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Abstract Poincaré s e c t i o n s  reduce t h e  f l o w  o f  H a m i l t o n i a n  systems w i t h  
two degrees o f  freedom t o  area p r e s e r v i n g  maps. I f  t h e  map i s  c h a o t i c ,  
s e p a r a t r i c e s  emanating f rom u n s t a b l e  f i x e d  p o i n t s  i n t e r s e c t  i n  i s o l a t e d  
homocl i n i c  (or h e t e r o c l  i n i c )  p o i n t s .  k v e r i f y  thenumer ica l  p r e c i s i o n  o f  
t h e  B i r k h o f f  normal fo rm i n  c a l c u l a t i n g  homoc l in i c  p o i n t s  o f  t h e  f a m i l y  
o f  q u a d r a t i c  maps. A  s imp le  asympto t i c  formula i s  d e r i v e d  f o r  two i n -  
f i n i t e  sequences o f  homoc l in i c  p o i n t s ,  as they approach t h e  f i x e d  p o i n t  
f o r  p o s i t i v e  o r  n e g a t i v e  i t e r a t i o n s  o f  t h e  map. 

The f low o f  autonomous H a m i l t o n i a n  systems o f  one degree o f  

freedom i s  always integrable, t h a t  is, t h e  o r b i t s  l i e  i n  i n v a r i a n t  curves 

( leve1 o f  the  Hami 1 ton ian)  . T h i s  i s  n o t  t h e  case f o r  genera l  d i  f f e r e n -  

t i a b l e  area p r e s e r v i n g  rnapphgs o f  t h e  phase p lane  o n t o  i t s e l f ,  such as 

ob ta ined  by t a k i n g  a  ~ o i n c a r é  section o f  H a m i l t o n i a n  systems w i t h  two 

degrees o f  freedom (see e.g. 6erry1) . l t  i s  then  o f t e n  found t h a t  chaotic 

orbi ts  f i l l  densely  some areas i n  t h e  p lane,  i n  t h e  l i m i t  o f  i n f i n i t e  

i t e r a t i o n s .  

Consider a  one-parameter f a m i l y  o f  maps, w i t h  t h e  p r o p e r t y  

t h a t  as t h e  parameter a -+ 0, t h e  mapping becomes i n f i n i t e s i m a l ,  i . e .  a  

H a m i l t o n i a n  f l o w .  I f  f o r  a=o t h e  map has any u n s t a b l e  f i x e d  p o i n t s ,  t h e  

s e p a r a t r i c e s  t h a t  emanate f rom them must e i t h e r  r e e n t e r  t h e  sane p o i n t  

o r  some o t h e r  f i x e d  p o i n t  such as i n  F i g .  l a  o r  b. 

AI1 p o i n t s  on t h e  s e p a r a t r i x  have t h e  p r o p e r t y  t h a t  i n  b o t h  

1 i m i  t s ,  when t h e  i t e r a t  i o n  n u m b e r  n -+ and n -+ -m, they a r -  

r i v e  a t  an u n s t a b l e  f i x e d  p o i n t .  T h i s  p r o p e r t y  d e f i n e s  homoczin.icpoints, 
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exponential i n s t a b i l i t y  o f  the  o r b i t s  w i t h  respect t o  any unce r ta in t y  

o f  the i n i t i a l  cond i t ions .  In sec t i on  2 we examine a s imple a n a l y t i c a l  

method fo r  c a l c u l a t i n g  homocl in ic and h e t e r o c l i n i c  po in t s  based  o n  

Birkbff norma2 foms2. Nuinerical v e r i f  i c a t  ion o f  the  method f o r  gen- 

e r a l  quadrat ic  maps i s  presented i n  sec t ion  3. I t  i s  f ound tha t  beyond 

a c e r t a i n  parameter threshold convergence of the homocl in ic po in t s  i s  

obtained w i t h i n  the  numerical accuracy. 

2. THE BIRKHOFF NORMAL FORMAL 

A l i nea r  canonical change o f  coordinates w i l l  take any ana- 

l y t i c a l  mapping,with an unstable f i x e d  po in t  a t  the o r i g i n  i n t o  t h e  

form 

I t  was proved by ~ i r k h o f f ~  t ha t  t h i s  map can be transformed i n t o  t h e  

norma Z form 

Q '  = U ( Q P ) Q  
(2) 

P I  = ( Ù ( Q P ) ) - ' P  , 

by the formal nonl inear t ransformat ion 

The f a c t  t ha t  U  is a funct:ion 'only o f  the product QP, 

leads immediately t o  

Q ' P '  = QP . 



