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Abstiact We use the  proper t ime va r i ab le  o f  the  heat-kernel expans  i o n  
t o  regu la r i ze  f i e l d  theor ies  i n  t he  framework o f  t he  background f i e l d  
method. The method can be n a t u r a l l y  app l ied  t o  supersymme~ric and gauge 
theor ies .  E x p l i c i t  computations have been done inc lud ing s u p e r f i e l d  
pe r tu rba t i on  theory. 

1. INTRODUCTION 

Renormal i z a t i o n  i s  one o f  the  most d i f f i c u l t  t e c h n i q u e s  i n  

quantum f i e l d  theory. üesides d i f f i c u l t i e s  o f  p r i n c i p l e  w i t h  some 

schemes breaking down a t  very h igh  orders o f  pe r tu rba t i on  theoryl, some 

symmetries o f  t he  theory can be rnut i la ted  i n  the  process. The problem 

o f  recover ing gauge symmetry i n  the BPHZ scheme2 i s  no tor ious 3.  Dimen- 

s iona l  r e g u l a r i z a t i o n 4  i s  the best method t o  deal w i t h  gauge t h e o r i e s ,  

s ince the gauge p r i n c i p l e  i s  maintained i n  a r b i t r a r y  dimensions. How- 

ever, concerning supersymmetric theor ies the s i t u a t i o n  i s  no t  ye t  i n  

good shape. This comes from the  f a c t  t h a t  t he  number o f  d e g r e e s  o f  

freedom o f  f i e l d s  o f  d i f f e r e n t  sp in  does not  behave i n  t h e  same way 

w i t h  respect t o  the dimension. A way ou t  i s  the process c a l l e d  dimen- 

s iona l  regu la r i za t i on  v i a  dimensional reduct ion,  o r  supersymmetric d i -  

mensional regu la r i za t i on  (SDR) '. I n  t h i s  process, the  space-time i s  D- 

dimensional, but  the f i e l d s  and the  algebra a re  kept 4 - d  imens i o n a l  . 
However the process i s  ambiguous a t  h igher orders o f  pe r tu rba t i on  the-  

ory6.  I n  t h i s  work we propose a regu la r i za t i on  procedure based on a cu t  

i n  the  i n teg ra t i on  over the proper- t ime va r i ab le  o f  the  heat kernel  ex- 



pansion. This is made as follows - one uses the background f ield 

method7, spl itting the f ield into a classical and a quantum part. The 

quantum piece is integrated, and we get an effective action in terms 

of the classical fields, from which the renormalization constant can be 

read. In order to perform the integration over the quantum fields, the 

corresponding Green's function are expanded in a series whose termsare 

successively less divergent at short distances, and the coef f i c i en t s 

are functions of the background fields, being called Seeley coef- 

ficientse. Introducing at this point a cut in the integration over the 

proper-time, all products of different Green'r; functions are regu- 

larized in an explicitely supersymmetric way, since the above pro- 

cedure can be equally made using superfields. 

Some of these results were also partially shown in a previous 

communicatíon
g
. 

2. THE HEAT KERNEL AND BACKGROUND FIELD METHOD 

The background field method consists in splitting the field 

into a classical and a quantum piece. The specific way one does itis 

rather arbi trary, and one can use this arbi trariness in order to sim- 

pl ify the computations. We shall study 3 cases, namel y the @' theory, 

the (super~~rnmetric) Wess-Zumino model , and the supersymmetric N = 1 

Yang-Mi 11s theory . The $' model i s descri bed by the lagrangean: 

The background quantum splitting is simply 

$ - + $ + C  
and we have 

the quadrat ic operator 

defines a heat-kernel G(x,y;-r) , such that 



w i t h  the boundary cond i t i on  

G(x,y;O) = 6b -y )  

The Green's func t i on  i s  given by 

The heat-kernel (or equ iva lent l  y the Green's funct  ion) can be expanded 

i n  a ser ies8.  

