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Abstract The s t r a í n  f i e l d  i n  Nb-H system generated by the p r e c i p i t a t i o n  
o f  B-hydride has been evaluated q u a n t i t a t i v e l y  by E lec t ron Channell ing 
experiment. The r e s u l t s  were analyzed i n  terms o f  the  e f f e c t i v e  defor -  
mation o f  the Lévi-Mises s o l i d  by making use o f  an e l a s t o - p l a s t i c  model 
o f  the s t r a i n  f i e l d  around the m i s f i t t i n g  c y l i n d r i c a l  p r e c i p i t a t e .  

1. IMRODUCTION 

When high-energy e lec t rons  a re  inc ident  on a  c r y s t a l  i n  t h e  

neighbourhood o f  a  Bragg r e f l e c t i o n ,  the e lec t ron  s t a t e  i n  the c r y s t a l  

can be descr i  bed by a  superposi t i o n  o f  two bloch waves B ( 1  and  

B ( ~ )  (G) . AI though both waves have the same energy, B") ($1 i s  c o n c e n -  

t r a ted  a t  the  pos i t i ons  in-between the atoms wh i l e  B ( ~ )  ($1 a t  the pos- 

i t i o n s  o f  the atoms o f  the r e f l e c t i n g  planes. The sca t te r i ng  c o e f f i c i e n t  

fo r  B ( ~ )  6) w i l l  be greater  than f o r  B ( l )  (I;) since i n  the  former wave 

the  rnaxima i n  the cu r ren t  a re  co inc ident  w i t h  the s c a t t e r i n g  centers.  

At  the prec,ise Bragg pos i t i on ,  i . e .  a t  S=0, where S ind ica tes  

the dev ia t i on  parameter from Ewald sphere, both Bloch waves are  equa l l y  

exc i ted .  CLt the pos i t i ons  S  <O, B ( 2 )  (;) i s  p r e f e r e n t i a l  l y  e x c i  t e d .  

Consequently, f o r  S  >O sca t te r i ng  i s  reduced and e lec t rons  channel i n t o  

the  l a t t i c e .  For S < O sca t te r i ng  i s  enhanced and the  i n c i d e n t e l e c t r o n s  

are  more b a c k - s ~ a t t e r e d " ~ .  These f a c t s  cause the  asymmetrical absorp- 

r e f l e c t i o n  

ion  diagrams 

E l e c t r o n  

t i o n  o f  high-energy e lec t rons  on e i t h e r  s i de  o f  

and r e s u l t  i n  the format ion o f  c h a r a c t e r i s t i c  1  

known as Ellectron Channel l i nq Patterns (ECP) i n  
3 

Microscopy (SEM) . Fig. 1  i s  an example o f  ECP 

the Bragg 

ine  d i f f r a c t  

Scann i n g  
i n  niobium. 



Fig.1 - ECP i n  n iob i  
w i t h  6-hydride. 

I t  i s  known tha t  ECP l i n e  reso lu t i on ,  def ined as the angular 

d istance between the minimum and maximum i n t e n s i t y  o f  ECP 1 i ne ,  i s 

c l ose l y  re la ted  t o  the imperfections i n  the c r y s t a l  such as d is locat ions ,  

s t r a i n  f i e l d  and so 0 1 7 ~ ' ~ .  For example the  authors have shown i n  t h e i r  

e a r l i e r  work the l i n e a r  r e l a t i o n s h i p  between ECP 1 ine  r e s o l u t i o n  and 

deformation r a t i o  i n  niobium6. The present work aims a t  eva luat ing  the 

s t r a i n  f i e l d  i n  Nb-H generated by the  m i s f i t t i n g  p r e c i p i t a t i o n  o f  6- 

-hydr ide by the technique o f  E lec t ron  Channel 1 i ng (EC) . 

2. EXPERIMENTAL PROCEDURE 

The niobium used i n  t h i s  study was obtained from Fundação de 

Tecnologia I n d u s t r i a l  de Lorena i n  the form o f  a cy 

mately 5 mn i n  diameter and 1 1  mm i n  length.  

The specimen was r a p i d l y  etched i n  a so lu  

then annealed f o r  4 hours a t  1 5 0 0 ~ ~  i n  a vacuum o f  

coo l i ng  t o  room temperature, the specimen was equ i l  

inder o f  a p p r o x i -  

i on  o f  IHF + iHN03 

T o r r .  A f t e r  

brated a t  700'~ w i  t h  

a c o n t r o l l e d  pressure o f  H2 gas. The hydrogen concent ra t ion  d e t e r m i n e d  

by a Leco RH2 analyzer was found t o  be 760 ppm by weight .  F ig.  2 shows 

the op t  i ca l  micrograph o f  the  specimen thus prepared where the 6-hydride 



Fig.2 - Opt ica l  micro- 
graph o f  Nb-H ( X  7 0 ) .  

i s  seen i n  the form o f  lamellae. 

