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Abstract The'inf luence o f a  non-minimal coupl ing term o f  electromagneti 
and g r a v i t y  i s  studied f o r  a magnetic d ipo le  f i e l d  i n  the Schwarzschi 
met r ic .  I t  i s  found tha t  the new coupl ing term changes t h e  magnet i c  
d lpo le  moment even f o r  small masses. 

1. INTRODUCTION 

A.R. ~ rasanna '  suggested a non-minimal coupl ing o f  electromag- 

netlsm and g r a v i t y  w r i t i n g  the t o t a l  Lagrangian 

which y i e l d s  the f i e l d  equations 

and 

where ( ) denotes symmetrization o f  the índices i , j .  
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The constant a i s  re la ted  t o  E ins te in ' s  constant a = - $ K =-1.04.10 
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kg-'m-'s2 (or i n  na tura l  u n i t s  w i t h  A = c = 1 ,  ci = -3.3.10- m2) and B 
i s  a new coupl ing  constant w i t h  dimension m4 ( i n  na tura l  u n i t s ) .  As f3 

has dimension, and a dimension d i f f e r e n t  from tha t  o f  a, there  i s  no a- 

- p r i o r i  c r i t e r i o n  t o  estimate i t s  value. The on ly  natura l  value w o u l d  

be B=O, i nvoki ng the equivalence pr2ncipZe. However , the eq; i va  1 ence  

p r i n c i p l e  i s  a physical  one and hence i t  has t o  be checked by exper- 

iments. The main value o f  a model l i k e  the one given by eq. (1.1) i s  t o  

p rov ideusw i th  spec l f i c  experimental t es t s  o f t h e  equivalence p r i n c i p l e .  



The non-minimal coupl ing term i n  eq. (1 . I )  represents an i n t e r e s t i n g  

dev ia t ion  from the equivalence p r i n c i p l e  because i t  respects the geo- 

met r lca l  nature o f  g r a v i t y  and the gauge symmetry o f  electromagnetism. 

Moreover, the c lass i ca l  experlments t e s t l n g  the equivalence p r i n c i p l e  

such as the Eotvos experlment are  performed i n  space t ime r e g  i o n s  of 

small curvature and they are not  s p e c i f i c  f o r  couplings o f  t h i s  k ind.  

I n  t h i s  paper we study the influente o f  the g r a v i t a t i o n a l  f i e l d  

w t t h  the non-minimal coupl ing  term on a magnetic d i p o l e  f i e l d .  We 

neglect  the back reac t ion  o f  the magnetic f i e l d  on the spacetime me t r i c  

i .e .  we consider the r i g h t  hand s ide o f  eq. (1.3) equal t o  zero. 

2. A PERTURBATIVE ANALYSIS OF MAXWELL'S EQUATIONS 

We w i l l  consider Maxwell 's equations (1.2) i n  the Schwarzschild 

rnetr ic 

where 2M i s  the Schwarzschild radius.  For small M the m e t r i c  can be 

w r i t t e n  as 

and 

We a l so  def ine  

and 

Let V denote the covar iant  d e r i v a t i v e  defined w i t h  the C h r i s t o f e l l  con- 

nect ion ca lcu la ted from nab. Then eq. (1.2) t o  f i r s t  order i n  M reads 

where we used the f a c t  t ha t  f o r  the Schwarzschild met r ic  the t race 

i s  the same as the one ca lcu la ted from n 
r k, 

ab' 



The electromagnetic tensor will be written as 

where fab satisfies 

Inserting (2.5) into (2.4) and using (2.6) we obtain 

Equation (2.7) has the form of ordinary flat spacetime inhomogeneous 
R Maxwell equations with a source J . 

3. MAGNETIC DIPOLE FIEL0 

We will consider the magnetic field created by a distribution 

oi electric currents on the surface of a sphere of radius R and mass m 

(equivalent to the Swarzschild radius 2 ~ ) .  This distributlon is such 
-+ 

that it hasamagneticdipoleu parallel tothe z direction, where 

z = r cos 8.  The current 1 calculated from (2.8) reads 

where 

Instead of solvind eq. (2.7) to find the first order correction 

to the magnetic f ield (h ) ,  we will look for the corresponding f i rst 
-+ ab -+ 

order correction 6u to the magnetic dipole moment. 6p can be obtained 

by the relation 

6; = 6 1 G X ? ) ~ ~ ?  (3.3) 

Writing 



and 

we ob ta in  
+ -+ 
r x l  = - (L + s i n  

r 6  e 

The f i r s t  order co r rec t i on  o f  the magnetic d ipo le  moment i n  the z d i -  

rec t i on  i s  then 

where the i n teg ra t i on  i s  performed outs ide  the matter  d i s t r i b u t i o n .  6~~ 

and 6p vanish because o f  the symmetry o f  the cur rent  d i  s t r  i b u t  i o n .  
Y 

Performing the i n teg ra l  eq. (3.5) we f i n d  

The f i r s t  term o f  eq. (3.6) represents the f i r s t  order correc-  

t l o n  due t o  the minimal coupl ing o f  g r a v i t y  and electromagnetism. For a  

g iven mass dens i ty  p = ~ M / ~ T R ~  t h i s  con t r i bu t i on  i s  p ropor t iona l  t o  R ~ .  

The second term i s  the con t r i bu t i on  o f  the non-minimal coupl ing and i t  

i s  p ropor t iona l  on l y  t o  the mass densi ty.  So i n  principie the e f f e c t  o f  

the non-minimal coupl ing could be observed w i t h  small masses, provided 

161 i s  s u f f i c i e n t l y  large.  This dependence on the dens i ty  suggests t o  

study the e f fec t  w i t h  matter  o f  nuclear dens i ty .  For a  neutron ( Rn = 
= 0 .8~10- '~ rn ,  mn = 1 . 7 ~ 1 0 - ~ ~ k ~ ,  Mn = 1.2x10-~"m) we get  

As the theo re t i ca l  p red i c t i ons  o f  the magnetic moments o f  nucleons based 

on the quark model reach a  p rec i s i on  o f  a  few percent, we may a t  l eas t  

conclude t h s t  " < 1 .  This gives f o r  161 w i t h  a = - 3 . 3 ~ 1 0 ' ~ '  m2 

This upper bound f o r  IBI  i s  by a  f a c t o r  109 stronger t h a n  t h e  upper 

bound ava i l ab le  from measurements o f  d e f l e c t i o n  o f  l i g h t 2 .  
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Resumo 

A in f l uênc ia  be ym termo de acoplamento não-mínimo en t re  e le t ro -  
magnetismo e grav i  taçao e estudada para um campo de d ipo lo  magnêtico na 
métr ica de Schwarzschlld. Encontra-se que o novo termo de acoplamento 
muda o momento de d lpo lo  magnetico, mesmo para massas pequenas. 


