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Abstract P r o p e r t l e s o f  t h e e l a s t l c  e x c i t a t i o n  f u n c t i o n a t  1 8 0 ~ p r o d u c e d  
by dev ia t lons  from the usual st rong absorpt ion S-matrix a re  studied.  We 
consider dev ia t lons  S w i t h  the  shape o f  windows i n  R-space, c e n t e r e d  
around a value R corresponding t o  a  per iphera l  c o l l  i s i o n  and concen- 
t r a t e  our ana lys is  on the in ter fe rence o f  the p a r t i a l  waves neighbour- 
Ing L. The cond i t ions  f o r  const ruc t ive  and des t ruc t i ve  in ter fe rence and 
the e f f e c t  o f  odd-even staggering fac to rs  are invest igated,  i n t h e  pres- 
ente and i n  the absence o f  Coulomb and nuclear r e f r a c t i o n .  The conse- o  quences o f  such in ter fe rence on the anomalous behaviour o f  the 180 ex- 
c i t a t l o n f u n c t i o n s  f o r  the e l a s t l c  sca t te r i ng  o f  some n-cr nuc le i  a r e d i s -  
cussed. tn connectlon w i t h  r e s u l t s  o f  o ther  works. 

The anomalous behavlour o f  the cross-sections f o r  c o  l l I s  i o n s  

between n-a nuc le l  (e.g. "C, 160, 2 0 ~ e ,  2 4 ~ g ,  2 8 ~ i ,  3 2 ~ ,  e t c )  has been 

l n tens i ve l y  studied i n  the l a s t  seven yearsl. Contrast ing w i th  the t y p i -  

ca l  o p t l c a l  rnodel l l k e  pa t te rn  observed i n  most Heavy l o n  c o l l i s i o n s  

the e l a s t l c  cross- sect ion f o r  c o l l  i s lons  o f  these nuc le i  i s  s t r o n g l  y  

enhanced a t  la rge angles and the 180° e x c i t a t i o n  func t  ion i s  dorninated 

by pronounced o s c i l l a t i o n s .  S imi la r  abnormal cross sect ions a r e  a l s o  

observed I n  i n e l a s t i c  and a- t rans fer  channels. 

Although the dynamical o r i g l n  o f  such anomalies has n o t  y e t  

been s a t l s f a c t o r i l y  establ  ished, It has been ~ h o w n ~ ' ~  t h a t  t h e  ma i n 

tendencies o f  the la rge angle e l a s t i c  sca t te r i ng  data can f requent ly  be 
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reproduced by the additlon of two anomalous contributions ,?(&,E) and 

3' (R,E) to the normal strong absorption S-matrix2. These contributions 
have the shape of wlndows ln R-space, representing peripheral 

col l l slons, and 3' (R,E) contains an odd-even staggering factor (-1' as 

that appearing in elastic transfer processes. This factor af fects 

drastlcal i y the contributions o f  5' to the cross-section. While the 
relevant partial waves usually interfere destructively, prodia.;ing can- 

R cellatlons, the factor ( - )  changes the relative phases between con- 

secutive R-values and rnay lead to constructive interference. 

Iti the present paper we study in detail the interference be- 

tween the partllal waves describing peripheral coll isions wh ich con- 

tribute to the elastlc cross-sect!on through the anomalous terms S(R,E) 
and zl(R,E). We discuss also how the results of this study affect the 

concluslons of other papers2'3'4'5 in whicti the anomalous elastlc scat- 

terlng of n-a nuclei Is attrlbuted to peripheral processes. In section 

2 we stablish our notation and introduce some useful anal yt lcal ex- 

pressions based on the Poisson serles. ln section 3 we study the in- 

fluente of the detai 1s of S(R ,E) and S(R,E) on the interference of the 

partial waves. In section 4 we show how cancellation or enhancement 

effects resulting from the ,nterference of peripheral waves may affect 

the trends of the 180~excitation function. Finally a sumrnary of the 

main conclusions of the present work is presented in section 5. 

Throughout this paper we wi 1 1  consider exclusively 180° exci- 

tatlan functions. This choice is justified by the facts that the in- 

formatlon it contains are much richer than those contained In angular 

distributions and that analytical expressions become much sirnpler at 

180'. 

2. BASIC NOTOONS, ANALYTICAL FORMULAE 

We write the partiai-wave projected S-matrix as 

where $ 1 s the usual "strong absorption prof 'e" correspondlng to 

strongly absorbing optlcal potentials and ?'Q,.E) is an anornalous con- 

trl bution associated wl th peripheral processes. assuming that the 180' 



e x c l t a t i o n  func t l on  i s  not  a f f ec ted  by :(%,E) we may w r i t e  

