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Abrtract To t e s t  the  e f f  i c i ency  o f  the  continued f r a c t i o n  expans  i o n  
method we s t a r t  w i t h  an a p r i o r i  known a n a l y t i c a l  curve ~ ( w ) ,  c a l c u l a t e  
the  s t a t i c  moments and then, app ly ing  the c u t o f f ' s  most used i n  the  
l i t e r a t u r e ,  compare the approximated curves w i t h  the o r i g i n a l  ones. We 
show tha t ,  except i n  some specia l  cases, i t  i s  almost imposs ib le touse 
the method when on l y  the second and f o u r t h  moments a re  known. 

1. INTRODUCTION 

The cont  inued f r a c t  ion  expans ion  method proposed b y  Mor i I ,  

where the relaxation-shape func t i on  $(w) i s  e x p r e s s e d  i n  t e r m s  o f  

s t a t i c  c o r r e l a t i o n  funct ions,  i s  one o f  the  most used methods i n  the  

l i t e r a t u r e ,  f o r  the study o f  the dynamics o f  physical  systems. I n  t h i s  

expansion, coherent behavior i s  ex t rac ted a t  each stage o f  development 

leaving, as undetermined remainders, the Laplace transforms o f  memory 

funct ions.  Despite i t s  l a rge  use, the e f f i c i e n c y  o f  the method i s  no t  

much discussed2. I n  t h i s  paper, t o  t e s t  the  e f f i c i e n c y  o f  thecont inued 

f r a c t i o n  expansion method, we s t a r t  w i t h  an a p r i o r i  known a n a l y t i c a l  

curve F(w), c a l c u l a t e  the s t a t i c  moments and then, app ly ing  t h e  cu t -  

o f f ' s  most used i n  the l i t e r a t u r e ,  compare the approximated curves w i th  

the o r i g i n a l  ones. 

Anologous r e s u l t s  a r e  found i n  t h e  l i t e r a t u r e  f o r  ~ a d é  

Approximants3 but  t h i s  method makes use o f  h igh  order  moments and i n  

our ana lys is  we use on ly  lower order  moments. On the  o ther  hand the  

equivalente between the Padé Approximant and the  Continued F r a c t i o n  

Method Expansion i s  no t  completely establ ished.  

2. THEORY 

The relaxation-shape func t ion  + ( z )  can be exact l  y represented 

by the continued f r a c t i o n  expansion 



where z = Xii and 6, = M,, 6, = M,/M, - M,, ..., w i t h  Mn, the n- th  mo- 

ment, g iven by 

Because equation (2.1) has an i n f  i n i  t e  number 

1 - Re 13 (z=iw)] . (2.2) 
71 

o f  terms, i n general , a 

c u t o f f  must be considered. Two d i f f i c u l t i e s  come about. F i r s t ,  i n  most 

problems, on ly  the lower order moments can be a n a l y t i c a l l y  calculated.  

The second d i f f i c u l t y  has t o  do w i t h  which funct ion  should be used t o  

c u t o f f  the expansion. To overcome t h i s  d i f f i c u l t y ,  a v a r i e t y  o f  ap -  

proximat ion methods have been proposed by several authors4- I  l .  These 

methods i n  general depend on both the magnitude o f  the ava i l ab le  6 ' s  

and the temperature region o f  i n t e r e s t  i n  the spectra under consider- 

a t i on .  

The comparison o f  the r e s u l t s  t h e o r e t i c a l l y  obtained w i t h  the 

experimental data does not  a1 low a good check o f  the method f o r  several 

reasons. Consider, f o r  instance, the i n e l a s t i c  neutron sca t te r i ng tech -  

nique f o r  magnetic systems. Although i t  gives d i r e c t l y  the s p e c t r a l  

f unc t i on  ~ ( w )  , there are problems wi t h  the convolut ion o f  experimental 

data and the apparatus response and a l so  w i t h  the poor r e s o l u t i o n  

around q = O  and * O .  Besides t h i s ,  f requent ly  the ava i l ab le  data a re  i n  

regions o f  spectrum where d i  f f e r e n t  cu to f  f funct ions (memory functions) 

g i ve  roughly the same resu l t s .  

Another reason has t o  do w i t h  the Hamil tonian which may not 

be the r i g h t  one. An example i s  the I s i n g  model i n  a transverse f i e l d  

which may be appropr ia te  f o r  the study o f  the thermodynamics o f  f e r ro -  

e l e c t r i c s  but  may not  be good f o r  the study o f  i t s  dynamics. Even i f  

the Hamil tonian i s  adequate, the approximations used i n  the ca lcu la t ion  

o f  the moments (mean f i e l d  approximation, random phase approximation, 

etc)  c e r t a i n l y  do not con t r i bu te  f o r  a t rac tab le  check. 

