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Abstract We g e n e r a l i z e  t h e  t i m e  dependent quantum v a r i a t l o n a l  p r i n c l p l e  
f o r  Hamil t o n i a n  operators ,  which c o n t a i n  r e a l  parameters and I t s  t ime  de- 
r i v a t i v e s .  The consequent v a r i a t i o n a l  system i s  formed by a ~ c h r g d i n ~ e r  
equa t ion  coupled t o  Lagrangian equat ions,  where t h e  Lagrangian i s  t h e  
s p e c t a t i o n  mean v a l u e  o f  t h e  parametr ized Hami l ton ian  o p e r a t o r .  T h i s  
dynamlcs descr ibes  t h e  i n t e r a c t i o n  between a q-number sub-dynarnics and 
a  c-nurnber one. I n  t h e  ze ro  o r d e r  W.K.B. approx imat ion,  the  v a r i a t i o n a l  
system i s  reduced t o  a  Hami l ton-Jacobi  l i k e  equat ion,  coupled t o  a  fam- 
i l y  o f  Lagrangian equa t ions .  The formal  s t r u c t u r e  o f  the  parametr ized 
v a r l a t i o n a l  p r i n c i p i e  p o s t u i a t e d  i n  t h i s  paper,may be convenient  as a  
s t a r t l n g  p o i n t  f o r  t h e  formal  t rea tment  o f  genera i i zed  s e m i -  c l a s s i c a l  
models. 

Dynamics which i n v o l v e  c-number and q- number  v a r  i a b l  e s  a r e  

c a l l e d  semi- c lass ica l  dynamics. The s tudy  o f  semi- c lass ica l  models i s  

o f  g r e a t  importante f o r  t h e  understanding o f  t h e  t r a n s  i t i o n  frorn a  

p u r e l y  quantum behavior  t o  a  c l a s s i c a l  one. Many i n t e r e s t  i n g  p a p e r s  

deal i n g  w i t h  semi- c lass lca l  dynamics have a p p e a r e d  r e c e n t  l y '  " ' 3 .  

Sudarshan and Gordov s t a r t  f rom a  quantum dynamical model which, l a t e r ,  

I s  reduced t o  a  semi- c lass ica l  d e s c r i p t i o n .  I n  h i s  paper, Sudarshan im- 

poses super- se lec t ion  r u l e s ,  w h i l e  Gordov fo rmu la tes  h i s  model i n  an 

extended H i l b e r t  space. L i r a n 4,  ~ c h Ü t t e ' ,  a n d  ~ r i f f i n ' ,  w h i c h  a r e  

I n t e r e s t e d  i n  t h e  non- ad iaba t i c  nuc lear  behaviour  cons ider ,  i n  t h e i  r 

models, t h e  ex is tence  o f  a  c o l l e c t i v e  dynamics, represented by t i m e  de- 

pendent r e a l  parameters, coupled t o  a  rn icroscopic  quanturr; dynamics. I n  

a l l  papers l i s t e d  above, the  proposed dynamical equat ions a r e  n o t  o f  

v a r l a t l o n a l  o r i g i n .  
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The purpose o f  t h l s  paper i s  t o  e s t a b l i s h  t h e  v a r i a t i o n a l  

equat ions d e s c r i  b i n g  t h e  coi ipl  l n g  between t h e  q-number and t h e  c - num-  

ber  (paramet r i c )  behavlour  o f  t h e  same g l o b a l  dynamics. For t h i s  purpose, 

we s t a r t  f rom a g e n r r a l l z e d  quantum, time-dependent, v a r i a t i o n a l  p r i n -  

c l p l e  w i t h  a Hami l ton ian o p e r a t o r  depending on r e a l  parameters and i t s  

t ime  d e r i v a t i v e s .  

The r e s u l t a n t  s e t  o f  v a r i a t i o n a l  equat ions I s  f o r m e d  b y  a 

~ c h r g d i n ~ e r  equa t ion  (whose t ime e v o l u t  i o n  o p e r a t o r  i s t h e  parametr i zed  

Haml l ton o p e r a t o r )  coupled t o  a f a m i l y  o f  Lagrangian e q u a t i o n s .  The  

Lagranglan i s  the  s p e c t a t i o n  mean v a l u e  o f  the  parametr ized H a m i l t o n  

o p e r a t o r .  The W.K.B. approx lmat ion  i s  eva lua ted  and we show t h a t  i n  t h e  

zero o rder ,  the  system o f  equat lons 1s c o n s i s t e n t  w i  t h  t h e  expected 

c l a s s i c a l  1 i m i t .  