The specimen was then introduced i n  a  Scanning E lec t ron Micro- 

scope (Cambr idge S4-l O) and EC exper 

e r a t i n g  vol  tage o f  30 KV. The center  

placed on the p r e c i p i t a t e  border and 

proximately from 60 t o  85 pm. F ig .  1 

The reso lu t i on  o f  the f i n e s t  l i n e ,  i 

ment was performed w i t h  an accel-  

o f  the e lec t ron  beam s p o t  was 

the spot diameter was changed ap- 

shows one o f  the ECP thus obtained. 

e. the l i n e  having t h e  h i g h e s t  

M i l l e r  indices,  was measured and converted i n t o  deformation r a t i o  w i t h  

a  method descr i  bed i n  de ta i  l elsewhere6. 

3. THEORETICAL BASIS * 

We consider the p r e c i p i t a t e  as an i s o t r o p i c  c y l i n d r i c a l  tube 

&der the cons t ra in t  o f  interna1 p r e s s u r e p o f  mat r ix .  I t  i s  expected 

tha t ,  because o f  a  la rge volume cha?ge caused by the p r e c i p i t a t i o n  o f  B 
-Hydride (Av/v 0,12) 7 ,  the  s t r a i n  f i e l d  around the p r e c i p i t a t e  can- 

s i s t s  o  

and the 

cu la ted 

s t r a i n  

t:wo zones: the e l a s t o - p l a s t i c  zone adjacent  t o  the p r e c i p i t a t e  

pure ly  e l a s t i c  zone. (Fig. 3 ) .  
l'he s t r a i n  f i e l d  around the c y l i n d r i c a l  p r e c i p i t a t e  can beca l -  

ir1 a  way s i m i l a r  t o  the one used by Lee e t  a2.' t o  ca l cu la te  the 

i e l d  around a  m i s f i t t i n g  spher ical  p r e c i p i t a t e .  Üe use c y l i n -  

d r i c a l  coordinates (r,B,z) whose o r i g i n  i s  a t  the p r e c i p i t a t e  center  as 

shown i n  F'ig. 3. We assume the ma t r i x  t o  be e l a s t i c ,  p e r f e c t l y - p l a s t i c g  

and we neglect  the c rys ta l l og raph i c  nature o f  p l a s t i c  flow.The y i e l d i n g  

* As f o r  the  nota t ions  used i n  t h i s  sec t ion  see the L i s t  o f  Symbols i n  
the end. 



PRECI Pl TA1 E 

- E L A S T O -  PLASTIC ZON E 

Fig.3 - E las to- p las t i c  zone and e l a s t i c  zone sur-  
rounding a  c y l i n d r i c a l  p r e c i p i t a t e .  

o f  the ma t r i x  there fore  takes p lace under the  constant s t ress  and i s i n -  

dependent of the o r i e n t a t i o n  o f  the  s t ress  ax i s .  

i& suppose a l so  tha t  the s t ress  and s t r a i n  do not  depend on z 

and 8, i .e . ,  t h e i r  pa r t i a1  de r i va t i ves  w i t h  respect t o  z and 8 a re  zero. 

By the equ i l i b r i um cond i t i on  i n  the absence o f  body force,  

With the a i d  o f  Hook's law: 

i t can be shown tha t 

where u i s  the  r a d i a l  displacement. 

The general s o l u t i o n  of (3) assumes the form 

K2 
u = K , r + -  r 



where K, and K, are constants. 

A. Pure E l a s t i c  S ta te  

Me now suppose t h a t  the  m i s f i t t i n g  c y l i n d r i c a l  p r e c i p i  t a t e ,  

whose radius i s  a ( l + ~ )  i n  the absence o f  the  ma t r i x  const ra in t ,  i s  in -  

serted i n  a c y l i n d r i c a l  hole o f  radius a and tha t  i t s  e f f e c t i v e  radius 

has become a (I+BE) under the ma t r i x  cons t ra in t  ( interna1 pressure p) . 
Then the boundary cond i t ions  on u are  

u (r=a+) = 8 E a 

u(r=co) = O  , f o r t h e r e g i o n  r > a  ; 

u (r--) = (8-1) &a 

u(r-O) = O , f o r  the region r < a  . 

