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Abstrad I t  i s  shown u s i n g  t e n s o r  a lgebras,  namely S y m r n e t r i c  and 
Grassmann a lgebras over  H i l b e r t  Space t h a t  i t  i s  p o s s i b l e  t o  i n t r o d u c e  
f i e l d  opera to rs ,  assoc ia ted  t o  the L i o u v i l l e  equa t ion  o f  c l a s s i c a l  s t a t -  
i s t i c a l  mechanics, which a r e  c h a r a c t e r i z e d  by commutation ( f o r  ~ ~ m m e t r i c )  
and a n t  icommutat íon  ( f o r  Grassmann) r u l e s .  The procedure here presented 
shows by c o n s t r u c t i o n  t h a t  many- par t i c le  c l a s s i c a l  systems admi t  an a l -  
gebra ic  s t r u c t u r e  s i m i l a r  t o  t h a t  o f  quanturn f i e l d  theory .  I t i s  coii- 
s ide red  e x p l i c i t l y  tha  case o f  n - p a r t i c l e  systerns i n t e r a c t i n g  w i t h a n e x -  
terna1 p o t e n t i a l .  A new d e r i v a t i o n  o f  ~ c h s n b e r ~ l s  r e s u l  t about  t h e e q u i v -  
a lence between h i s  f i e l d  theory  i n  c l a s s i c a l  phase space and t h e  usual 
c l a s s i c a l  s t a t i s t i c a l  mechanics i s  o b t a i n e d  as a consequence o f  the  a l -  
gebra ic  s t r u c t u r e  o f  the  theory  as in t roduced  by o u r  method. 

1. INTRODUCTION 

The use o f  H l l b e r t  space i n  c l a s s i c a l  s t a t  i s t i c a l  m e c h a n i c s  

(CSM) was proposed a long  t ime ago by Koopman Some p h y  s  i c a  1 r e a  1 i s - 
a t l o n s  o f  t h i s  H i l b e r t  spáce have been presented by D e l l a  R i c c i a  a n d  

wlener2 and by Sch;nberg3. I n  these r e a l  i s a t i o n s  o n e  c o n s  i d e r s  t h e  

Hi I b e r t  space M = L, (Qn) o f  square- in tegrab le  f u n c t i o n s  @,(p,q) de f  ined 

on t h e  phase space 

The dynamical t rans fo rmat ion  group T~ on @ then  induces t';ie o n e - p a r -  
n 

ameter u n i t a r y  group U i n  H such t h a t  
t 

The genera to r  Kn o f  the  group Ut i s  c a l l e d  t h e  L i o u v i l l e  o p e r a t o r  o r  

L i o u v i l l i a n  o f  t h e  system and we have -int 
U = e  t ( t  r e a l )  . 
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I t  can bt: shown t h a t  i f  t h e  c l a s s l c a l  Hami l ton ian  H (p,q) E H 1s a s u f -  n n 
f l c i e n t l y  smooth f u n c t i o n  (and i t  i s  assumed t h a t  t h i s  i s  a l w a y s  t h e  

case), t t ien Kn i s  a  s e l f - a d j o i n t  and, i n  genera l ,  u n b o u n d e d  o p e r a t o r  

g iven  by 

K O = < { H  0 1  
n n n' n n 

where 

i s  t h e  Poisson b racke t .  The L i o u v i l l e  equa t ion  i s  then w r i t t e n  as 

Thus, w i t h  t h e  f o r m u l a t i o n  i n  terms o f  H i  1 b e r t  s p a c e  t h e  

s t a t e s  o f  a  c l a s s i c a l  system a r e  represented by normal ized f u n c t i o n s  On 

i n  L,(Q ) w i t h  t h e  inner  p roduc t  
n 

t h e  c l a s s i c a l  observables A(p,q) o f  t h e  system a r e  represented b y  oper-  

a t o r s  A(p,q) o f  m u l t l p l  i c a t l o n  by corresponding r e a l  - v a l  u e d  f u n c t  i o n s  