2. CLASSICAL ACTION FOR PARAMETRIZED HAMILTONIAN 

Let  us cons ider  the  c l a s s l c a l  parametr ized Hami l ton ian  

j where {x , p . } ,  j = I ,..., n, a r e n  p a i r s  o f  canonica l  v a r i a b l e s  a n d  
3 

! ~ , J , , ~ I  , J = I,. . . , R ,  a r e  R p a i r s  o f  r e a l  parameters and i t s  t ime  de- 

r l v a t  i ves .  The n coord ina tes  ($1 a r e  c a r t e s i a n  and or thogonal  . The R 
J 

parameters {x a r e  c a r t e s l a n  o r thogona l  coord ina tes  I n  the  c o n f i g u r -  

a t l o n  m a n i f c l d ,  VR, o f  an externa1 dynamlcal system i n  i n t e r a c t i o n  w i t h  

t h e  i n t e r n a l  canonica l  one. The presence o f  the  parameters I n  eq. (2.  I ) ,  

w i l l  a l l o w  the  f o r m u l a t l o n  o f  a  v a r i a t i o n a l  c l a s s i c a l  p r i n c i p l e  f o r  t h e  

i n t e r a c t i o n  between the  i n t e r n a l  and the paramet r i c  dynamics. I n  the  

s lmp les t  cases d iscussed i n  t h e  l i t e r a t u r e 7 ,  t h e  paramet r i c  d y n a m i c s  

, which 

i t y  con- 

a c t s  on t h e  i n t e r n a l  system, w l t h o u t  the  corresponding r e a c t i o n  
J means t h a t  the  q u a n t i t l e s  x (t) a r e  p resc r ibed .  

By convenience we p o s t u l a t e  t h e  de te rminan ta l  r e g u l a r  

d l t l o n s  

L e t  us cons ider ,  then, the  c l a s s l c a l  a c t i o n  



de now construct  two independent f i r s t  order va r i a t i ons ,  6 ,  and 6,' f o r  

eq. ( 2 . 3 ) ,  such tha t  6 , d  and 6  , p j  are  independent and a r b i t r a r y ,  but  

wl t h  

6,xJ = o 
J 

and l a t e r  we take 6,,x a r b i t r a r y ,  but w i t h  

I n  both va r i a t i ons ,  the t ime i s  no t  var ied .  As a consequence, we ob ta in  

the fo l l ow ing  v a r i a t l o n a l  equatlons 

The system formed by eqs. ( 2 . 4 )  and (2.4 ' )  spec i f i es  the i n te rac t i onbe -  

tween an i n te rna ] ,  Hamil tonlan, dynamics and an ex terna l ,  p a r a m e t r  i c ,  

Lagrangian, dynamics. 

Let us take a  new v a r i a t i o n  A, def ined as 

d A = b + A t -  & 

whlch var ies  a l so  t, and t2 i n  eq. (2.3). Now, the hJ are  f ree ,  bi i t  we 

impose the cons t ra in t  

As eqs. (2.4) and (2.4') are consldered va l  

and t2, we have 

t, 

, . . . , R  (2.5) 

i d  between the e x t r e m a  t, 



D e v e l o p i n g  the  l e f t  hsnd s i d e  o f  eq. (2.6) i n  terms o f  h' and A t ,  

which a r e  independent, we have I n  p lace  o f  eqs. (2.4) arid (2 .4 ' ) ,  t h e  

new v õ r i a t l o n a i  system o f  dynamlcal equat ions 

where 

The systern forrned by eqs. (2.4) and (2 .4 ' )  i 

e q u i v a l e n t  t o  t h e  s tandard Lagrangian o r  Hami 

dynamics. But the  dynamics d e s c r i p t i o n  c o n t a i  

s a R o u t h i a n  S y s t e m 6,  

l t o n i a n  f o r m u l a t i o n s  o f  

ned i n  eqs. (2.7), (2 .4 ' )  