I n  the above equation a are Coulomb phase s h i f t s ,  k i s  the r e l a t l v e  
R R wave number and the fac to r  (-) corresponds t o  the Legendre Pol ynomial s 

a t  180'. I t  i s  convenient t o  w r l t e  ,?(&,E) as 

where d(E) i s  an overal  l energy dependent s t rength  and ~ ( R - R )  r e p -  - 
resents a wlndow i n  R-space centered a t  R = R w i t h  the normal izat ion 

w(0) = 1 .  The quan t i t y  R character izes the per iphera l  nature o f  the 

process and 1s given by the semlclassical  r e l a t i o n 2  

I n  order t o  study the in ter fe rence between the p a r t i a l  waves neighbour- 

lng & It i s  convenient t o  put  eq. (2.2) Tnto the form 

- 2  
g ( ~ )  i s  a pure ly  geometrical f a c t o r  which tends t o  the I l m l t  R as the 

scat te r  lng energy lncreases. The in ter fe rence fac to r  a(E), on the o ther  

hand expresses the lnter ference aspects o f  the p a r t i a l  waves. I n  the 

slmple case tha t  w ( ~ , i )  = G ( R , ~ )  one gets a(B) = 1 .  I f  w has a f i n i t e  

w ld th  a(E) w l l l  have cont r lbu t lons  from other p a r t i a l  waves and thenet 

r e s u l t  may be cance l l a t l on  o r  enhancement. In  the former case a@) < 1 

and i n  the l a t t e r  U(E) > 1 .  

11, our study o f  a ( ~ )  we w l l l  use two d i f f e r e n t  shapes f o r  

~ ( R , R ) .  A gaussian shape (GP) 

w(R-i) = exp C- (&-i) 2/2a2 1 



and the d e r i v a t i v e  o f  a  rea l  Ericson func t i on 6 (DEP) 

As we w i l l  see below, these shapes have the advantage o f  l ead ing to  ana- 

l y t l c a l  expressions f o r  a(E).  

To ca l cu la te  a ( ~ )  we w l l l  f o l l o w  ~ r a h n ~ .  As a s t a r t t n g  po in t  we 

w r i t e  the Poisson formula f o r  P(0=18o0) 

where h = L  + i and ?(h) and o(h)  a re  a n a l y t i c  cont in l iat ions o f  $(L,E) 

and oL. I f  the Couloinb phase-shi f ts  can be expanded 1 i nea r l y  around Ã, 

7 
the whole region o f  h-space where ? i s  re levant ,  Frahn shows t h a t  

and 

The ln ter fe rence fac to r  takes the form 

For the DEP (eq. (2.9)) one f inds7 

and 

460 



For the GP o f  eq. (2.8) It can be e a s l l y  shown t h a t  

H(z) = expl -02z2/2 I 

We ore  a l so  

parametrlzation, 1.e 

In teres ted I n  the odd-even staggering* 

w1 (1-1) = eiB" .(A -i) 

(2.19) 

wl t h  these 

w l t h  B = -I**. I n  these cases It 1s s t ra lgh t fo rward  t o  show t h a t  t h e  

normal l z a t i o n  N 1s unchanged and the  func t i on  H' (z)  can be expressed i n  

terms o f  H(z) through the r e l a t l o n  

H'  (z)  = e "" H(z + Bn) (2.21) 

The above r e l a t i o n  holds not  on l y  f o r  odd-even staggering b u t  a1 so  l n  

any case where the dl f ference o f  phase between w1 (A-Ã) and ~ ( A - Ã )  de- 

pends l lnea r l y  on A. 

3. STUDY OF THE INTERFERENCE FACTOR 

I n  t h i s  sect lon we w i l l  study the in ter fe rence fac to rs  a ( ~ )  and 

a '@)  I n  d i f f e ren t  s i t ua t i ons .  We w i l l  consider the DEP and GP.shapes o f  

w(h-Ã), the e f f e c t s  o f  r e f r a c t i o n  on a(E) and a ' ( ~ )  and a l so  the e f f e c t s  

o f  asymmetry o f  w(A-Ã) w i t h  respect t o  Ã .  

a) No re f rac t i on  Z h i t  

Let us consider f i r s t  the l i m i t i n g ,  hypothet ica l ,  case where 
N bothCoulornband nuclear phasesa reneg lec ted  ( ~ ~ = 6 ~ = 0 ) .  I n  t h i s  - 

case eR = O and no expansion o f  uR i s  needed. The P o i s s o n  s e r i e s  i s  

s t rong ly  domlnated by the terms m = - 1 and m = O (except when a o r  

* We w i l l  adopt the no ta t i on  t h a t  primes are  always associated w l t h  odd 
-even s  tagger i ng . a 

** Clear ly  a  B=l 1s a l so  posslb le.  However we choose the negat lve s ign 
so t h a t  even-odd staggerlng may be vlewed as a  f o rmo fnuc lea r  re f rac -  
t l o n  (negat lve) .  



and we get  

where C and C '  a re  the energy Independent quan t i t i es  

(4nÃ)' e-2n2Ã , f o r  de DEP 

e-~2a2 , f o r  de GP 

16 Ã2 , f o r  the DEP 

2na2 , f o r  theGP 

For the purpose o f  comparlng the DEP and the GP i t  i s  convenlent t o  ex- - e 

press the parameters A and u i n  terms o f  the ha l f- wid th  r 

The constant C '  g ives an energy independent upper l i m l t  f o r  the 

odd-even stagger ing ln ter fe rence f a c t o r  a '  ( E )  i n  the presence o f  re f rac-  

t i o n .  I n  the no- re f rac t ion  case the con t r i bu t i ons  from a11 pa r t i a1  waves 

are al lgned along the p o s l t i v e  d l r e c t i o n  o f  the rea l- ax is .  The presence 

o f  r e f r a c t l o n  introduces energy dependent r e l a t i v e  phases among the par- 

t i a 1  wavesand the coherence 1s weakened. 