A ( p , q ) .  As i n  q u a n t u m  t h e o r y ,  t h e  q u a n t i t y  

i s  i n t e r p r e t e d  as the  e x p e c t a t i o n  v a l u e  o f  t h e  observable A(p,q) i n  t h e  

s t a t e  O (p,q). Since' t h e  observable A ( P , ~ )  i s  t h e  o p e r a t o r  o f  m u l t i p l  i- 
n 

c a t i o n  by t h e  phase-space f u n c t i o n  ~ ( p , ~ ) ,  t h e  express ion  (3) can be 

w r i  t t e n  as 

1 ~<p,q )O i (p ,q )%(p ,q )dpdq  i 

Then, t h e  q u a n t i t y  

fn(p,q)dpdq = ((p,qIOn(p,q)dpdq = IOn(p,q) I 2  dpdq 

can be i n t e r p r e t e d  as t h e  p r o b a b i l i t y  o f  f i n d i n g ,  a t  a  t i m e  t, t h e  mech- 

a n l c a l  system i n  a p o i n t  (p,q) E fin i n  t h e  i n t e r v a l  



Consequent 1 y the expresslon (4) represents the ensemble average o f  the 

physical  quan t i t y  A(p,q) i n  the Gibbs ensemble 

Furthermore, i f  en l s  a so lu t l on  o f  the L i o u v i l l e  equation (I ) then 0: 
and 

fn(p, q; t )  = +P, q; t )  @n(p. q; t )  

s a t l s f y  tha same equatlon. Hence, the H i l b e r t  space fo rmula t ion  o f  CSM 

i s  showed t o  be consistent  w l t h  Gibbs s t a t i s t i c a l  mechanics. 

Some t ime ago ~chgnberg  proposed the appl i c a t  ion o f  second 

quant iza t ion  methods t o  the L i o u v i l l e  equation. He considered a system 

o f  ind is t ingu ishab le  p a r t i c l e s  and def ined f i e l d  operators , and 
-f- + + 

$ (p,q) character ized by commutat ion and anti-commutation ru les ,  t ha t  i s :  

where 

and 
-t 

P ' (pl ,p2,p3) 
-+ 
4 (4,,4,,4,) . 

sch8nberg a l  so introduced the equat ion  

a 
i x ( t )  = K ~ ( t )  

where3*' 



xo s i n g l e  t h e  v a c u u m  d e f i n e d  í n  t h e  p h a s e - s p a c e  Q o f  a 

s i n g l c - p a r t i c l e ,  and i n  t h e  r u l e s  (5) t h e  s i g n  minus ( p l ~ ~ s )  corresponds 

t o  c l a s s l c a l  bosons ( fermions) .  Having done so, i n  o r d e r  t o  e s t a b l i s h  a 

r e l a t l o n s h i p  between h i s  theory  and t h e  usual  CSM, he proceeded t o  show 

t h a t  eq. (6) leads t o  eq. (1) when t h e  system has a f i x e d  number n o f  

p a r t l c l e s .  H i s  demonstrat ion f o l l o w s  t h e  usual  p r e s e n t a t i o n  of thequan-  

tum mechanical t h e o ry 4  t o  i n t r o d u c e  t h e  second quant i z a t  i o n  method f o r  

t h e  s tudy  o f  t h e  many-body problem; i t  i s  c l e a r  b u t  does n o t  adequate ly  

e x h i b i t  impor tan t  a l g e b r a i c  aspects  o f  t h a t  method. 

I n  t h i s  communication we p resen t  an a l t e r n a t i v e  procedure t o  

o b t a i n  sch&bergls r e s u l  t s .  We wi 11 use tensor  a lgebras  o v e r  H i l b e r t  
6-9 

spaces i n  connec t ion  w i t h  quantum f i e l d  theory;  m o r e  s p e c  i f  i c a l  l y 

Symmetric ( f o r  c l a s s i c a l  bosons) and Grassmann ( f o r  c l a s s i c a l  fermions)  

a l g e b r a ~ ' ~ - ' ~ .  For simpl i c i t y  we wi I 1  cons ider  t h e  c a s e  o f  n - p a r t i c l e  

systems i n t e r a c t i n g  w i t h  an externa1 p o t a n t i a l .  However, the  method here  

developed may be i n  principie extended f o r  a system w i t h  i n t e r a c t i n g p a r -  

t i c l e s ,  t a k i n g  i n  account t h e i r  i n t e r a c t i o n  

Our procedure i s  s fmp le ;  i t  i s  c l o s e l y  r e l a t e d  t o  t h e  mu 1 t i  1 i n e a r  a l -  

gebra ic  method appl  i e d  t o  ~ c h r g d i  nger equat ion .  The importance o f  t h i s  

procedure i s  t h a t  i t  a l l o w s  t o  show e x p l i c i t l y  t h a t  t h e  c l a s s i c a l  and 

quantum theory  adrnit s i m i l a r  a l g e b r a i c  s t r u c t u r e s .  