Plugging (2.7) back i n t o  (2.4) and (2.5) we can compute the an1s. I n  

f a c t  what we a c t u a l l y  need are  the lowest th ree Seeley c o e f f i c i e n t s  a t  

co inc id ing  po in ts .  From (2.5) 

and from (2.4) , t o  lowest order i n  T : 

from which 

al (x,x) = - $2 
2 (2.10) 

To second order i n T we have 

So much f o r  the  44 theory. We t u r n  now t o  the computation of the Seeley 

c o e f f i c i e n t s  f o r  the Wess-Zumino model. The theory i s  def ined by the 

1 agrangean dens i ty ' O .  



L = I d4e $m -+ 1 d2e m 3  - r " 1 d 2 U 3  

where @(?) i s  a  c h i r a l  (an t i ch i ra l )  super f ie ld :  

Üiy$ = O = Da$ (2.13) 

i a n t  d e r i v a t i v e  (see r e f .  9 f o r  our c o n v e n -  and D 

t i ons) 

i s  the  usual covar 

The background quan 

and we have the lagrangean,: 

tum s p l i t t i n g  

@ - + $ + C  

& ) + & ) + E  

i s  a l so  very simple 

As usual we can t u r n  the two dimensional Grassmann in teg ra l s  i n t o  four  

dimensional by means o f  the i d e n t i t i e s .  

The p a r t  o f  the lagrangean, which i s  quadrat ic i n  the quantum f i e l d s  

i s  now: 

The heat kernel method has already been employed i n  supersymmet r  i c  
1 t h e o r i e s l O .  It i s  poss ib le  t o  f i n d  the heat-kernel expansion f o r  (úm. 



This i s  dorie i n  a very sirnple way, j u s t  considering t h e  h e a t - k e r n e l  

correspond i ng t o  

and t rea t ing  the background f i e l d  as a perturbat ion. The f i r s t  Seeley 

coe f f i c ien t  (ai) i s  given by the expansion o f  

so that  

from which we get 

The a, coe f f i c ien t  can be computed a lso  eas i iy :  

F ina i l y  we turn t o  the case o f  supsrsymmetric gauge theories. The 

lagrangean density o f  a N=l Yang-Mills theory i s  given by (111, (12): 

whe re  



and V i s  the gauge f i e l d ,  a general rea l  super f ie ld ,  i n  t h e  a d j o i n t  

representat ion o f  the gauge group C. 

Gauge transformations a c t  as 

eV -+ e in  e v e - i A  (2.22) 

where A(Ã) i ç  a ch 

f i x i n g  lagrangean 

i r a l  (ant ich i  r a l )  gauge pa rmete r .  A su i  t ab le  gauge 

i s : 

The gauge transforrnat ion  (2.22) 

expressed as 

i s  h igh l y  nonl inear,  but  can be re- 

+ coth  L i  i ( 1 4 )  
TV I 

where 

LxY = @,Y] 

I t  i s  now possible t o  w r i t e  the Faddev-Popov a c t i o n  

The background f i e l d  rnethod i s  not  less cornplicated, although the re-  

sul  t s  are  q u i t e  sirnple, once we know the  way t o  proceed. I t turns out12 

tha t  the best procedure i s  t o  consider the quantum f i e l d  as above ( V )  

i n  the  c h f r a l  representation, and the background f i e l d  i n  a vector rep- 

resentat ion,  def ined by the f i e l d s  .Q and fi . The spl  i t t i n g  i s  

This has the advantage tha t  we can use the foi l lowing very simple rules, 

i n  order t o  rea l  i z e  the method12. 

a) Covariant de r i va t  ives a re  now background covar iant  : 



b) The Laplacian operator 

a f t e r  expanding i n  powers 

i n  the quadratic par t  o f  the gauge action, 

o f  V, turns out t o  be 

where w(5 are the background f i e l d  strenghs. 