1s o f  a d i f f e r e n t  na tu re .  Th is  1s a d i r e c t  consequence o f  t h e  boundary 

c o n d l t i o n ,  eq. (2.5),  which des t roys  t h e  symmetry o f  t h e  g l o b a l  dy- 

namics. The c o n s t r a i n t ,  eq. (2.5),  makes i t  p o s s i b l e  t o  v a r y  a r b i -  

t r a r l l y  o n l y  t h e  i n t e r n a l  coord ina tes ,  i .e. ,  take  as a r b i t r a r y  o n l y  t h e  

quant I t i e s  h'. T h i s  a1 low us t o  i n t e r p r e t  t h e  Lagranglan behavior  rep-  

resented i n  eq. (2 .4 ' )  as a boundary dynamics which i n f  luences t h e  i n -  

te rna1  mot lon,  desc r ibed  l n  eq. (2.7), which i s  a H a m i l t o n - J a c o b i - l i k e  

parametr ized equa t ion .  The system o f  eqs. ( 2 . 4 ' 1 ,  ( 2 . 7 )  r e p r e s e n t s  a 

Lagrangian p i c t u r e  whose c o n f l g u r a t i o n  space i s  t h e  c a r t e s l a n  p r o d u c t  

o f  t h e  ~ a r a m e t r i c  and i n t e r n a l  c o n f i g u r a t i o n  spaces. 

3. QUANTUM ACTION FOR PARAMETRIZED DYNAMICS 

As i t  i s  w e l l  k r ~ o w n " ~ ,  t h e  n o n - r e l a t i v i s t i c  quantum fundamen- 

mental equa t ion ,  rnay be ob ta ined  f rom a t ime dependent q u a n t u m  v a r i -  

a t i o n a l  p r i n c i p l e  



and where the  b racke t  < I  I >  means an i n t e g r a t i o n  i n  t h e  c o n f  i g u r a t  i o n  

space {x3) o f  t h e  quantum system. I n  t h i s  paper, we extend t h e  quantum 

v a r i a t i o n a l  p r i n c l p l e  g i v e n  by eqs. (3 .1) ,  (3.2), (3.3), f o r  t h e  case 

I n  whlch t h e  Hami l ton lan  opera to r ,  ?, has t h e  pararnetr ic  dependance 

As we w i l l  see, i n  t h i s  s l t u a t i o n ,  t h e  r e s u l t a n t  Euler-Lagrangeequat ions 

d e s c r i b e  a quantum Hami 1 t o n i a n  dynamics embedded i n  a L a g r a n g  i a n  ba t h  
J J  {x ,X 1 ,  w i t h  whom i t  i n t e r a c t s .  I n  

supposed t o  be p o i n t l i k e ,  i n  the  o f  

Then, i n s e r t i n g  eqs. (3.3 

t a i n  

t h i s  bath, t h e  quantum s y s t e m  i s  
J 

f i r s t  o r d e r  v a r i a t i o n s  Ax . 
and (3 .3 ' )  i n t o  eq. (3.21, we ob- 

a 
= -iK (3 .4 ' )  

a xJ 

where $ i s  the  a d j o i n t  o f  I), and & i s  t h e  volume element i n  t h e  con- 

f i g u r a t i o n  space {x3). NOW, as i n  t h e  c l a s s i c a l  a c t i o n ,  eq. (2.3) we 

cons ider  two independent types o f  v a r i a t i o n s ,  6a and 6b, f o r  eq. (3.4) 

J a)  ba+ = 0;  6 x = S fl = O, w i t h  6 $ a r b i t r a r y  and a l s o  6 t = O. W i  t h  a a a a 
t h l s  and imposing the  c o n d i t i o n  6 2  = O, i n  eq. (3.4), we o b t a i n  

t h e  corresponding equat ions  f o r  5 a r e  eas i  

J J  r ,Q ,t) = O (3.5) 

y ob ta ined .  