2. NOTATIONS AND PRELIMINARES 

We w i l l  represent  a complex H i l b e r t  space o f  a r b i t r a r y  dimen- 

s i o n  by 
EI z ~ ( O , Y , V  ,... I = L,(R) . 

The H i l  b e r t  space 
M =IH@ MC3 . . .  C3 M 

( n  f a c t o r s )  w i l l  be t h e  n - fo ld  product  o f  H w i t h  i t s e l f ;  f o r  n=l  we 

w i l l  use m , -  IFI; 
h i l l  denote the  space o f  a11 complex numbers w i t h  t h e  i n n e r  p r o d u c t  

<a,b; = axb. We p u t  IF f o r  t h e  H i l b e r t  space d i r e c t  sum, i.e., 



m 
-1F = 5 M 

n=O n 
The canon ica l  r e p r e s e n t a t i o n  

,(n) = 
( r01 1 

o f  the  symmetric group 
s, = (03 

o f  degree n on t h e  space I s  determined by t h e  c o n d i t i o n  t h a t  

[o] ( Y ,  @ Y ,  8 . . .  8 y n )  = y a l  8 y O Z  8 ... ym 

f o r  a r b i t r a r y  v e c t o r s  y l ,  y,, . . . ,yn i n  M. The opera to rs  

ŝ  = (n i ) - '  1 [a] 
a 

and 

Â = ( n i )  1 s i g n  ( a )  [O] 
a 

a r e  c a l l e d  symmetr izat lon and a l t e r n a t i o n ,  r e s p e c t i v e l y ,  on %. I f 4  E %  

and h E w i t h  n + m = r, t h e i r  tensor  p roduc t  i s  a  (m+n) - t e n s o r  de- 

noted as @ 8 X E lHp and de f  i ned by 

w i t h  y E M i 

i 1 )  $I 8 h = h b @ = (constant  4 , )  h , i f  @ EM, 

With @ E Mn f i x e d ,  t h e  correspondence 

i s  l i n e a r  mapping which depends on @ E Mn. With  @ E ly, and h E % we 

can d e f i n e  t h e  c o n t r a c t l o n  o f  X w l t h  respec t  t o  @, ?(@) h ,  such t h a t  

i t  i s  a  mapping which i s  a n t i l i n e a r  i n  4 .  
I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  i f  4 E M and X E xm, then 



An element o f  t h e  H i l b e r t  space d i r e c t  sum iF w i l l  be denoted 

by 

0  E ( m n )  - ( m o , m l ,  e . .  , O n > . . . )  

w i t h  mn E ]Hn such t h a t  

If  we h a v e  

0  - (@,I , A _= (h,) E IF 

we d e f  l n e  
w 

The opera to rs - p ( h n )  and ?(h,) a r e  de f  ined on IF, respec t  i v e l  y, by 

= ( C ( X , )  +,, ? ( A , )  . .  . )  

where @ E E'and In €nn. I t  f o l l o w s e  t h a t  

t h a t  i s ,  p ( i n )  i s  t h e  a d j o i n t  opera to r  o f  ? ( h n ) .  

The symmetr izat ion and a1 t e r n a t i o n  o p e r a t o r s  5 and Â a r e  de- 

f ined on IF by 

S @ = S($J  = (Oo,  2 6, ,...., 2 $,p .... 1 

Â m  = Â ( m n )  = ( Â m o ,  Â m  ,,...., Âm,, .... > 

w i t h  Â 4 ,  = 2 $, = m o ,  O E IF , $, E M R  Thus, one o b t a i n s  t h e  H i l b e r t  

spaces 



c a l l e d  t h e  S y m e t r i c  crlgebra and the  Grassniann a lgebra ,  r e s p e c t i v e l y .  I n  

f a c t ,  g i v e n  ( a '  = ($n), A '  = (hn) w i t h  $k = O snd h  k = O except  f o r  a  

f i n i t e  number o f  i n d i c e s  k ( (a '  and A '  E 33" IF), l t  i s   oss si b l e  t o  