Our i nves t i ga t i on  on the e f f i c i e n c y  o f  the  continued f r a c t i o n  

expansion method proceeds as fo l lows.  We s t a r t  w i t h  a known f u n c t i o n  

~ ( w )  and ca l cu la te  the  lower order moments exact ly .  Then by u s i  ng 



these moments and the most common types o f  c u t o f f  funct ions we t r y  t o  

reproduce the o r i g i n a l  f unc t i on  F(w),. It i s  worth mentioning tha t  i n  

our case the moments can a l l  be exact ly  ca lcu la ted i n  p r i nc ip le ;  how- 

ever we ca l cu la te  on l y  the lower order ones because, i n  p r a c t i c a l  

cases, on l y  these are  ca lcu lab le .  

The approximations considered i n  t h i s  paper are the so c a l l e d  

f, approximation8, the  gaussian approximation
g 

and the N- p o l  e ap- 

proximation'l. The f i r s t  one cons is ts  i n  tak ing fj+l (8) = fj(z), which 

1 eads t o  

The gaussiari approximation cons is ts  i n  c u t t i n g  o f f  the expansion o f l ( z )  

w i t h  the fur ict ion 

where 

A (3) = exp (-x2/2) ds exp (s2/2) . r 
This i s  equivalent  t o  c u t t i n g  the expansion o f  the  inverse 

Laplace transform o f  f .  (w) through the memory funct  ion 
d 

f , (t) = exp (-t2/26j+l) . 
3 

Basica l ly  the N-pole approximation cons is ts  i n  rep lac ing f (o) by a N 
constant which, i n  t h i s  paper, i s  chosen according t o  the Lovesey and 

Meserve approach4. The N-pole approximat ion i s  equivalent  t o  c u t t i n g  

o f f  the expansion one stage before, using an exponential f unc t i on  f o r  

f',l (t) 
The o r i g i n a l  set  o f  funct ions ~ ( w )  we work w i t h  i s  o f  th ree 

types. The f i r s t  i s  a sum o f  th ree gaussians, 

F (w) := A exp (-aw2) + B (exp (-y (ww,) + exp (-y (w-w,) 2, 1 ,  (2.6) 



where A, B ,  a, y and w, a re  parameters t o  be var ied .  This i s  c e r t a i n l y  

an important set  o f  func t ions  f o r  physical  problems. By changing the 

parameters we can have one cen t ra l  peak, two l a t e r a l  peaks and t h r e e  

peaks. The second type of func t ions  i s  the Four ier  t ransform o f  

s i n  b t  
F ( t )  = exp (-at2)  - 

b t  ' 

which i s  important maínly i n  the study o f  magnetic absorpt ion l i nes  

i n  CaF, 12. 

By s e t t i n g  b=O, F(w) reduces t o  a gaussian func t i on  and by 

s e t t i n g  a=O i t  reduces t o  the square funct ion,  a phys i ca l l y  i m p o r t a n t  

f unc t i on  as w e l l .  The t h i r d  se t  o f  funct ions ~ ( w )  t ha t  we i nves t i ga te  

i s  the  Four ie r  t ransform o f  

~ ( t )  = exp (-t3',) , 

which gives the e l e t r o n i c  paramagnetic ressonance l ineshape i n  quasi-  

one-dimensional rnagnetic systems i n  an externa1 magnetic f i e l d  p a r a l e l l  

t o  the  main chain13.  We could as we l l  have chosen the Lorentz ian func- 

t i o n  t o  study but the N-pole appr6ximation reproduces i t  c o r r e c t l y .  

3. RESULTS 

I n  f i gu res  1 t o  6 we show the o r i g i n a l  f unc t i on  ~ ( w )  o f  the 

type described by (2.6) as we l l  as the func t ions  obtained through the  

fm approximation f o r  f,, the gaussian approximation f o r  f, and the 4- 

-pole approximation. I n  f i g u r e  7 we show the Four ie r  t ransform o f  (2.8) 

and i n  f i g u r e  8 the Four ie r  t ransform o f  (2.7) . I n  both f i gu res  weshow 

the same approximations f o r  the  continued f r a c t i o n  as before. As we 

can see (f ig.2) when we have on l  y a cen t ra l  peak, the fm approximat ion 

works reasonably we l l  wh i l e  the gaussian and the 4-pole approximation, 

although the most used i n  the l i t e r a t u r e ,  do poor ly .  bhen ~ ( w )  has a 