J J J 
b) 6b$ = 6b+ = 6$ = 6 t, w i t h  6bx a r b i t r a r y ,  b u t  6b2 (t )=dbx (t,)=O. 

b J ' 
Here, we cor is ider  6b2 # 0, induced by t h e  v a r i a t i o n s  6bx . 
Wi th  these v a r i a t i o n a l  c o n d i t l o n s  we o b t a i n  f rom t h e  v a r i a t l o n s  6 A = O b 
t h a t  



we o b t a i n  

The boundary term i n  eq. (3.8) vanishes, and f rom the  r e s t r l c t i o n s  whlch 

d e f i n e  t h e  6b v a r i a t i o n s ,  we have 

J Slnce t h e  v a r i a t i o n s  6 x a r e  a r b i t r a r y  i n  t h e  open i n t e r v a l  ( t2,t l )  i t  b 
f o l l o w s  t h a t  

a d a  [- -, - (-)l , , <JIIHI*> = 0 
a 2  d t  a;: 

w i t h  

The coupled v a r i a t i o n a l  equat ions,  deduced f rom t h e  genera l i zed  quantum 

a c t i o n  I n  eq. ( 3 . 4 )  w i t h  the  a i d  o f  da and 6 v a r i a t i o n s ,  a r e  b 



where 

and 

As a consequence o f  t h e  $, v a r i a t i o n s  p r o p e r t i e s ,  t h e  boundary 

term i n  o f  (3.8) may be w r i t t e n  l n  t h e  form 

From t h e  form o f  eq. (3.13), we d e f i n e  t h e  canon ica l  momentum con juga te  
J 

t o  x , as 

I t  i s  ímpor tant  t o  remark t h a t  eq. (3.10) i s  a Lagrangian equa t ions  i n  

which <$Igl$> p l a y s  t h e  r o l e  o f  t h e  c l a s s i c a l  Lagrangian. T h i s  aspect  

I s  unusual I n  t h e  1 i t e r a t u r e  of t h e  semi- c lass ica l  model . ~ i r a n ~  i n  t h e  

t reatment  o f  nuc lear  c o l l e c t i v e  processes by t h e  Cranking non- ad iaba t i c  

m ~ d e l ' ~ ,  a r b i t r a r i l l y  p o s t u l a t e s  an a d d i t i o n a l  Lagrangian s y s t e m  o f  

equat ions which a l l o w s  t o  c a l c u l a t e  t h e  c o u p l i n g  between t h e  c l a s s i c a l ,  

c o l l e c t i v e  dynamics w i t h  t h e  i n t e r n a 1  quantum dynamics. But L i r a n  takes 

QCIII?IJI> as t h e  c l a s s i c a l  Haml l tor i lan and f rom i t  he c o n s t r u c t s ,  i n  t h e  

usual  way, t h e  c l a s s i c a l  Lagrangian. 

4. THE c-NUMBER HAMILTONIAN 

I n  t h i s  s e c t i o n  we o b t a i n  the  c l a s s i c a l  Hami l ton ian,  which i s  

assoc la ted  w i t h  < $ I H ~ $ >  by a Legendre t rans fo rmat ion .  For t h i s  purpose, 

we m u l t i p l y e q .  (3.10) and summing over  J, we o b t a i n  

bu t  

Hence, f rom eqs . (4.1 ) and (4.2) we have 



It 1s now easy, t o  ob ta ln  the Hamilton equations def ined by H, narnely 

; J =  aH 
apj 

5. THE CLASSICAL APPROXIMATION TO EQ: (3.12) 

Let us represented $ given i n  eq. ( 3 . 4 1 ,  as 

where 

So i s  supposed t o  be rea l  and i s  an scalar  by regular  coordinate t rans-  

forrnations of the {x3). General i z i n g  paul i" and ~ t a c h e l  12, we may 

rewr i t e  eq.(5.1) as 

where R. i s  necessa r i l l y  no t  rea l .  If we subs t i t u te  eq.(5.1) i n t o  (3.4), 

i n  the approximation where R coincides w i t h  R we ob ta in  
o '  

I f  we consider va r i a t l ons  6 , ,  r e s t r i c t e d  by the cond l t ions  



6.,t - O ,  but 6,~: arbitrary, we obtain wi th 6,A, = O 

a R 
The term iH has been neglected because i t is of order h. 