d e f i n e  t h e  symmetric p roduc t  by 

(a '  o A '  = 3((a1 e A ' )  (1 i a )  

and the  e x t e r i o r  p roduc t  by 

These p roduc ts  ( l l a ,  l l b )  a r e  a s s o c i a t i v e .  l i n e a r  w i t h  respec t  t o  t h e i r  

f a c t o r s ,  and d e f i n e  on I F ' ( - ) ( M )  = 3F1(IH) and IF1(+) ( IH)  = ÂlF'(BI),re- 

s p e c t i v e l y ,  a lgebra  s t r u c t u r e s .  I n  what f o i l o w s  we w i l l  j u s t  E - (M j  and 
+ 

li? ((H) t o  s p e c i f y  these a lgebras ,  thuç o m i t i n g  the p r ime s y p e r s c r i p t .  

On t h e  Hi 1 b e r t  spõce iF one can d e f i n e  t h e  operatot- & ( N )  such 

t h a t  

@N)@ = (h(O) $ o ,  h ( l j  . . , h(n)  $n, . .  . )  

where h (n )  i s  a  f u n c t i o n  J e f i n e d  on t h e  s e t  o f  non-negat ive integers.The 

o p e r a t o r s  C(N) and t h e  mappings P($) and C($; g iven  by eqs. (9,101 a1 low 
i- 

us t o  d e f i n e ,  on t h e  Grassmann a igebra  IF ( M ) ,  t h e  opera to rs  

and, on t h e  Syminetric a igebra  E'-(H) t h e  opera to rs  

a+(q) = Jni 2 F ( n )  = s  ̂ P^(q) JN+I (13a) 

I t f o l  l o w s  t h a t  i n  E"(M), we have 



and, correspondentl y, i n  IF- (H) , 

[a+(rl), a+(r)]_ 5 o 
I 

[a+(n), a -  h ) ]  - c O (15b) 

[a+(n),a+(y)]_ c < rl , Y 5; rl Y E IH (15;) 

where the symbol E ind ica tes  the inc lus ion  o f  the domains o f  the oper- 

a to rs  and the e q u a l i t y  o f  the operators where the domalns coincide.  The 

f i e l d  operators w i  1 1  be def ined by us ing  the operators b
f 

(n) and a' (q) 

given by eqs. (12a,b) and (13a,b), respect ive ly .  

3. GREEN'S FUNCTION OF THE LIOUWILLE EQUATION 

The Green's f unc t i on  o f  the L i o u v i l l e  equat 

by ~ n d r e w s ' ~  and by ~ a l e s c u ' ~ .  We consider the Liouv 

a + +  + +. - i rl(p,q,t) = K ,  nip.q, t )  

wi t h  

ion has been studied 

I l l e  equation 

The func t i on  v(;,t) represents an externa1 p o t e n t i a l .  The Green's func- 

t l o n  o f  eq. (16) we denote by r ( ~ , ~ , t ; ~ ' , ~ ' , t ' ) ;  i t  i s  a so lu t i on  o f  eq. 

(!6) i n  the var iab les  ( p , q , t )  and t a k e s  f o r  t = t '  t h e  v a l u e  
+ +  -++ 

6 (p-p ' ) 6 (q-q ' ) . Consequent 1 y, we have 

+ +  + + 
I t  ' f o l  lows tha t  r (p ,q , t ; p1 ,q ' , t ' )  has the f o l  lowing proper t ies  

i i) n($,$,>) = 1 d$' 6' r(~,~,t;~'.~',t')n(~',~l.tu) (17) 



4. FIELD OPERATORS IN PHASE SPACE 

I n  what f o l l o w s  we cons ider  c l a s s i c a l  bosons o n l y .  Hencewewi l l  

work w i t h  t h e  Symmetric a lgebra  IF-(B), IH E L 2  ( Q )  . The  same d e v e 1  - 
opment may be a p p l i e d  t o  c l a s s i c a l  fermions,  by o n l y  u s i n g  theGrassmann 

+ 
a lgebra  IF (Ti) a n d  i t s  correspondent  o p e r a t o r s  ins tead  o f  t h e  Symmetric 

a lgebra .  

The one p a r t i c l e  H i l b e r t  space i s  

I H G  L * ( Q )  {r,(;',;',t)l 

w i  t h  t h e  inner  p roduc t  g i v e n  by eq. ( 2 ) .  We wi 11 work w i t h  the  c l a s s i -  

c a l  Heisenberg p i c t u r e 1 6 .  