Thus i n  the normal coordinatec (Q,P) a l  l o r b i t s  l i e  on i nva r i an t  curves 

-hyperbolae, j u s t  as i n  t he  l i nea r  approximation o f  ( I ) . ~ h e  d i f f e rence  

i s  t ha t  i n  the  normal form the r a t e  o f  expansion and con t rac t i on  along 

the p r i n c i p a l  d i r e c t i o n s  va r i es  between the hyperbolae. 

The coordinate tr imsformat ion (3) i s qual i f i ed  as formal be- 

cause i t s  ccmvergence i s  no t  guaranteed. Indeed one can e a s i l y  s e e t h a t  

i t  cannot converge indef  i n i t e l y  f a r  from the o r i g i n  i f  the sepa ra t r i x  

has a t ransverse homoclinic crossing w i t h  another separa t r ix .  As pre- 

v i o u s l y  discussed, the sepa ra t r i x  w i l l  then bend i n t o  i n f i n i t e l y  t i g h t  

wiggles, which behaviour citnnot be reproduced by a convergent se r i es .  

Normal forms f o r  r ; table f i x e d  po in ts  do not  converge anywhere, 

because o f  the smal l denominator problem3 f o r  the coe f f  i c i e n t s  o f  the 

t ransformat ion.  This i s  not  present i n  the  normal form transformat ion 

f o r  unstable f i x e d  po in ts ,  as made evident  by the  recurrence r e l a t i o n s  

f o r  t he  coef ' f i c ien ts ,  

where we have def ined the auxi 

binomial expansion 

(6) 

l i a r y  bs t  o f  c o e f f i c i e n t s  (un) . from the  
3 

(The n o n t r i v i a l  content o f  B i r kho f f ' s  theorem i s  exempl i f i e d  b y  the  

compat ib i l  i t y  o f  the ser ies  f o r  U and U-l obtained from (6)) . 
The parametric equations f o r  the separatr ices are  given by (3) 

w i t h  e i t h e r  Q o r  P se t  equal t o  zero. I t  i s  thus o n l y  n e c e s s a r y  t o  

compute the c o e f f i c i e n t s  q kO, pkO, q k k a n d p  i n  ( 6 ) , w h i c h  can  b e  
kk  

ca lcu la ted independently from the o ther  c o e f f i c i e n t s  and the Upk. The 

equations f o r  the separatr ices a re  non- l inear,  so t h e y  may cross a t a n  

approximate homocl i n i c  po in t .  Heterocl i n i c  p o i  n t s  need t h e  c a l  - 
c u l a t i o n  o f  normal forms f o r  both re levant  f i x e d  p o i n t s .  The approxi-  



mate s e p a r a t r i c e s  o b t a i n e d  f rom a  f i n i t e  t r u n c a t i o n  o f  t h e  normal fo rm 

w i l l  have a  f i n i t e  number o f  o s c i l l a t i o n s  and hence we can o n l y  ap- 

prox imate  a  f i n i t e  number o f  homoc l in i c  p o i n t s  d i r e c t l y .  However, i t  i s  

s u f f i c i e n t  t h a t  a  s i n g l e  h o m o c l i n i c  p o i n t  be w e l l  approximated, s i n c e  

t h e  o t h e r s  w i l l  be i t s  fo rward  and backward images i n  t h e  normal f o r m  

map. I t  i s  t h e  p o s s i b i l i t y  o f  f i n d i n g  such a  p o i n t  which we i n v e s t i -  

g a t e  n u m e r i c a l l y  i n  the  f o l l o w i n g  s e c t i o n .  

3. COMPUTATIONAL VERIFICATION FOR QUADRATIC MAPS 

The l i n e a r i z a t i o n  o f  a  map w i t h  an u n s t a b l e  f i x e d  p o i n t a t t h e  

o r i g i n  c h a r a c t e r i z e s  i t s  neighbourhood. I n t r o d u c i n g  t h e  nex t  term i n  

the  T a y l o r  s e r i e s  (1) we o b t a i n  q u a d r a t i c  maps which can be reduced 

through a  1 i n e a r  change o f  c o o r d i n a t e  t o  t h e  form4 

where the  s i n g l e  parameter i s  t h e  e igenva lue  a. A r o t a t i o n  o f  ~ / 4  p u t s  

t h i s  map i n  t h e  fo rm o f  e y u a t i o n  (1) . For a < a, 2 1.76 t h e r e  e x i  s t s  

a l s o  a s i n g l e  s t a b l e  f i x e d  p o i n t .  I n  t h i s  range (8) can be t r a n s -  

formed i n t o  t h e  area p r e s e r v i n g  Henon map5. Beyond a, t h e  s t a b l e  f i xed  