On the other hand, the no- re f rac t ion  l i m i t  i n  the absenceof odd 

-even staggering gives the strongest cance l l a t i on  possib le.  The I n t e r -  

ference fac to r  shows strong o s c l l l a t l o n s  r e s u l t i n g  from the terms m = - 1  

and m = 0, which have the same amplitude, w i t h  the " natural"  per lod  

deterrnlned by the condi t ion ~ R ( E )  = 1 .  A1 though the per iod  o f  o s c  i I - 

l a t i o n  depends on E, the maxima o f  a ( ~ )  are tangent t o  the energy inde- 

pendent quan t i t y  C. 

A cornparison between the ln ter fe rence fac to rs  r e s u l t l n g  from the 
e 

two parametr izat ions w i t h  the same ha l f - w id th  r i nd ica tes  tha t  the DEP 

produces stronger enhancement i n  C 1  wh i l e  nothing can be sald about can- 
., 

c e l l a t i o n  i n  a @ )  as the comparison depends on r .  



b )  m e  CouZomb re f rac t i on  

To perform ca l cu la t l ons  w l t h  Coulomb r e f r a c t i o n  I t  i s  necessary 

t o  spec i fy  a  system i n  order t ha t  Z(E) and o& can be e v a l  u a t e d .  We 

choose 160 + 2 8 ~ i  fo r  whlch there  i s  a  l o t  o f  informat ion ava l l ab le .  I t  

should be mentloned, however, t ha t  the maln features o f  a(E) and a ' @ )  

are q u a l i t a t l v e l y  the same f o r  other n-a systems. For 160 + 2 8 ~ i  i s  

glven by eq. (2.4) w i t h  

EB = 17.8 MeV (3.8b) 

I f  the width i s  not  too small and the energy not  too h lgh  ( t o o  

low), the f a c t o r  a(E) (a ' (@)  1s domlnated by rn = -1 (O) I n  the Polsson 

ser les.  Keeping on l y  these leading terms we ob ta in  

a '  (E) = [447iGRÃ2/s i nh (.rrZeR)] 

f o r  the DEP, and 

a ( ~ )  = 2nu2 e x p [ - ~ ~ ( 5 ~ - ~ ) ~ ]  

a '  (E) = 2n02 exp C- o' é;] ( 3 . 1 2 )  

One should keep i n  mind though tha t  these are approximate e x p r e s s i o n s  

based on the cond i t ion  << Ã and on a  l i n e a r  expansion o f  t h e  a ( X )  

around Ã, which may become Inappropr iate as E -+ EB, i n  which case Ã+o. 
I n  f igs .  1 and 2 we show a(E) and a' (E) i n  the cases o f  DEP (eq. 

(2.9)) and GP (eq. (2.811, respect lve l  y. ln te r fe rence fac to rs  obtalned 

by the numerical summatlon o f  eq. (2.7) ( f u l l  l i n e s )  and by the approxi- 

mate expressions (3.9)- (3.12) (cresses) are given f o r  = 1 ,  2 and 3 .  
The no- re f rac t lon  I l m l t s  c a n d  c '  are a l so  ind ica ted i n  each  c a s e .  

F l r s t l y  i t  should be not lced tha t  the approximate expresslons ( 3 . 9 ) -  

(3.12) g ive  the in ter fe rence fac to rs  w i t h  very good accuracy. Theshort-  - 
coming o f  missing the la rge energles o s c i l l a t i o n s  f o r  r = 1 can  be 

e a s i l y  e l lm lnated by the i nc lus lon  o f  the m = O term i n  t h e  P o i s s o n  

ser ies .  Besides, the f i gu res  show some in te res t i ng  features o f  a  and a ' .  



E,,(MeV) 
F i g .  1  - Exact ( f u l l  1  ines)  and approx imate (crosses)  i n t e r f e r e n c e  f a c -  
t o r s  i n  t h e  DEP i n c l u d i n g  Coulomb r e f r a c t i o n .  No r e f r a c t i o n  l i m i t s  a r e  
i n d i c a t e d  by dashed 1  ines  ( f o r  r = 3 C 1  i e s  below 1 0 ~ ' ) .  For d e t a i  1s see 
t h e  t e x t .  

15. 20. 25. 30 35 40. 15. 20. 25. 30 35. 40 15. 20. 25. 30. 35. 40. 

