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Abstract S t a b i l i z a t i o n  i n  the length  o f  growing polymers, s t a r t i n g  from 
small const i tuents  v i a  s e l f - r e p l i c a t i n g  informat ion,  i sob ta ined  through 
the  analogy between laser  crossing th resho ld  and c r i t i c a 1  phenomena. 

The quest ion o f  cooperat ive e f f e c t s  and se l f - o rgan i za t i on  plays 

nowadays a  cen t ra l  r o l e  in t heo re t i ca l  b i o ~ o g ~ ' - ~ .  I t s  fo rmula t ion  on 

mathematical grounds, as suggested by ~ a k e n :  comes f rom laser  

extended t o  b io logy .  I n  f a c t ,  both laser  and b i o l o g i c a l  systems areopen 

systems f a r  from thermal equ i l ib r ium.  

The f i e l d s  under i nves t i ga t i on  t o  which laser  theory concepts 

and techniques may be appl ied a re  mai n l  y  ( i )  ecology (populat ion-dynam- 

i c s ) ,  ( i i )  e v o l u t i o n o f  spec iesand ( i i i )  morphogenesis. In  t h e f i r s t  

case, the quest ion t o  be understood i s  b a s i c a l l y  the d i s t r i b u t i o n  and 

abundance o f  species (e.g., popu la t ion  o f  d i f f e r e n t  b u t t e r f  l ies  i n  cer-  

ta in areas). The parameters that determine the s  izeof  a  popu la t ion  and the d i  f -  

fe rent  species which can coex is t  a re  some o f  the co r re la ted  ques t i on s  

i n  t h i s  f i e l d .  Due t o  the h igh  complexi ty o f  b i o l o g i c a l  systems, incom- 

par ison t o  physical  systems, i t s  desc r i p t i on  i n  terms of a  microscopic 

i s  a  hopel ess task. S i  nce opar i  n8 there  has been some attempts t o  ex- 

p l a i n  the process which leads from inanimate matter  t o  l i f e .  Recently 

some authors3 
9 'O have shown t h a t  s t a r t  i ng wi t h  'smal l fragments ' (mono- 

mers, dimers, t r imers ,  etc.) one can account f o r  the  growth o f  apolymer, 

w i t h  a  b i o l o g i c a l l y  promising sequence o f  ol igomers, through conden-  

sa t ion  react ions which are  catalysed by fragments complementary t o  the 

o r i g i n a l  ones . A s i m p l i f i e d  model considers the format ion o f  a  l i n e a r  

macromolecule, as the sequence: ABABAB ..., where A and B represent o l i -  

gomers as pur ine  and pyr imid ine  i n  DNA and the growth i s  assumed t o  be 

catalysed by complementary ol igomers, such as ABA, as f o l l ows :  



I n  the  above diagram the v e r t i c a l  l i n e s  represent chemical bondsbetween 

complementary fragments and they p lay  a c r u c i a l  r o l e  i n  the process. A 

conf igura t io r ia l  a n a ~ ~ s i s ' ~  o f  growing polymers,using the  renormal i z a t i o n  

group (RG) concept, leads t o  a c r i t i c a l  po in t  k* f o r  the  e q u i  l i b r i u m  

constant k (fugaci ty)  and a l  so t o  two (stables) f ixed po in t s :  k=O (cor- 

responding t o  a lack  o f  growth) and k+ ( c o r r e s p o n d i n g  t o  i n f i n i t e  

growth) . 
The re levant  r e s u l t  obtained from the treatment rnentionedabove 

i s  the  existence o f  a c r i t i c a 1  po in t  k=k*. T h i s  shows tha t  the t ran-  

s i t i o n  from inanimate matter  t o  l i f e  can be looked a t  as  a c r i t i c a l  

phenomenon'O. However, a l  though i t suppl ies  the  c r i  t i c a l  po in t  k*, t h i s  

technique does not  take care o f  the s t a b i l i z a t i o n  i n  the l e n g t h  o f  

growing pol yniers. Therefore, mechani sm tha t  tends t o  s top  t he g r o w t  h 

when a convenient length  i s  a t t a ined  i s  no t  included i n  t h i s  treatment. 

I n  order t o  exp la in  the polymer growth and i t s  p r o p e r t  i e s ,  

a l t e r n a t i v e  treatments i n  terms o f  the polymerization-degree parameter 

can be used as, f o r  example, i n  the model o f  se l f - avo id ing  random walk" 

(SAW). Treatments t ha t  f o l  low the models f o r  magnetic systems a re  a l s o  

inves t  igated12. l n  t h  i s  paper we employ a d i  f f e r e n t  (though phenomeno- 

log ica l )  procedure f o l  lowing the  laser  analogy: we assume the same 

growth-model o f  r e f .  10, but  adopt the  length  ~ ( t )  o f  a growing polymer 

as the desired va r i ab le .  We se t  ~ ( t )  = N(~)L , ,  where ~ ( t )  i s  t he  po l -  

ymer i z a t  ion-degree parameter", as appears f o r  example i n 

and L, i s  the length o f  the m a l  l cons t i t uen t  as AB. Typical  l y ,  L,+; 

N = l o 4 ,  which gives L = l o 4  L, = 5 x I O ~ A .  