p o i n t  undergoes an i n f  i n i  t e  sequence o f  p e r i o d  doubl i ng  b  i f u  r c a  t i o n s  

e q u i v a l e n t  t o  those s t u d i e d  by ~ o u n t i s ' .  I t e r a t i o n s  o f  t h e  map f o r  

a = 0.9, f o r  o r b i t s  i n  t h e  r i g h t  q u a r t e r - p l a n e  wh ich  c o n t a  i n s  t h e  

s t a b l e  f i x e d  p o i n t ,  a r e  shown i n  F i g .  2 .  The m a j o r i t y  o f  t h e  o r b i  t s  

f a l l  on i n v a r i a n t  c l o s e d  curves b u t  t h e  o u t e r  ones break up w i t h  t h e  

f o r m a t i o n  o f  i s l a n d s  sur round ing  s t a b l e  p e r i o d i c  p o i n t s  a n d  c h a o t i c  

reg ions  around the  s e p a r a t r i c e s .  As a  reaches a,, t h e  whole f a m i l y  o f  

c l o s e d  i n v a r i a n t  curves d isappears.  

Cons ider ing  t h e  l i n e a r i z a t i o n  o f  (8) we de te rmine  t h e  d i r e c -  

t i o n  o f  s e p a r a t r i c e s  a t  t h e  o r i g i n .  So, i f  we choose many p o i n t s  o n  

t h e  o u t g o i n g  s e p a r a t r i x  near  t h e  o r i g i n  and i t e r a t e  t h e  map we o b t a i n  

p o i n t s  approx imate ly  on t h e  nonlinear o u t g o i n g  s e p a r a t r i x .  t i e r e  ex- 

p o n e n t i a l  i n s t a b i l i t y  i s  no problem s i n c e  t h e  s t r e t c h i n g  d i r e c t i o n  i s  

e x a c t l y  a l o n g  the  s e p a r a t r i x  so  t h a t  p o i n t s  near  i t a r e  a c t u a l  I y 

d r i v e n  o n t o  i t .  I n  t h e  samemanner, we can t r a c e  o u t  t h e  i n c o r n i n g  



Fig .  2 - I t e r a t i o n s  o f  f ou r  o r b i t s  o f  the quadra t ic  
map (8) f o r  the  parameter a = 0.9. The two inner-  
most o r b i t s  l i e  a t  l eas t  approxirnately on i nva r i an t  
closed curves which surround the s t a b l e f i x e d p o i n t .  
The t h i r d  o r b i t  i s  excluded from a set  o f  is lands 
surrounding s tab le  pe r i od i c  po in t s .  The outerrnost 
o r b i t  u l t i m a t e l y  escapes beyond t h e  separatr ices,  
rnaking an angle o f  2 1r/4 w i t h  t h e  o r i g i n ,  a f t e r  
f i l l i n g  f a i r l y  evenly the access ib le  region.  

sepa ra t r i x  by tak ing  po in ts  on the  incoming sepa ra t r i x  near the o r i g i n  

and i t e r a t i n g  the inverse map. Again,exponential i n s t a b i l i t y  i s  on our 

s ide.  Separatr ices so obtained a re  shown i n  Fig.  3a. I f  a s u f f  i c i e n t  

number o f  o r b i t s  i s  computed along the  separa t r ix ,  then the homoc l  i n i c  

po in ts  can be obtained by l inea r l y  i n t e r p o l a t i n g  between s u c c e s s  i v e  

po in ts  surrounding t l i e  crossing.  The coordinates o f  t he  f i r s tho rnoc l i n i c  

po in ts  a re  showii i n  the f i r s t  two columns o f  Table 1 .  l t  can be shown 

tha t  f o r  a -+ the coordinates o f  the f i r s t  homoclinic po in ts  a re  ( 2 , 2 ) .  

The c o e f f i c i r n t s  o f  the B i r kho f f  normal form a re  given ex- 

p l i c i t l y  by 



Approximate separatr ices a re  shown i n  Figs.  3b. I t  i s  i n  the 

context  o f  the  normal form tha t  we can make prec ise  the  idea o f  t h e  

f i r s t  homoclinic po in t  as t ha t  w i t h  the l eas t  sum P, +Q, o f  the  normal 

form coordinates. The (q, ,p,) coordinates o f  the f i r s t  homocl i n i c  points, 

f o r  the same parameter values as used f o r  the d i r e c t  ca l cu la t i on ,  a re  

shown i n  the t h i r d  and f o u r t h  columns o f  Table 1 .  