E,,íMeV) 
F ig .2  - Exact ( f u l l  1  ines)  and approx imate (crosses) i n t e r f e r e n c e  f a c -  
t o r s  i n  t h e  GP, i n c l u d i n g  Coulomb r e f r a c t i o n .  No r e f r a c t i o n  I t m l t s  a r e  
l n d l c a t e d  by dashed l i n e s  ( f o r  r=3 C l i e s  below 10-16). For d e t a l l s  see 
t h e  t e x t .  



- The in ter fe rence fac to rs  converge t o  the no- re f rac t ion  l l m i t s  as the 

energy increases. This i s  a  d i  r ec t  consequence o f  the f a c t  t ha t  6 
R' 

goes t o  zero as E -+ w, and the non-Coulomb-ref r a c t i o n  1 i m i t i s  ap- 

proached . 
- The vlew tha t  a ( ~ )  1s domlnated by cance l l a t i on  and tha t  a l (E) by en- 

hancement i s  not  co r rec t .  The tendency o f  the i n t e r f e r e n c e  f a c t o r  

changes w l t h  energy. I n  f i g .  ( Ib ) ,  f o r  example, u'(E)  < 1  f o r  E < 31 

MeV and a(E) > 1 f o r  E  < 19 MeV. 

- The fac to r  a(E) in tercepts  a l (E) a t  E, = 23.0 MeV, both f o r  DEP and - 
GP, fo r  any i'. E, i s  g iven by the cond i t ion  (see eqs. ( 3 . 9 )  - (3.12)) 

BR = I T / ~ ,  o r  Ã 
(E) = 

n ( E ) .  This means tha t  the i n t roduc t i on  o f  an odd- 

-even staggering f a c t o r  I n  w(h-E) enhances the cancel l a t i o n  a t  ener- 

g ies  below 23 MeV. 

We have a l so  invest lgated the mecanism through w h i c h  s t r o n g  

cance l la t ion  may occur i n  a(E). For t h i s  purpose we introduce the quan- 

t i t y  

and slmi l a r 1  y  a '  (E) (O-'), which are  represented i n  f ig .  3  f o r  t h e  DEP 

a t  35 MeV w i t h ?  = 2 .  I t  i s  shown tha t  the cance l l a t i on  i s  an o v e r a l l  

property o f  the p a r t i a l  waves around i .  A na'fve i n t e r p r e t a t i o n  tha t  such 

cance l la t lon  occurs among consecutive p a r t i a l  waves f o r  w h i c h  the 

Legendre polynomial gives opposl te signs i s  c l e a r l y  wrong. I f  t h i s  were 

the case a ( E )  (O-') r o u l d  a1 te rnate  from la rge t o  m a l  l valueí ,  contra-  

d l c t i n g  f i g .  3 .  

e) CouZomb yZus nucZear re f rae t i on  

Let  us conslder the slmple case where 

w l t h  Iw(X-Ã)l glven by the DEP o r  the GP 

Iu(X-Ã) 1 (3.15) 

. This i s  exac t l y  t h e  l i n e a r  



coou Zomb re f r ac t i on  

P a 
Fig.3 - Study of cance l la t ions  i n  the pa r t i a1  waves summation (eq.(2.7)), 

f o r  5 i n  the form o f  eq. (2.9). 

dependence o f  eq. (2.20) w l t h  GN = 8" g iv ing  a  nuclear de f l ec t i on .  Ana- 

l y t i c a l  expressions f o r  a(E) and a 1 ( 6 )  a re  then t r i v i a l l y  d e r i v e d  and 

the r e s u l t s  are those o f  eqs. (3 .9 )  -(3.12) w i t h  the replacement o f  GR 
by 8; 

e = e  + e  
R N (3.16) 

I n  f i g .  4 we show exact values o f  a (6)  and a ' ( ~ )  obtained w i t h  

the DEP w i t h  r = 2. Results f o r  the GP o r  f o r  other ? are q u a l i t a t i v e l y  - 
s i m i l a r .  The in ter fe rence fac to rs  were ca lcu la ted f o r  BN = O, - 0.25n, 

- 0 . 5 ~ ~  -0.791 and -T. An i n te res t i ng  po in t  t o  be not iced i s  t h a t  t h e  

inc lus ion  o f  

energles. I n  

as E + I n  

comes 0 = 0 .  

nuclear d e f l e c t i o n  s h i f t s  the no- re f rac t ion  l i m l t  t o  f l n i t e  

pure Coulomb r e f r a c t i o n  the cond i t ion  BR = O i s  f u l f i l l e d  

the present case, however the no- re f rac t i on  cond i t ion  be- 

The cond i t ion  above i s  an equation f o r  E. For example the so lu t i on  f o r  - 
0 = -0.5 , i s  ENR = 23.0 MeV, which i s  i n  pe r fec t  agreement w i t h  f i g . 4 ~  N 

A second po in t  o f  i n te res t  i s  i n  connection w i t h  the footnotes 

I n  p.7. The fac to r  a' (E) corresponds t o  a ( ~ )  i n  the presence o f  the nu- 

c lea r  d e f l e c t i o n  func t i on  GN = -". The sequence o f  f i gs .  4a, b ) ,  c ) ,  d ) ,  

and e) show how the in ter fe rence fac to rs  a  and a '  change i n t o  one 



Fig.4 - l n t e r f e r e n c e  
fac to rs  w l t h  the DEP, 
inc lud ing Coulomb p lus  
nuclear re f rac t i on .  F ig-  
ures a, b, c, d, and e 
correspond, r e s p e c  t - 

O.mE-06 i ve ly ,  t o  e = 0,-.25n, 

1s. m. 25 30. 35. 4Q - 0 . 5 0 1 ~ ~  -.#r and -r. 

another as BiV var ies  cont inuously from O t o  -r. 