c) The ghost (and eventual l y  matter) f i e l ds ,  which previously obeyed a 

c h i r a l i t y  o í  a n t i c h i r a l i t y  condit ions obey a background c o v a r i a n t  

c h i r a l i t y  o r  a n t i c h i r a l i t y  condit ion: 

As a resu l t  o f  c), when the ghosts are introduced one must d iv ide out 

the (spurious), cont r ibut ion from the determinant o f  t he i r  square op- 

erator,  since i t  i s  no longer constant, but depends on the background 

f i e l d .  This introduces another ghost, the Nielsen-Kal l o s h  ghos t  l 3  , 
which howevtsr,has only one loop contr ibut ion: 

L,, = tr ] d49 bb 

now we can compute a11 the necessary Seeley coef f ic ients .  I n  order t o  

do that,  we rnust look a t  the propagator o f  both the gauge potent ia l  V, 

whose i nverse propagator i s : 

( a  V = ( f i a  - i w â a  - &%o) 6 (a-a') (2.3 1) 

and the ghosts, whlch are ch i  r a l  (ant ichi  ra l )  , and have as propagators. 

The heat-kernel corresponding t o  the operator 

where 0' = l h a ,  can be computed using the i den t i t y  (the ch i r a l  case 

(2.32) can be obtained t r i v i a l l y ,  subst i tu t ing by f vaua).  



igher orders. (2.33) 

For our purposes, the background f i e l d s  i n  [I1 do not  contribute,since 

the corresponding a2 c o e f f i c i e n t  i s :  

which i s  less divergent, because o f  the de r i va t i ves  (as a ru le ,  we must 

have a maximal number o f  de r i va t i ves  on the iS (z-zl) f unc t i on  t o  have a 

non zero r e s u l t ,  and de r i va t i ves  on the exponential funct ions,  i n  o r -  

der t o  have cont r ibu t ions t o  the i n f i n i t e  parts) . 
We have f o r  the Seeley c o e f f i c i e n t s  a,: 

B a2 ( P , z )  = w DB + ( t e r m s  w i  t h )  

3. REGULARIZATION AND PRODUCT OF THE GREENS - FUNCTIONS AT THE SAME POINT. 

COMPUTATION OF COUNTERTERMS 

We sha l l  now rearrange the heat kernel  expansion i n  such away 

tha t  a11 the divergent str-uctures become transparent. We wr i te14:  



and 

where C,, is linearly divergent, and contribute to mass renormalization 

Now we are able to compute the divergentes is perturbation 

theory. In the $' theory, we have for the oné: loop contri bution the 

diagram (I) (~i~.l) . 

(tig.l) 

which contributes as 

(3.10) 

impl ying that we must take a conterterm 

or equivalently 

z = i - a" (eyt' A 2d 
9 32a 

giving the 8-function at lowest order 

For the two loop computation we compute the three diagrams in Fig.2 

( f io .  2 )  



The f i r s t  contains the lowest order counterterm and i t s  c o n t r  i b u t  i on 

i s 

The second cont r ibut ion i s  

(3.15) 

F ina l l y  (c) has two contr ibut ions, one exact ly as above f o r  the$'term: - d4x dky $(x)$(y)a, (x,y) ~ : ( x - y ) G ~  (x-y) = 
12 

=.-- g 3  (Pn eY A Z E ~  I d4x9* (x) 
16 ( 4 ~ )  

and one cont r ibut ion t o  the 2-point functíon 

2 1 d4xd4y d. @(x))c: (í-y) @(y) = L an (eY+' A 24 1 d4x ( ( a g  +(x))' 
1 L 12 (4lT) 

(3.17) 

We have as a resu l t  

and 

This gives the 8-function 



which i s  a wel l -know resu l  t. 

For the kss-Zumino a c t i o n  we have ait lowest o rder  thediagram 

o f  F ig .  3 

g i v i n g  f o r  the 8- func t ion  the value 

where we have used the Feynman r u l e s  f o r  (an1:i) c h i r a l  f ieds, w h i c h  

demands f a c t o r s  of D 2  (0') i n  a l l  l ines, except one". 