s ide peak a11 approximations used f a i l .  We cou ld  have t r i e d  h i g h e r  

order  terminat ions but t h i s  would requ i re  knowledge o f  h igher moments 

and these are  not  genera l ly  known f o r  most problems o f  i n t e r e s t .  I t  i s  

c l ea r  from our work t ha t  the k ind  o f  f unc t i on  used i n  the  t r u n c t i o n  o f  

the f r a c t i o n  i s  dec i s i ve  i n  determining the form o f  the  r e l a x a t i o n -  

-shape func t ion .  



Fig. l - - ~ ( w ) ,  Eq. (2.6) with A=l., B z . 3 ,  
t r = 5 . ,  y=5., o, =9; ..... 4-pole approxirnation; 
..---- fm approximation 'for f, ( z )  ;-.- .-. gaussian 
approximation for  f2 (2). 

Fig.2 - - F b ) ,  Eq. (2.6) 
with A =.8, B=l., +5., y=5., 
oO=.5; ..... 4-pole approxi- 
mation; ----- fmapproximation 
for f, (2) ; -.-.-.-. gaussian 
approximation for f, (2). 



Fig. 3 - - F(d, Eq. (2.6) with A=O., B=l ., 
a=5., y=5., wo=.5; ...... 4-pole approximation; ----- f, approxiination for f3 (2) ; - e - . -  gauss ian 
approximation for f2 (2). 

Fig. 4 - - F(w) , Eq. (2.6) wi th A=l  . , B z . 3 ,  a=5. ,y=5.,wo =1.5; 
. . . . . 4-pole approximation; ----- f,approximation for f3(z) ; 
-.-.-.- gauss ian approximat ion for f2 (z)  . 



Fig.5 - - ~ ( d ,  Eq. (2.6) 
wi th  A = I . ,  B = I . , a = 5 . , ~ = 5 . ,  
0,-1.5; ..... 4-pole a p p r o x i -  
mation; ----- fm approximation 
f o r  f3 (z )  ; ---.- gaussian ap- 
proximat ion fo r  f2 (z)  . 
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Fig.7 - - f (w) , Eq. (2.8) ; . . . ... 4-pole 
approximat ion; ----- f, approximation for 
f,(z) ; - . - e - . -  gaussian approxirnation for 
for f, 6 )  . 

Fig. 8 - - F (IJI) , Eq. (2.7) ; . . . . . 4-pole approxi - 
mation; ----- f, approximation for f3 (2); -.-.-gaussian 
approximation for f, (2). 



When F(U) i s  a sum o f  N curves t h a t  a re  near ly  Lorentz ian f o r  

smal l w we can show t h a t  6 << 6N and i n  t h i s  case a N-pole approxi-  N+ 1 
mat ion f o r  F (w) works q u i t e  wel l . AI so there  a re  some models where the  

6; can be cã l cu la ted  t o  a11 orders  and, i n  these cases, t h e  memory 

func t i on  can be exac t l y  calculated".  I n  general, however, as our  work 

shows, I t  1s q u i t e  hard t o  get  a good f i t t i n g  using the  continued f rac-  

t i o n  expansion and t h i s  becomes p r a c t i c a l l y  Impossible when o n l y  a few 

6 ' s  a r e  known (e.g. 6, and 6,) as i t  happens i n  a l o t  o f  problems i n  

the  l i te ra tu re5 '15 '16 .  We have a l s o  used o ther  k inds  o f  c u t o f f ,  such as 

gaussian approximation fo r  f, (2) , fm approximation f o r  f, ( z ) ,  5-pole 

approxirnation, but  we have not  obtained any improvement over the re-  

sul  t s  preserited here. I n  a l  l f igures  we show the corresponding va  l ues 

f o r  the 6 's  parameters. 
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Resumo 

Para t e s t a r  a e f i c i ê n c i a  do mEtodo da expansão em frações c02 
t inuadas cons iderarnos uma curva anal Í t  ica F(U) conhecida a p r i o r i ,  c a l -  
culamos os momentos es tá t i cos  e, então, apl  icando os cor tes  mais usa- 
dos na l i t e r a t u r a ,  comparamos as curvas aproximadas com a curva o r i g i -  
na l .  Mostramos que, exceto em alguns casos especia is,  é impossivel usar 
o método quando apenas o segundo e quarto momentos são conhecidos. 