I n  a l l . cases ,  a(E) and a ' (E )  are  contained w i t h i n  the two cor-  

respondlng no- re f rac t lon  I l m l t s  (excepts f o r  the l oca l  ized rn = O, m = - 1 

inter ference o s c f l l a t i o n s ) .  I t  i s  l n te res t i ng  t o  remark t h a t  the l l m i t s  

corresponds t o  the condi t lons fo r  obta i n i ng  forward ( i n  a(E))  and back- 

ward ( i n  a '  (I?)) g l o r y  scat te r lng .  Qual i t a t i v e l  y speaking, forward (back- 

ward) g l o r y  Implies r e f r a c t l v e  enhancement a t  forward (backward) angles 

and a corresponding damping a t  backward (forward) angles . These features 

are c l e a r l y  exh lb i ted  I n  F ig .  4. 

So f'ar, we have consldered symmetrical shapes f o r  the R-windows. 

Thls 1s c l e a r l y  a s imp l i f y l ng  assumptlon, which does not  genera l ly  cor-  

respond t o  anomalous S-matrlx dev ia t lons  associated w i t h  specif ic physi-  

ca l  processes. I n  t h i s  sectlon, we study the in ter fe rence fac to rs  t ha t  

r e s u l t  from asymnetric shapes. For s i m p l i c i t y  we w i l l  r e s t r l c t  the d l s -  

cussion t o  the case 



w = exp ( A-Ã) 2/2u22] ; x > Ã  

The above choice o f  the shape func t l on  have the advantage o f  leadlng t o  

e a s l l y  der ivab le  a n a l y t i c a l  expressions. I t  should be mentioned however 

t ha t  we have performed numerical ca lcu la t ions  w i t h  o t h e r  asymmetr  i c  

shape funct ions and the r e s u l t s  were q u a l i t a t i v e l y  s im i l a r .  Also f o r  

the sake o f  s l m p l i c i t y  we w l l l  neglect  nuclear phase s h i f t s .  

I n  f i g .  5  we show a ( E )  f o r  the parametr izat ion o f  eq. ( 3 . 1 9 )  

w l t h  the h a l f  widths f 1  and f 2  tak lng  the values 1.5 and 2  and a l so  the 

Flg.5 - ln ter fe rence f a c t o r  a @ )  f o r  asymmetric shape func- 
t ions .  F u l l  / ines corr$spond t o  the parametr izat ion o f  eq. 
(2.18) w i t h  r i  = 1.5, r2 = 2.0  and w i t h  ri= 2.0, S 2  = 1 . S .  
Results f o r  symmetric GP w l t h  r = 1.5 and r = 2.0 a re  a l so  
shown (cresses) 

r e s u l t s  w l t h  and f2 interchanged. For comparison the i n t e r f e r e n c e  

fac to rs  f o r  the symrnetrlcal GP w i t h  Í: = 1.5 and 2 are a l so  show. I t  i s  

I n te res t l ng  t o  note tha t  the asymmetry leads t o  o s c i  l l a t  i o n  w i  t h  the 

" natural"  per lod  o f  eq. ( 3 . 7 ) .  The average value o f  a ( ~ )  decreases wi t h  

energy more s lowly than those fo r  the symnetric parametr izat ions.  For 

energles above - 32 MeV the ln ter fe rence f a c t o r  f o r  the r = 1 .5 G P  i s  

exceeded, showing tha t  the asymmetry at tenuates t h e  c a n c e l  l a t  lon.The 



effects oi interchanging ? i  and ?2 are not relevant. Results along the 

same i ines for a l ( E )  are presented in fig. 6. In this case theasymnetry 

does not introduce any slgnificant change. The interference factor lies 

between tnose for the symmetric parametrizations and i t  has the same 

crenc. 

Flg.6 - interference factor al(E). The detalls are thesame 
as fig. 5. 