The two loop computation i s  very simple, s ince i t  i n v o l v e s  

on l y  one diagram (Fig. 4 ) .  

As a r e s u l t  o f  the Feynman ru les  we have. - I d 4x  d4y d4ex d40  C: (x-y) II] G1 (x-y) 6' ((0 -0 ) 
3 :  Y x 9 

bk have as a resu l  t :  



where 

G o  h) i s  regu lar ized by a c u t - o f f  i n  the -r in tegra t ion :  

To regu lar ize  the remaining funct ions,  we force them t o  obey the f o l -  

lowing re la t i on ,  v a l i d  i n  the non regu lar ized theory 

As a resul  t we have 

In  order t o  f i n d  the divergences c h a r a c t e r i s t i c  o f  per turbat ion  theory, 

we Four ier  transform the product o f  Green's funct ions a t  the same poinf 

and consider the f i r s t  few terms i n  a Taylor ser ies  around zero rnomen- 

tum, the remaing terms being convergent (e.g. by power counting) . The 

f i r s t  product i s  given by G ; ( X ) .  I n  the above procedure i t  i s  o n l y  

necessary t o  consider the f i r s t  term (zero-momentud 

d.r1d.r2 (4.1- e 4 ( 'C,+T2) 
d4x  G: ( x )  = (3 -5) 

'E ( ~ T ) ~ T ~ ' C *  e+ a2 
where a small mass A was introduced t o  avoid i n f ra red  divergences.The 

above in teg ra l  can be performed, and we have, f o r  small E: 

so tha t  

Other products can be computed by the same procedure. We need the f o l -  

Iowing 



and the 8- funct  i on  can be computedl 5 :  

Now we can t u r n  t o  the Yang-Mi l ls  theory. The one loop computation w i l i  

have the f o l l o w i n g  con t r i bu t i ons :  

i )  The gauge f i e l d  loop, f i g .  5, 

which corresponds t o  the t race  

o f  the a, c o e f f i c i e n t  í f ig.5)  

i i) The ghost loop, f i g .  6, cor re-  

sponding t o  the t race  o f  the 
C - - -_ , ' a, c o e f f i c i e n t  i n  the c h i r a l  \ 

case. I t  comes w i t h  a fact.or 
Lu-. . 

of 3 (2 Fadeev Popov ghos t s, 

and one Nielsen Kal losh ghost). 

i i i )  The matter  f ie lds ,  f ig.7, which 

on l y  appear when we have ex- 

tended supersymnetry. l t  comes 

w i t h  m u l t i p l i c i t y  1 f o r  N = 2, 

and 3 w i t h  N = 4. Each con- 

t r i b u t i o n  i s  numer ica l ly  equal 
(fig.1) 

t o  the ghost cont r ibu t ion ,  but  

w i t h o p p o s i t e  s i g n ,  t o  t h a t  

they cancel f o r  N = 4 .  

I t  i s  no t  d i f f i c u l t  t o  see, i n  the  present approach, t h a t  i)  

does not  con t r i bu te .  This happens because i n  the  a, c o e f f i c i e n t  there  

a re  two d e r i v a t  ives, namel y Da V (or  Dk $2 which a re  not  enough t o  
8 

de le te  the f o u r  dimensional de l t as  i n  the  Grassmann var iab les ,  so t h a t  

the term vanishes a t  co inc id ing  po in ts .  The on l y  c o n t r i  b u t i o n  comes 



from the c h i r a l  i n teg ra l s :  

Taking i n t o  account the co r rac t  m u l t i p l i c i t y  and the matter f i e l d s ,  we 

have 

Now we can t u r n  t o  the superconformal anomalies. I t  was shownI6 tha t  

the a x i a l  cur rent  J~ the  supersymnetry currcmt S and the 'energy mo- u' !-I' 
mentum tensor 6 belong t o  a supermul t i p l e t  ,, and tha t  t h e i r  transforrn- 