Inspect ion o f  (4) reveals tha t  

u = f o r  r < a 

$ E  a 2 / r  f o r  r 2 a 

I t  i s  c lea r  t ha t  

u = (8- I )E~ (O < r 6 a) 

(displacement i n  the p rec ip i t a te )  

and consequently, 

Er* = E * = (8 - ] ) E  e 

( e l a s t i c  stress and s t r a i n  i n  the p rec ip i t a te )  

where the superf i x  * re fe rs  t o  the prec i  p i  t a t e  phase. 

The e l a s t i c  s t ress  and s t r a i n  i n  the ma t r i x  can be w r i t t e n  as 

- ,E 9 = - E~ 
E ~ - - = -  ar 

( e l a s t i c  s t r a i n  i n  the matr ix)  



Rook's law gives 

a 2  - = - 2 ~ 8 ~  (i-) - - oe 

( e l a s t i c  s t ress  i n  the mat r ix )  

Inspet ion o f  (10) reveals t h a t  

Therefore (9) and (10) becorne 

B. E las to-Plas t ic  Zone ( r  >, r 2 a) and E l a s t i c  Zone ( r  2 r ) 
P P 

As i s  shown l a t e r ,  the interna1 pressure p i s  la rge enough t o  

cause y i e l d i n g  and consequently the p l a s t i c  deforrnation takes place i n  

the ma t r i x  adjacent 

t e r i o n 9,  i . e .  y i e l d  

Then (1) r 

t o  the p r e c i p i t a t e .  We adopt the Tresca y i e l d  c r i -  

ng occurs when 

0 = l u - o  1 
Y e r  

duces t o  

Considering the boundary cond i t i on  

o = -  a t  r = a ,  

the s o l u t i o n  o f  (13) i s  g iven by 

(s t ress  i n  the  p l a s t i c  region) 

On the o ther  hand, subst i  t u t i o n  o f  (10') i n t o  (12) resu l  t s  i n  



Consequently, the y i e l d i n g  w i l l  s t a r t  a t  the ma t r i x-  p r e c i p i -  

t a t e  i n te r face  when the interna1 pressure reaches the  c r i  t i c a l  v a l u e  

0 / 2 ,  and a s p  increases the p l a s t i c  zone o f  radius r w i l l  d e v e l o p  
Y P  

adjacent t o  the m a t r i x - p r e c i p i t a t e  i n te r face .  

hlow we ca l cu la te  the  s t ress  i n  the  e l a s t i c  region o f t h e  m a t r i x  

( r  > r ) . By subst i  t u t i n g  the  c r i  t i c a l  value o / 2  f o r  p  and r f o r  a  
P  Y P  

i n  (101) ,  we ob ta in  

(s t ress  i n  the m a t r i x  i n  the e l a s t i c  region) 

13y equating (16) and (14) a t  r = r the p l a s t i c  zone  rad ius  
P' 

obtained: 

r = a e x p { P -  ' I  
P  a 2 ( I  7) 

Y 
( 6 ) ,  (10') and (11) y i e l d  the  pure e l a s t i c  d e f o r m a t  i o n  o u t s i d e  t h e  

p l a s t i c  zone (r 2 r ) : 
P 

u r2 
u = =  ( r 2 r )  

P  
(18) 

4 u  2- 

(pure e l a s t i c  deformation outs ide  the p l a s t i c  zone) 

C.  S t r a i n  i n  the p l a s t i c  region 

Wi th in  the p l a s t i c  zone ( r  ã r 2 a ) ,  s t r a i n s  are  the sum o f  
P  

p l a s t i c  and e l a s t i c  s t ra ins .  Since the e l a s t i c  s t r a i n s  are  r e l a t e d  t o  

Hook's law, we have 

where E and ceP are  the p l a s t i c  s t r a i n  components. Using the incom- r 
p r e s s i b i l i t y  cond i t i on 9 

, P + , P = O  
r e 

and upon u t i l i z a t i o n  o f  (19) and (12), we ob ta in  



- au + = c1 log  E) + C2 a r  r (21) 

where 

(1 -v-2v2) .2 a Y 
(I-v-2v2) ( a  -2$ 

c, = > c2 = (22) 
E E 

ia1 equation (21) has a s o l u t i o n  such as The d i  f fe rent  

1 r 
IA = ~ ~ ~ r l o g  (2 + 

1 
r 

( a & r & r )  (23) . (2C2 - C,) r + C, - 
r P 

(deformation i n  the p l a s t i c  region) 