The main features of a(E) and a' (E) for the asymmetric shape 

functlons of eq. (3.19) can be understood on the basis of eq. (2.15). in 

thls case we get 

N = J?r/2 (ol+a2) 

a nd 

H(z) = H l  (z) - iH, ( z )  

and 

where 



i s  the Dawson func t lone.  The term H,(z) corresponds simply t o  an average 

o f  the H func t ions  f o r  the two symmetric d i ~ t r i b u t i o n s  w i t h  weights a, 
and a,. The term H2(z) ,  on the other hand, I s  responsible f o r  the pecu- 

i i a r l t l e s  o f  U ( E )  f o r  the asymrnetrlc parametr izat ion.  The f a c t  t h a t  the 

Dawson func t ions  var ies  s lowly w i t h  x, i t  has a maximum a t  x = l  and f o r  

la rge ( > 5 )  x,goes t o  zero as 

has two consequences. The f l r s t  1s t ha t  i t  i s  necessary t o  c o n s i d e r  a 

few m values l n  the Polsson ser ies  f o r  a(E) (eq. (2.15)). This po ln t  i s  

ãhown I n  f l g .  7, where the exact U(E) and a '  (E) values are compared t o  

those obtalned w i t h  the use o f  eqs. (3.20)-(3.23) i n  eq. (2.15), c o n-  

Fig.7 - Inter ference fac to rs  f o r  asymmetric shape func- 
t lons .  F u l l  l i n e s  correspond t o  exact part ia l-waves sum- 
mat ion (eq. (2.7)) .  Dotted 1 ines correspond t o  approxlmate 
a n a l y t i c  expressions w i t h  the leading term m = - 1 .  For de- 
t a i l s  see the t e x t .  

s l de r i ng  on 

a ' (E) and a 

l y  the dominant m = - 1 t e m .  Although i t  reproduces very we l l  

I so  the average behaviour o f  a ( E ) ,  i t  misses the h igh  energy 



o s c l l l a t l o n s .  We could however reproduce these o s c i l l a t i  

accuracy by Inc lud ing the m = O and m = -2 terms i n  eq. 

cond consequence i s  t ha t  H(&) l n  eq. ( 3 . 2 1 )  i s  complete1 

H, ( z )  f o r  very broad asymmetric shapes (both f ,  and i: 2 
case a ( ~ )  becomes several orders o f  magnitude l a rge r  tha 

ference fac to rs  associated w i t h  the  symmetrlcal GP w i t h  - 
and r,. 

ons w i t h  good 

(2.15). The se- 

y domlnated by 

3 ) .  I n  such a 

n the i n t e r -  

ha l f- wid ths  F1 

4. EFFECTS OF THE INTERFERENCE FACTOR ON THE 1800 EXCITATION FUNCTION 

I n  t h i s  sec t ion  we use several o f  the conclusions reachedabove 

t o  dlscuss informat lon about the anomalous dev ia t ions  which can be ex- 

t rac ted  " d i r e c t l y "  from the experimental 180' 2 e x c i t a t l o n  function. 

As was done i n  the previous sectlon, our d lscussion i s  centered on the 

160 + e l a s t i c  sca t te r l ng  system. We employ the DEPfor def ln i teness.  

I n  f l g .  8 we sumrnarize our f i nd lngs  concerning the connection be tween  

the s t rength  d ( E )  and the w ld th  compatibles w i t h  the data f o r  d i f f e r -  

ent  values o f  the anomalous plece o f  the nuclear d e f l e c t i o n  func t i on  8 N' 

~ 1 9 . 8  - Connectlon betwegn d ( ~ )  and compatible w i t h  the data and the 
u n i t a r l t y  cons t ra in t  o f  S (see tex t  f o r  d e t a i l s ) .  Thg numbers attached 
t o  the curves i n  f ig .  8a correspond t o  the values o f  8 i n  un l  t s  o f  V. N 



These curves were constructed by f l x l n g  o/o (180') a t  ECM = 35 NeV 
Ruth 

t o  be - I O - ~ ,  i n  accordance wi t h  the data, and using eq. (2.5). namely 

whlch suppl ies d(E) vs. r ,  the w id th  associated w i t h  U ( R - ~ )  and conse- 

quent ly a(E) (see eq. (2.7)) .  

Since the u n i t a r l t y  condf t ion  o f  the S-matrix Imposes the con- 

s t r a i n t  

d ( ~ )  5 1 
- 

the maximum values o f  r, r compatible w i t h  the cons t ra in t  are i n d i -  
max ' 

cated by the i n te rsec t i on  o f  these curves wi t h  the dashed 1 lnes (d(E)=l) 

W e w x h i b l t t h e d e p e n d e n c e o f  o n G i n f i g . 8 b .  
max 

Clear ly  the l a rges t  value o f  fmax i s  obtained i n  the case o f  

complete even-odd staggering, which using our p r e v i o u s  conslderat ions 

amounts t o  very strong nuclear re f rac t i on ,  o r  a  genuine physical  process 

e.g. e l a s t i c  t r ans fe r .  On the other hand the hinimum v a l u e  o f  r - max - 
(-1.3) i s  a t t a ined  under cond i t ions  o f  forward g l o r y  i . e .  € I N =  -8 . The 

C 
f u l l  curve Gmax(-G) i s  symmetrical about t h i s  po in t .  Thedashedport ion 

o f  t h l s  curve corresponds t o  posi t l v e  values o f  eN namely shor t-  r a n g e  

repul  s  ion. 

The above discusslon c l e a r l y  shows tha t  an unambiguous d e t e r -  

mlnat lon o f  f from the 180' e x c i t a t i o n  func t i on  w i thout  e x p l l c l t l y  con- 

s lder ing  the r e f r a c t i o n  e f f e c t  o f  the window- like anomalous dev la t lons ,  

doubful .  O f  course our f i nd ings  are  basedonthe Er icsonparametr lzat ion.  

