  q u e s t i o n  deserves a d e t a i l e d  d iscuss ion ,  which 

wi 1 1  be presented i n  a fo r thcoming  a r t i c l e .  Here i t  s u f f i c e s  t o  say t h a t  

t h e  s e p a r a t i o n  o f  t h e  NSO i n  t h e  form o f  eq. (25) a l l o w s  us t o  w r i t e  

where D:') ( t )  a r e  t h e  terms o f  t h e  expans i o n  o f  W ( t )  o f  eq. (26d) c o r-  

responding t o  t h e  success i v e  c o n t r i  b u t  ions t o  t h e  i t e r a t e d  s o l u t i o n  o f  

Y i n  eq. (26e) . 
For t h e  s p e c i f i c  case o f  Zubarev 's  method one has 

where 



and an arduous mathematical handl ing  o f  eqs. (39) permi t s  us t o  rewr i  t e  

them i n  the form5"9'20 

where the co l  l i s i o n  operators d(n)  are i 

o 

~ ( " ( t )  j = (A2 d t o  eEt' T r { [H ' ( t l ) ,  [ ~ ' , P ~ ] ] p ~ ~ ( t ) }  + 
-03 

o jl) (t) ( 4 3 ~ )  

I c i t l e E t '  + =  -m 
1  ri@' ( t i )  , P J P ~ ~ ( ~ )  1 

a-1 aQ&(t) 

Here H, i s  the hami l tonian o f  the f r e e  subsystems and H' i s  the sum o f  

the energy operators corresponding t o  the  i n te rac t i ons  among them. 

Beyond the  quadrat ic  . t em i n  the  i n t e r a c t i o n  s t r e n g t h s  t h e  

c a l c u l a t  ions become messy. When one t runcates the ser ies  expans  i o n  i n  

second order  (R=2) the quas i- l inear  approximation i s  int roduced i n  the 

re laxa t i on  processes21. This i s  equ iva lent  t o  w r i t i n g  Y=1 i n  eq.(26d), 

and the co l  1 i s i o n  operators conta in  the i n te rac t  i on  coupl ing s t  rengths 

up t o  second order  only.  

The NSO me thod  permits us t o  ob ta in  nonl i n e a r  t r a n s p o r t  

equations i n  the form o f  expansions i n  terms o f  dev ia t ions  f r o m  t h e  

nonequi l ibr ium macroscopic s ta te  described by p ( t )  . For t h i  s reason 
c g  

the method i s  considered a f a r  reaching gene ra l i za t i on  o f  the Chapman- 

-Enskog method i n  the k i n e t i c  theory o f  gases'. The h y d r o d y n a m i c s  o f  

f l u i d  systems a r b i t r a r i l y  away from equ i l i b r i um i s  w i t h i n  the scope o f  

the NSO method, inc lud ing systems w i t h  la rge f ~ u c t u a t i o n s ~ ~ .  

A p a r t i c u l a r  case o f  hydrodynamics i s  t ha t  o f  nonequ i l ib r ium 

plasma i n  semiconductors. The study o f  h igh l y  exc i t ed  semi c o n d u c t o r s  



has become an important p a r t  o f  S o l i d  S t a t e  Physics. A cons  i d e r a b l e  

amount o f  experimental and theo re t i ca l  in fo rmat ion  on the s u b j e c t  i s  

ava i l ab le  a t  present and the growing i n t e r e s t  i n  the d e v e l o p m e n t  o f  

devices based on semiconductors keeps t h i s  area a l i v e  and ac t i ve .  Fur- 

ther ,  nonequil  ib r ium plasma i n  semiconductors i n  an important t e s  t i ng 

ground f o r  t heo re t i ca l  ideas i n  the physics o f  nonequ i l ib r ium many-body 

systems. I n  a forthcoming a r t i c l e  we w i l l  discuss the  a p p l i c a t i o n  o f t h e  

NSO method t o  the  study o f  u l t r a f a s t  re laxa t i on  phenmena i n  h i g h l y  

photoexci ted semiconductors. 

APPENDIX 1 : Normalization of the coarsegrained statistical operator. 