By equating (23) and (18) a t  r = r C, can be determined: 
P '  

Therefore the t o t a l  ( = e l a s t i c  + p l a s t i c )  s t r a i n  i s  

The constants are  given by 

1 - C, = (1 -v-2v2) 1 
2 r;--- ay , q- @C2 + C,) = 

We normalize the distance r w i t h  respect t o  t h e  r a d i  us  o f  

p r e c i p i t a t e  a. Choosing the o r i g i n  a t  the  center o f  the e lec t ron  beam 

spot, we def ine  the 5 - 5 coordinate. ( ~ i ~ .  4) 
Then, s e t t i n g  r / a  : 1+5, and r =na, (24) and (25) r e d u c e  

t o  
P 



(241, (25) and (19) permit  t o  ca l cu la te  the p l a s t i c  s t r a i n  component: 

F ina l  l y ,  as the  displacement should be continuous a t  r = a  , (6) 

and (24) g i ve  the r e l a t i o n  between p and B E :  

I 
I 
I 

A 
I 
I 

PRECIPITATE 
I /c- 

/ I I/ ELECTRON BEAM SPOT 

I: 
I \ 

- 
I \ 

5 
I '\ 
I 'L - 
I 
I, 
I CENTER OF THE PRECIPITATE 
I 
I 
I I 

Fig. 4 - 5 - 5 coordinate.  

4. ANALYSIS AND DISCUSSION 

In Fig. 5 the deformation r a t i o  estimated by EC i s  shown a s  

v e r t i c a l  l i n e s  together w i t h  t heo re t i ca l  curves t o  be expla ined l a t e r .  

I t  should be noted t h a t  ECP l i n e  reso lu t i on  (and c o n s e q u e n t l y  c o r r e -  

sponding deformation r a t i o  m) determined wi t h  the e l e c t  r o n  beam 

spot o f  radius 5 ,  i s  some average over the area 1/2 a 5 : .  As thede fo r -  



F i g .  5 - Deformation r a t i o  detected by EC. 



mation f i e  

be w r i t t e n  

where E ( r )  

I f 

E (5) rnay be 

d i s  constant p a r a l l e  

as 

1 t o  the p r e c i p i t a t e  border, may 

s the s t r a i n  f i e l d  f e l t  by e lec t ron  bearn. 

r i g i d ,  and p e r f e c t l y  p l a s t i c  behaviour o f  rnatr ix  i s  assurned, 

expressed by the e f f e c t i v e  s t r a i n  o f  Lévy-Mi ses so l  i d
g
:  

W i  t h  the  a i d  o f  (24 ' )  , (25') , (30) and (31) , we have made nu- 

mer ical  ca lcu lus  o f  € (c0)  choosing severa1 values o f  n*. 

The continuous cu 

tha t  the experimental resu 

corresponding t o  n = 5.5. 

ca lcu la ted the value o f  @E 

ves o f  Fig.  5 show the resu l t s .  I t  i s  seen 

t s  a re  f i t t e d  approxirnately by the curve 

n order  t o  see the v a l i d i t y  o f  the model, we 

by (29) and obtained BE = 0.50. 

S ince A V / V  - 0.12, the expected value o f  BE i s  

(1 + B E ) ~  - I = 0.12 i . e  B E  = 0.58 

I n  order  t o  exp la in  the discrepancy between experimental and 

theo re t i ca l  values o f  BE and the dev ia t i on  o f  experimental r e s u l t s  from 

the theo re t i ca l  curves i n  F ig .  5, we have considered t h e  f o l l o w i n g  

causes: ( I )  y i e l d  c r i t e r i o n ,  (2) values o f  e l a s t i c  moduli ,  and (3) i n -  

f luence o f  surface.  

q h e  numerical values o f  e l a s t i c  rnoduly used f o r  the ca lcu lus  are  those 
given by Metal Handbook, American Soc ie ty  o f  Metals: V = 0.38, E = 1 . O 3 .  
.1012, = 3.75.10l1, ay = 2 .07.10~ i n  c.g.s u n i t .  