However, l i t t l e  q u a l i t a t l v e  change occur i f  o t h e r  t y p e s  o f  p a r a -  

rnetr izat lons are used, as we have v e r l f l e d  w i t h  the  GP. 

A second po ln t  which I s  worth commenting upon as a  consequence 

of the r e s u l t s  o f  sec. 2  i s  the assoc ia t ion  o f  the strengths d(E) and 

d l ( ~ )  w i t h  the d o R  (180°,~) data. Such an assoc ia t ion  I s  made i n  re f s .  

4 and 5. I n  these papers a semlclasslcal  mu l t i - s tep  a- t rans fer  rnodel 

was used t o  est imate the q u a n t i t i e s  d(E) and d i (E )  i n  t h e  c o l l l s i o n  

160 - "s i .  These func t ions  turned out  t o  have4 window-1 i k e  b e h a v i o u r  

l n  E-space w i t h  a  maximum a t  E, - 25 MeV and exponential f a l l  o f f  a t  

h lgher energies. l t  was shown l a t e r 5  t ha t  w i t h  a  more r e a l i s t i c  choice 

of the impact parameters Involved i n  the semiclassical  rnodel the maxi- 

mum of d 4 ( E )  was s h l f t e d  t o  E: - 32 MeV. The funct ions d(E) and d ' ( ~ )  



o f  r e f  .5 were then d i r e c t l y  compared t o  the u/uR (180°,E) data, as a  

t e s t  o f  the model used. Our study o f  the in ter fe rence fac to rs  shows, 

however, t h a t  a  d i r e c t  comparison o f  t h l s  ktnd rnay be Inappropr iate.  

The f a c t o r  g(E) (eq.(2.5)) should not  a f f e c t  s i g n i f i c a n t l y  t h e  g r o s s  

s t ruc tu re  o f  the e x c l t a t l o n  func t i on  but  tak ing  I ~ ( E )  l 2  w i l l  make a / u R  

sharper I n  S-space and the presence o f  the in ter fe rence f a c t o r  may tu rn  

the excl tat . lon func t i on  ra ther  d  i f f e r e n t  f rorn t h e  c o r r e s p o n d  i ng 

strengths d(E) and d i ( ~ ) ,  espec ia l l y  l f  the anomalous S-matrix i s  broad 

I n  R-space. To inves t iga te  t h i s  po ln t  we ca lcu la ted u/aR w i t h  the d(E) 

and dl (E) o f  ref.5 using DEP fo r  w(R-1) w i t h  d i f f e r e n t  widths.  On l  y  

Coulomb re f ' rac t ion  was considered. The resu l  t s  a re  s hown i n f i g . 9, 

together w i t h  d(E) and di (E) .  The comparison between the energy Em(%) 
where ü/UR (ai/uR) has a  maximum w l t h  E,(EA) shows tha t  Em i s  s l i g h t l y  

s h l f t e d  t o  a  lower value wh l le  E; has a  more s i g n i f i c a n t  s h i f t  towards 

higher energies, specla l  l y  fo r  broad w ( ~ - R ) .  The d i f f e rence  between the 

ha l f- w id th  o f  the s t rength  d(E) (d l (E) )  and tha t  o f  o /uR  i s  o f  the 

order o f  1 MeV. In  f i g .  10 we show tha t  the e x c i t a t i o n  f u n c t i o n s  ob- 

ta lned w l t h  the DEP can be put  i n  agreement w i t h  the gross s t r 8 ~ c t u r e  o f  

the data i f  a  ra ther  broad (I' 5) wi (R-&) i s  used. This oC course, 1s 

c lea r  from f i g .  8b. 

5. CONCLUSIONS 

We have studied lnter ference e f f e c t s  i n  the p a r t i a 1  waveseries 

f o r  the sca t te r i ng  amplitude associated w i t h  anomalous dev ia t ions  o f t h e  

S-matrlx, having the shape of windows i n  R-space. Through the Introduc-  

t l o n  o f  an inter ference fac tor  a(E) we s tab l  ished a  c r i  t e r i o n  t o  de f i ne  

whether the o v e r a l l  e f f e c t  o f  the in ter fe rence i s  const ruc t lve  o r  de- 

s t r u c t l v e .  This c r i t e r l o n  was then app l ied  t o  the anomalous sca t te r i ng  

produced i n  d i f f e r e n t  s i t ua t l ons .  F l r s t l y  we have determined no- refrac-  

t l o n  l i m i t s  f o r  a(E) and a l (E) ,  which give,  respect ive ly ,  the strongest 

cance l l a t l on  possib le and the maxlmum coherence. We have then s t u d i e d  

the e f f e c t s  o f  in t roduc ing Coulomb and nuclear phase-shi f ts .  The i n t r o -  

duct lon  o f  Coulomb phases was shown t o  lead t o  ra ther  d i f f e r e n t  I n t e r -  

ference fac to rs .  AI though a ( ~ )  and a i  (E) approach the i  r n o- r e f  r a c  t i on 

I l m l t s  as E ' +  a, the s l t u a t i o n  1s dramat ica l ly  d i f f e r e n t  a t  e n e r g l e s  

near the po ten t i a l  b a r r l e r  EB, where the tendencies o f  the fac to rs  a(E) 



F ig .9  - E x c l t a t i o n  f u n c t i o n  f o r  ' 6 0 - 2 8 ~ i  e l a s t i c  s c a t -  
t e r i n g  a t  180°, c a l c u l a t e d  w l t h  t h e  strengtJs o f  r e f .  5 
( i n d i c a t e d  by do ts )  and DEP w i t h  I? = 2 and r '  = 5 .  