The n o r m a l i z a t i o n o f  p impl ies t ha t  
c9  

which together w i t h  equations (3) def ines $ and the n q u a n t i t i e s  F i. 
Also, s ince p - w - pcg + p1  i t  fo l l ows  t h a t  T r { p l l  = 0, which, as noted 

i n  the main t e x t ,  i s  a mani fes ta t ion  o f  the  f a c t  t h a t  there  i s  no d i s -  

s i p a t i o n  i n  the  coarse-grained ensemble. The n o r m a l  i z a t  i o n  o f  p i s  w 
given by 

$(t) = log  Tr{exp(- d t '  w ( t , t l ; t o )  ~ ~ ( t ' ) ~ ( t ' - t ) ) } ;  (1.2) 
3 

i n t e g r a t i n g  (1.2) by par ts  we ob ta in  

where we have added and subtracted $ i n the exponent t o  make e x p  1 i c i t 

the coarse-grained entropy operator  S. Recal l ing  t h a t  p =exp{-s), and 
c9 

using the expansion o f  operators o f  the form exp { A + B )  given i n  the main 

t e x t  we f i n d  



= log  Tr{pW} = O , 
and then 

which v e r i f i e s  eq. (14). 

Furthermore, using eqs. (3) and t l ie  expressions f o r  Ji and 0 we 

ob ta in  

i .e. Ji and @ have the same d i f f e r e n t i a l  coe f f i c i en ts ,  wh i  c h  a r e  t h e  

macrovariables Q. 

APPENDIX 2: Verification of eq. (22) and boundaiy condition. . 
Mul t i p l y i n g  both sides o f  eq. (22) by e x p I i t ~ )  we ob ta in  on the 

l e f t  hand s ide  

where 

Besides, on the r i g h t  hand s ide  o f  eq. (22) we ob ta in  

= a, r dt l  d t , t 1 ; t 0 )  l og  p c g ( t ' , t 1 )  . 
' t o  

Therefore, from (2.1) and (2.2) we ob ta in  

t 

iog  p ( t , t )  = Ito dtl  w ( t , t l ; t o )  log  p C g ( t 1 , t 1 )  + con r t .  



The i n teg ra t i on  constant i s  determined by the Boundary cond i t ion  

1 

l i m  
t-tt , 

i .e .  the system i s  i n i t i a  

log  p ( t , t )  = l og  0 ( t o , t o )  , 
c9 

l y  prepared as i n  contact  w i t h  i dea l i zed  res-  

ervo i  r s  character ized by in tens ive  parameteFs F .  ( t o )  , and n e x t  i t 
3 

evolves f r e e l y  from t h i s  i n i t i a l  s i t u a t i o n  under the  a c t i o n o f t h e  t o t a l  

L i o u v i l l e  operator  L. Comparison w i t h  eqs. (1 1) and (18) te1 1s us tha t  

the i n teg ra t i on  constant i s  nu11 and 

This i s  v e r i f i e d  f o r  the cases o f  eqs. (191, (20) and (21), and h o l d s  

fo r  any w such t h a t  

i) l i m  d t '  d t , t ' , t , )  = 1 , 

which i s  a s t ra igh t fo rward  consequence o f  the proper t ies  (a) and (b) o f  

W, and 

i i) w tends t o  zero when W tends t o  1 (T-', E, and a go t o  zero 

i n  eqs. (19)-(21)) 

i . e .  w behaves as a s ingu lar  kernel  i n  the l i m i t s  o f  t ime g o i n g  t o t h e  

i n i t i a l  time to and w t o  zero. 

Ihus ,  the i n f i n i t e s i m a l  source on the r i g h t  hand s i d e  o f  

L iouv i  l l e  equation (22) ensures the breaking o f  t ime-reversal symmetry 

and evo lu t i on  o f  the nonequi l ibr ium many-body system from the i n i t i a l  

cond i t i on  determined by p ( t  
C9 0 
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i n  Zubarev's method 

Resumo 

Sáo d iscut idos  aspectos teór icos  envolv i  dos no tratamento de sis-  
temas de mui tos corpos afastados do equi 1 i b r i o .  Consideramos, em deta- 
lhe, o método do operador e s t a t i s t i c o  de não- equ i l íb r io .  Usando o f o r -  
m a l  ismo da maximi zação da "entropia" juntamente com uma hipótese ad hoc, 
desenvolvemos um método para obter  operadores e s t a t í s t i c o s  de não-equi - 
l í b r i o .  Nosso tratamento recupera, como casos pa r t i cu la res ,  os operado- 
res de Green-Mori e de Zubarev. Descrevemos sumariamente a conexão com 
a Termodinâmica Generalizada e a construção das equações de t ranspor te  
não- I i nea res . 