(I) Y i e l d  C r i t e r i o n  

The theory developed i n  sec t ion  (3) makes use o f  t h e  T r e s c a  

y i e l d  c r i t e r i o n .  On the o ther  hand, the r e s u l t s  a re  analyzed w i t h  the 

a i d  o f  e f f e c t i v e  s t r a i n  o f  Lévy-Mises s o l i d  which i s  equ iva lent  t o  the 

Mises c r i t e r i o n .  Therefore i n  order t o  maintain t h e  c o n s i s t e n c y  the 

theory should a l s o  be developed using the Mises c r i t e r i o n .  However, the 

i n t roduc t i on  o f  the Mises c r i t e r i o n  makes most o f  t h e  d i f  f e r e n t  i a 1  

equations non- l inear and the  so lu t i ons  cannot be obtained i n  terms o f  

simple a n a l y t i c a l  func t ions .  I t  i s  known t h a t  the  Mises c r i t e r i o n  gives 

higher value o f  y i e l d  s t ress  a than the Tresca c r i t e r i o n 9 .  The use o f  
Y 

the Mises c r i t e r i o n  there fore  might cause f a s t e r  decrease o f  and 

and consequently b e t t e r  accordance between the theo re t i ca l  and e x p e r -  

imental r e s u l t s  might be expected. 

(2) E l a s t i c  Moduli 

The e l a s t i c  moduli used i n  the ana l ys i s  are  values determined 

by some macroscopic experiment. Mathematical ly, the  most a p p r o p r  i a t e  

values o f  e l a s t i c  moduli a re  those averaged over a l l  poss ib le  o r i e n -  

ta t i ons  o f  the coordinate system r e l a t i v e  t o  the c r y s t a l  ax i s .  Two k inds  

o f  average are known, i .e., the Vo ig t  average and the Reuss a v e r a g e ,  

corresponding t o  the upper and lower bounds f o r  compress ib i l i t yandbu lk  

modulus respect ive ly*  'O. 

We ca lcu la ted E(<,) using the values o f  e l a s t i c  moduli g iven 

by the two averages. The r e s u l t s  are best f i t t e d  by n = 5.0 f o r  V o i g t  

average and by n = 5.0 f o r  Reuss average. The corresponding v a l u e s  o f  

@E are  0.49 and 0.52 respect ive ly .  Therefore, i n  the  range o f  t h e o r e t i -  

ca l  upper and lower l i m i t s ,  the choice o f  e l a s t i c  moduli a f f e c t s  r e l a -  

t i v e l y  l i t t l e  the so lu t i on .  The r e s u l t  t h a t  the Reuss average gives the 

c losest  va lue  o f  BE t o  the  theo re t i ca l  one might be re la ted  t o  the f a c t  

* f o r  ~ i o b i u m "  

V = 0.392 p = 3.96 . 10" E = 1.10 . 1012 

Voigt  average 

v = 0.336 v = 3.57 . 10"  E = 3.57 . 1 0 ' '  

Reuss average 

i n  c. g. S.  u n i t s  



(3) Surface Relaxat ion 

I n  t h i s  study, the re laxa t i on  e f f e c t  along the 2-axis and the 

. in f  luence o f  surface were neglected (3/30 = O, 3/82 = O) . i t  may be 

there fore  t h a t  the value o f  n i s  a l i t t l e  overestimated and tha t  the 

rea l  s t r a i n  f i e l d  decreases more r a p i d l y  than depicted i n  F ig .  5. Th is  

may a l s o  g i ve  r i s e  t o  the dev ia t i on  o f  the experimental r e s u l  t s  f rom 

the the reo t i ca l  curves shown i n  the same f i g u r e ,  as we l l  as the  smal ler  

value o f  1 3 ~ .  

F i n a l l y ,  adopt ing the va lue n=5.5, the s t r a i n  f i e l d  around 6- 
-hydr ide Mas evaluated us ing  (24' )  and (25') f o r  t he  e l a s t i c  modu l  i 

given i n  the page 13. 

The r e s u l t s  a re  shown i n  Fig.  6, where the  t o t a l  s t r a i n  i s  

described by the  continuous curves and the p l a s t i c  component b y  t h e  

dashed curves. The corresponding in terna1 pressure p i s  estimated t o  be 

p - 2.2 (r from17. 
Y 

LIST OF SYMBOLS 
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Fig. 6 - Estimated strain field around B-hydride. 
Dashed vertical line indicates t h e  limit o f  plas- 
tic zone ( 5  = 4.5). 
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Resumo 

I J t i l i zando Tunelagem de Eletrons,  f o i  ava l iado q u a n t i t a t i v a -  
mente o c i ~ i p o  de tensão gerado pelos prec ip i tados de h idre to-6  no s i s -  
tema Nb-H . Os r e s u  1 t a d o s  foram anal isados em termos de deformação 
e f e t i v a  do s ó l i d o  de Lévi-Mises, v i a  a u t i l i z a ç ã o  de um modelo e las to -  
- p l á s t i c o  do campo de tensões ao redor do prec ip i tado.  