Fig.10 - Exci t a t i o n  f u n c t l o n  f o r  1 6 0 - 2 8 ~ i  e l a s t i c  s c a t t e r i n g  
a t  180°. FUI 1  l ines  a r e  c a l c u l a t i o n s  w i t h  DEP w i t h  = 1.4 and 
r '  = 5.0 and the  s t r e n g t h s  o f  r e f .  5.  Crosses a r e  exper imenta l  
p o i n t s  f rom re f .9 .  



t l o n  o f  a p a r i t y  dependence 

cance! l a t  ion i n  the back-ang 

consider ing nuclear phase-sh 

proach no- re f rac t ion  l i m i t s  

n the anomalous S-matrlx produces strong 

e e x c i t a t i o n  func t ion .  The maln e f f e c t  o f  

f t s  i s  t ha t  the in ter fe rence fac to rs  ap- 

t a f l n l t e  energy f o r  which t h e  p a r t l a l  

and a l (E)  are  interchanged. I t  happens i n  t h i s  case tha t  the lntroduc-  

I 

1 

I 

a 

wave i ( E )  produces forward g lo ry .  The influente of shapes and h a i f -  

wldths o f  the funct ions u ( R - ~ )  which descr ibe the anomalous S-matrix on 

the ln ter fe rence fac to rs  was studied. The main conclusions about these 

po ln ts  i s  t ha t  the speed w l t h  which a(E) and al (E) change w i t h  energy - 
grows as r increases and tha t  a(E) shows o s c i l l a t i o n s  w i t h  the "natural" 

per lod o f  eq. (3.7)  f o r  small values o f  (r 6 1) o r v e r y  h lgh energies 

(E >> 40 MeV). The e f f e c t ç  of asymmetry i n  ~ ( R - R )  were a l so  considered, 

We have found tha t  It produces o s c l l l a t i o n s  i n  a (E) w i  t h  t h e  same 

"natura!" per iod  and leads t o  a weaker h igh energy f â l  1 o f f  i n  t h i s  

f a c t o r .  Approximate a n a l y t i c a l  expressions f o r  a(E) and a l ( E )  based 

upon the Poisson ser ies,  along the l i n e s  o f  r e f .  8, were d e r i v e d  i n  

a11 cases mentioned above and were shown t o  be i n  good agreement w i t h  

the numerical summation o f  the p a r t l a l  waves ser ies .  

In  l i g h t  o f  the proper t les  o f  a(E) and a l (E)  some c o n s l d e r -  

a t ions  about the s t ~ d ~ ~ ' ~  o f  the anomalous e x c i t a t i o n  f u n c t  i o n s  o f  

160 + "s i  were made. Our main conclusion i s  t ha t  an unambiguous d e-  

terrnlnation o f  the ha l f- w ld t t i  ? from the 180' e x c i  t a t  i o n  f u n c t  i o n  

wl thout  due considerat ions o f  the nuclear r e f r a c t i o n  e f f e c t s  a t  t a e h e d  

t o  the under ly lng anomalous dev ia t lons ,  i s  douh t fu l .  We have shown a l so  

tha t  a(E) o r  a l (E) way p lay  a very lmportant r o l e  i n  the energy depen- 

dente o f  u(E,180°) and tha t  a d i  r e c t  comparison between the s t r e n g  t hs  

d(E) o r  d1 (8 )  and the r a t i o  d a R  may be misleading. 

F r u l t f u i  discusslons w l t h  D r .  Raul Donangelo dur ing  t h e  pre-  

l lmlnary stages o f  t h i  s  work are  aknowledged. 
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Estudamos as propriedades de funções de excitação e l ã s t i ca a 
180°, produzidas por desvios-em relação ã matriz-S de absorção forte 
usual. Consideramos desvios s com forma de "janelas1' no espaço de momen- 
to angular, centradas em um valor L correspondente a uma colisão perifé- 
rica. Concentramos nossa análise na interferência entre as ondas par- 
ciais próximas a 1. Invest lgamos as condições para interferência constru- 
tiva e para interferência destrutiva, as consequencias se uma possível 
dependência de S em paridade, e os efeitos de reflexão Coulombiana e nu- 
cTear. Consideramos também a influência da interferência entre as ondas 
periféricas na função de excitação elástica a 180' em c01 isões entre nú- 
cleos do t ipo n-a, em conexão com resultados de outros trabalhos. 