S e t t i n g  the  equat ion o f  motion f o r  ~ ( t )  as: 



where g i s  a gain parameter (due t o  a l l  mechanisms t h a t  tend t o  increase 

the s i ze  o f  the pol ymers) and R i s  a loss  parameter (due t o  mechanisms 

tha t  a c t  i n  oppos i t ion  t o  the growth o f  the polymer) . Eq. (1) can lead 

e i t h e r  t o  an exponential growth f o r  g >R (corresponding t o  the  i n f i n i t e  

growth f o r  k>k* as mentioned i n  r e f .  10) , o r  t o  an exponential decayfor  

g < R  ( c ~ r r e s p o n d i n ~  t o  the lack  o f  growth f o r  k<kx as a l ç o  mentioned i n  

re f .  10). There i s  a SI ight  d i f fe rence i n  r e f .  10 where below threshold 

(k<k*) one f i nds  a f i n i t e  "alue N(m) a (k-k)-' # O where V i ç a  c r i t i c a l  

exponent. This d i f ference,  however, can be easi l y c i  rcunvented by the  

subst i  t u t i o n  ~ ( t )  + f ( t )  = N ( t )  - N(m) . 
The approximation described by eq. ( I )  g ives t h e  t h r e s h o l d  

cond i t ion :  g-R=O ( c o r r e s p ~ n d i n ~  t o  the c r i t i c a l  p o i n t  k=k*, o f  re f .10) .  

However, eq. (1) does not  g ive  an upper bound t o  the  growth, s ince above 

threshold (g>R) the length o f  growing polymers blows up. 

I n  f a c t ,  eq . ( l )  corresponds t o  a I inear approximation which 

i s v a l i d o n l y  f o r s m a l l  v a l u e s o f N ( t ) .  For l a r g e v a l u e s o f  ~ ( t )  the 

growing polymers become sens ib le  t o  the presence o f  mechanisms tha t  a c t  

i n  oppos i t ion  t o  growth, leading t o  the s t a b i l i z a t i o n  i n  the length  o f  

the polymers. For example, we may have a s a t u r a t i o n ' v n  the  gain par-  

ameter, as i n  lasers  (see re f .  7, pg. 153) , due t o  interna1 ' forces ' .  
I n  t h i s  case, f o l l o w i n g  the laser  analogy, we would have a m o d i f i c r t i o n  

i n  the ga in  parameter, y i e l d i n g  g-tg-BIN. A l t e r n a t i v e l y ,  we could have a 

mod i f i ca t i on  i n  the loss parameter, y i e l d i n g  R+R+@,N, probably due t o  

externa1 ' f o r c e s '  (e.g. c o l l i s i o n s  w i t h  n e i g h b o r i n g  m o l e c u l e s  i n  

Brownian movement) . We assume tha t  the  sa tu ra t  ion parameter @=B1 (B2) i s 

very smal 1 i n  such a way tha t  ,8,<<g @,<<R) . Therefore the nonl inear term 

B,N(B,N) becomes s i g n i f  i cant  on l y  f o r  ~ ( t )  >>I  which leads t o  the s t a b i l -  

i z a t i o n  i n  the length o f  polymers f o r  la rge values o f  N ( t )  . H e n c e ,  

whatever the nature o f  the mechanisms might be, instead o f  eq. (1) , we 

set : 

where y=g-R i s  the e f f e c t i v e  gain parameter and i s  t h e  g a i n  

(loss) sa tu ra t i on  parameter. Eq. (2) i s  a non l inear  Be rnou l l i ' s  equatlon. 



I t s  general s o l u t i o n  i s  easi 1 y found, but  here we a re  on l  y i n te res ted  

i n  i t s  steady s t a t e  s o l u t i o n  (N=N )wtiich i s  obtained by s e t t i n g  &/dt= O, 
S 

y i e l d i n g  

NS = Y/B = (S-R) /B . (3) 

O f  course, the  process i s  no t  de te rm in i s t i c  as one would con- 

clude from eq. (2). There a r e  o the r  compl icat ions due t o  the presence 

o f  thermal f l u c t u a t i o n s  which destroy the  de te rm in i s t i c  c h a r a c t e r  o f  

eq. (2) . To take i n t o  account the random process, we add, by hand, a 

f l u c t u a t i o n  term F ( t ) ,  w i t h  < ~ ( t ) >  = 0, which leads t o  a more r e a l i s t i c  

equation: 

which i s  a non l inear  Langevin-type equation15. I t s  so lu t ion ,  and the  

so lu t i on  o f  i t s  corresponding associated Fokker-Planck equation, can be 

found i n  the l i t e ra tu re ' ' .  

For the sake o f  completeness, we mention t h a t  the analogy o f  

the present process w i t h  a phase t r a n s i t i o n  phenomenon can a l s o  be es- 

tab l ished through a p o t e n t i a l  func t ion17 G ( N ,  g iven by: 

G(N) = - yN2/2 + 6N3/3 , (5) 

s a t i s f y i n g  the cond i t i on  dG/dN = -dN/dt. 

In  conclusion, the presence o f  the non l inear  term i n  eq. (2) 

responds f o r  the s t a b i l i z a t i o n  o f  the polymer growth. The procedure o f  

r e f .  10 would correspond, i n  a way, t o  the l i n e a r  approximati.on o f  eq. 

( I ) .  For compl ica ted systems such as growing polymers, o r  even i n  recenl 

more r e a l i s t i c  laser  models", the l i n e a r  approximation i s  a f i r s t  s tep  

i n  the  d i r e c t i o n  o f  a complete treatment. 
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Resumo 

A e s t a b i  l iza<;ão no comprimento de polimeros que crescem a 
p a r t i r  de pequenos cons t i t u i n tes ,  pe lo  mecanismo de auto- rép l icas  de i n-  
formação, é ob t i do  através da analogia en t re  o lazer  atravessando o l i - 
miar e fenômenos c r í t i c o s .  