1iv 
a t ions  under supersyrnmetry a re  re la ted  by: 

Also the ax ia  

rent ,  and the 

anomaly, the y- t race anomaly o f  the supersymmetry cur-  

t race o f  the energy momentum tensor a r e  i n  a s u p e r -  

m u l t i p l e t .  As a matter  o f  f a c t ,  con t rac t l ng  (3 .28)  w i t h  y we get 
1i 

I n  our super f i e ld  language, (3 .28)  means tha t  those ob jec ts  are p a r t  o f  

a supercurrent Jcldr , and (3 .29 )  are connected wi t h  the supertrace J . 
The c lass i ca l  conservation i s  g iven by 

which quantum mechanically has an anomaly, and (3.30) i s  transformed 

i n t o  

5' J* = C D~ J (3.31) 



Recently i t  has been proued using components tha t  (3.31) holds, s o t h a t  

the supersymnetric s t ruc tu re  holds". Using our method, we can e a s i l y  

der ive  (3.31). 

I n  the kss-Zumino model the superconformal Noether c u  r r e n  t 

i s 

1 i J ,  = - D $i.$ + 43,i 3 a a  
(3.32) 

Classical  y we have 

where the equations o f  motion where used i n  the l a s t  step. Quantum 

mechanically we introduce the heat kernel expansion, and we have. 

The l a p l a c i m  operator gives a non zero value when appl 

function, se lec t ing  out  the a, c o e f f i c i e n t  and the resu 

due t o  the rnismatch (-1/3, 1/61 i n  (3.34). and we have: 

ed t o  the GI1 

t i s  non zero 

can use the same procedure f o r  the Yang-Mil ls theory. The cu r ren t  i s  

( i n  the fo l l ow ing  we consider o n l y  N=l) : 

and we sha l l  look a t  i t s  divergence 

Again we have lap lac ian operator appl ied t o  a Green's funct ion .  



se lec t i ng  ou t  the a, c o e f f i c i e n t .  As before, a maximum number o f  de- 

r i v a t i v e s  must be app l ied  on the Grassmnn 6 funct ions,  and we a r e l e f t  

w i t h :  

showing tha t  the anomal ies  belong t o  a supermul t ip le t .  

4. CONCLUSION 

bR present a r e g u l a r i z a t i o n  scheme which c a n  be u s e d  f o r  

supersymmetric theor ies  i n  a supe r f i e l d  formulat ion.  The present scherne 

works a t  two loop order, and i t  i s  poss ib le  t o  ob ta in  the  usual values 

f o r  the B-funct ion and the anomalies. The l a t t e r  were obtained on ly  a t  

one loop, but the two loop r e s u l t s  a re  i n  progress. A convergenceproof 

f o r  the  renormalized theory working t o  a l l  o rders  i s  no t  ava i lab le ,  

a l though t h i s  i s  a very des i rab le  r e s u l t .  

The present scheme has an advantage over supe rsymrne t r i c  d i -  

mensional regu la r i za t i on  (sDR) , since always work on the  p h y s  i c a l  4 

dimensional space. 

F i n a l l y ,  i t  seems tha t  (3.39) i s  i n  con t rad i c t i on  w i t h  t h e  

Adler-Bardeen theorem. Recently t h i s  issue was discussed a t  lengh18. I n  

order t o  study the problem w i t h  the present rnethod, a thorough 2- loop 

computation i s  needed fo r  theYang-Mi l15 f i e l d ,  which i s  p r e s e n t l y  

under progress. 
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Usamos a variável de tempo próprio definida na expansão do 
"heat-kernel" para regularizar teor ias de campos no contexto do método 
de campo de fundo. O método pode ser naturalmente aplicado a teorias 
supersimétricas e teorias de calibre. Cãlculos explícitos foram f e i-  
tos, incluindo teoria de perturbação com supercampos. 