a 
Developingzasa power series in (-ifi-); with normal 

orderlng, we obtain for the zero order term 
a& 

inserting eq.(5.5) Into (5.41, we have 

* 
Keeplng R. # O and &,Ro arbitrary, we obtain the zero order variationai 

equa t i on 

This 1s a Hamilton-Jacobi like equation for dynamics endowed with an 
*J 

action So, parametrized with x
J 

and a: . 
Now, let us consider 6,, variations, subject to the fol 1 owi ng 

conditions 

6,& = 6,,~, = 6,,so = 6,,t = O 

6,,xJ arbitrary, except in the boundarles: 

Hence, lf 8,$ # 0, then 6,d0 = 0, impl ies in that 

If we admit that &,,-I ike variations commute with Ro, R:, So and xJ, we 

can wrl te 



where 

The boundary term i n  eq. (5.9) vanishes, b u t  f rom it, we can d e r i v e  t h e  

canonica l  momentum p The a r b i t r a r i n e s s  o f  t h e  v a r i a t i o n s  61i-cJ, i n  eq. 
J' 

(5.9) generate v a r i a t  i o n a l  equat ions, which a r e  o f  the  Euler-Lagrange 

Eqs. (5.10) and (5.7 

the  system i n  eq. ( 3  

c l a s s i c a l  a c t i o n  p r l  

i s  q / H I $ > ,  w i t h  

) ,  show t h a t  I n  t h e  ze ro  o r d e r  approx imat ion,  ( E ) ' ,  

-12 )  i s  e q u i v a l e n t  t o  t h e  equat ions ob ta lned  f rom a 

n c l p l e ,  where So i s  t h e  a c t i o n  and the  Lagrangian 

i 

I+> = i?, e ã So 

With  t h i s  c ~ r r e s ~ o n d e n c e ,  eqs. (5.10) and (5.7) a r e  e q u i v a l e n t  t o  t h e  

system formed by eqs. ( 2 . 4 ' )  and (2.7).  

6. CONCLUSIONS 

The dynamics generated by Hami l ton ian  opera to rs ,  which depend 

on c-number parameters and i t s  t ime  d e r i v a t i v e ,  desc r ibe ,  n e c e s s a r i l y ,  

a c-number dynamics i n t e r a c t l n g  w i t h  a q-number one. The equa t lons  

(3.12) ,  have a dynamical s t r u c t u r e  which e x h i b i t s  c l e a r l y  t h i s  aspect,  

and i t s  v a r i a t i o n a l  o r l g i n  suggests t h a t  they  may p r o v l d e  a n a t u r a l  can- 

d l t a t e  t o  r e p r e s e n t a t i o n  f o r  t h i s  semi- c lass ica i  c o u p l  i n g .  A v e r y  

I n t e r e s t l n g  and open problem t o  be s t u d i e d  i s  t h e  semi- c lass ica l  system 

w l t h  Incomplete quantum i n f o r m a t i o n .  T h i s  w i l l  lead, n a t u r a l l y ,  t o  t h e  

c o u p l i n g  between an s t a t l s t i c a l  quantum dynamics and a c- n u m b e r  dy-  

namics. Work i n  t h i s  issue i s  l n  progress.  
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Resumo 

Generaliza-se o principio var iac iona l  quântico, dependente do 
tempo, para o caso de operadores Hamlltonianos contendo parâmetros rea i s  
e suas derivadas tempo~ais.  O sistema var iac iona l  ob t i do  é cons t i t u ído  
de uma equação de Schrodlnger acoplada a um sistema de equaçoes de 
Lagrange, onde a Lagrangeana é o va lo r  medi0 do o p e r a d o r  Haml 1 toniano 
parametrlzado. A dinâmica consequente do p r i n c í p i o  var iac iona l ,  descre- 
ve a interação en t re  uma sub-dinâmica q-number com uma subdinâmica c -  
-number. Na aproximação W.K.B. de ordem ( A )  ', o sístema var lac fona l  re-  
duz-se a uma equação do t l po Haml l ton-Jacob i, acoplada a uma famí l  i a  de 
equações de Lagrange. As ca rac te r l s t i cas  formais do sistema var iac iona l  
ob t i do  são apropriadas para a descrição de interações q-number - c-num- 
ber, ad iab i t i cas  e não adlabát lcas,  dependentes do tempo. 