Table 1 - ka,.zja are  the coordinates o f  the f i r s t  homocl i n i c  po in t  from 

the computation o f  the separatr ices as i n  F ig .  3a. (xb,yb) a r e t h e  coor- 

d inates according t o  the E i r kho f f  normal form as i n  F ig .  3b. n i s  the  

order  o f  the normal form f o r  which the  numerical convergence t o  the 

numbers displayed was obtained. 



Fig .  3 - (a) Points on the  incoming and outgoing 
separatr ices obtained by p o s i t i v e  and negat ive 
i t e r a t i o n s  on the l i n e a r  approximation o f  the  
separatr ices very near the  o r i g i n ,  f o r  a=1.4. (b) 
The two separa t r ices  ca lcu la ted f romthe B i rkhof f  
normal form up t o  twent ie th  order .  



Within the numerical p rec i s i on  we f i n d  tha t  where the ser ies  

converge they g i ve  c o r r e c t l y  the  f i r s t  homoclinic po in t .  F o r  h i g h  

values o f  the  parameter cx numerical convergence i s  f a s t  - we need on l y  

the f i r s t  f i v e  o r  so coe f f i c i en ts .  Close t o  the l i m i t  o f  the range o f  

convergence we found i t  i s  necessary t o  ca l cu la te  up t o  twenty coef-  

f i c i e n t s .  I t  i s  noteworthy tha t  convergent values f o r  t h e  homocl in ic 

coordinates were obtained even f o r  parameter values f o r  which the map 

was not  g l o b a l l y  chaot ic  and s t i l l  contained a fami iy  o f  c l o s e d  i n -  

va r i an t  curves. 

4. CONCLUSION 

We have v e r i f i e d  the power o f  the B i r kho f f  normal form near a 

s tab le  f i x e d  po in t  o f  an area preserv ing map i n  the  region w h e r e  t h e  

coordinate t ransformat ion i s  n o t  one-to-one. The d i r e c t  c a l c u l a t i o n  o f  

the f i r s t  homoclinic po in t  i s  no t  d i f f i c u l t  s ince exponential i n s t a -  

b i l  i t y  i s  n o t a  problem,but i t  i s  not  easy t o  ca l cu la te  successive homo- 

c l i n i c  po in ts  d i r e c t l y .  One choice i s  t o  i t e r a t e  the map f a r  beyond 

what i s  necessary t o  obta i i i  the f i r s t  homocl in ic po in t ,  and then usethe 

successive in tersec t ions  oF the separa t r ices .  This process cannot be 

c a r r i e d  through i n d e f i n i t e l y  f o r  a f i n i t e  number of o r b i t s .  The o ther  

choice i s  t o  i t e r a t e  the forward and backward o r b i  t o f  t h e  f i r s t  

homoclinic po in t .  &It here exponential i n s t a b i l i t y  i s  a hindrance. As 

the f i x e d  po in t  i s  approached any e r r o r ,  no matter  how small,  i n  the 

o r i g i n a l  eva luat ion  w i l l  eventua l ly  push t h e  i t e r a t  i o n s  o f f  t h e  

sepa ra t r i x  - the o r b i t  w i l l  d iverge from the o r i g i n .  

Successive homoclinic po in t s  can however be e a s i l y  ca l cu la ted  

us ing the normal form. I ndeed, a long the  separatr ices U(QP) = h =exp(a), 

so tha t  the normal form coordinates a re  

na -na P n = e  P, , Q n = e  Q, . (1 0) 

Asymptot ical ly  c l ose  t o  the o r i g i n ,  where d i r e c t  c a l c u l a t i o n  f a i l s ,  we 

can use the  l i n e a r  p a r t  o f  the t ransformat ion (3) g i v i n g  

The coordinates o f  the homoc 

o f  the quadrat i c  map (8) are  

l i n i c  po in t s  which 

thus given e x p l i c  

converge onto the o r i  g i  n 

i t l y  by 
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Resumo 

Pode-se reduz i r  o estudo do f l u x o  de um sistema Hami l toniano 
de dois graus de 1 iberdade ao de uma apl  icação do plano que conserva 
área, por meio de seções de Poincaré. Se a apl icação f o r  caót ica ,asse-  
para t r izes  que emanam de um ponto f i x o  ins táve l  se intersectam em pon- 
tos homocl í n i  cos (ou heteroc l  ínicos) i solados. Ver i ficamos a prec i  sao 
numérica do cá l cu lo  de pontos homocl ín icos  para a famí l  i a  de apl  icações 
quadráticas, a p a r t i r  da forma normal de B i r kho f f .  Derivamos uma sim- 
ples fórmula ass in tó t i ca  para duas sequências i n f i n i t a s  de pontos homo- 
c1 ín icos  que se aproxima do ponto f i x o  para i terações pos i t i vas  ou ne- 
gat ivas  da apl icação. 