The Symmetric a lgebra  i s  

where Mn i s  t h e  n - f o l d  tensor  p roduc t  o f  M, i .e . ,  

iHn-  h, 8 ri2 8 ... 8 ri,) 
w i t h  ri. E M .  

2 

We d e f i n e  t h e  f i e l  d  o p e r a t o r  $-(P,$,t) and i t s  hermi tean 
-+ -+ -+ -+ -+ + 

j u g a t e  9 (p,q,t) by u ç i n g  t h e  Green's f u n c t i o n  r ( ~ , E , ~ ; p , ~ , t )  and 

o p e r a t o r s  (13a, 13b), t h a t  i s ,  

con- 

the  

19a) 

where (W,~,T) a r e  t h e  independent v a r i a b l e s  o f  t h e  f u n c t i o n  l ' ( G , t , - r  ; 
3 -+ 

p ,q , t )  E if-i and (p,q,t)  a r e  considered parameters; hence t h e  f i e l d  oper -  
A -  -+ -+ 

a t o r s  depend on  (p,c,t)  as  independent v a r i a b l e s .  The o p e r a t o r  $ (p,q,t) 
-i.-+-+ 

( 9  (p,q,t))  i s  t h e  a n n i h i l a t l o n  ( c r e a t i o n )  o p e r a t o r s  o f  one p a r t i c l e  i n  
-++  + +  

t h e  s t a t e  I ' ( ~ , c , ~ ; p , ~ , t ) .  

Frorn r e l a t i o n s  (15a, b, c )  and p r o p e r t y  (18) o f  r ,  we have 



~ e i a t i o n s  (20) and (22) are  corresponding t o  those imposed by 

sch8nberg3 on the f i e l d  operators i n  Classical  schr8dinger P ic ture .  In  

the present fo rmula t ion  they f o l l o w  from the d e f i n i  t i o n  o f  a'( ri ) 

together w i t h  the use o f  Symmetric algebra s t ruc tu re  o f  F(M) and 

proper t ies  o f  the Green's f unc t i on  I'. 

We ob ta in  from the d e f i n i t i o n s  ( Iya,  b), (8) and (7) t ha t  

-+ + + 
and, correspondently, f o r  the operator  Ji (p,q,t) 

t h a t  i s ,  the L i o u v i l  l e  equatlon i s  v e r i f  ied f o r  both 

-- -f + -+ -+ + 
$ (p,q,t) and $ (p,q,t) 



5. THE VARIATIONAL PRINCIPLE ANB THE LIOUVILLE OPERATOR 

l t  i s  shown i n  r e f .  3 t ha t  i n  each sub-space 3 H n c  F ( H )  one  

obtains a  L i o u v i l l e  equation f o r  n - p a r t i c l e  p r o b a b i l i t y  amplitude On. 

We now proceed t o  show how t o  use our fo rmula t ion  t o  express t h i s  r e s u l t  

using tensor algebra. Equations (23) and (24) can be der ived f rom the 

v a r i a t i o n a l  principie 

6 1 L d$d$ dt = O 

w i t h  the Lagrangian 

-+ -+ -+ 
L = i Ji (p,q,t 

dens l ty  L given by 

I t  fo l lows tha t  the conjugated momenta are  

and we can def ine  a  Hamlltonian dens i ty  

Hence, the Hamiltonlan operator  ac t i ng  on the Symmetric algebra . 
m 

f ( I H )  = O 3 M n  
n=O 

w l l l  be 



This operator  (28) corresponds t o  the "second quantized" L iouv i  t e  op- 

e ra to r  K introduced by ~ c h & ~ b e r c ~ ~ .  Thus, the resu l  t o f  Ref . 3  re fe r red  

above, i n  the context  of the present formulat ion means t h a t  the  Hamil- 

tonian operator  (28) i n  each sub-space 5 HIn i s  reduced t o  the usual 

L i o u v i l  l e  operator  f o r  n - p a r t i c l e  systems (see eq. ( i ) ) ,  i .e., 

In fac t  from the d e f f n l t l o n s  (19a,b) 

f o r  + n mn E 2 mn, i.e., 

A' -+ -+ 
o f  the operators $ ( ~ , ~ , t )  we have, 

t ha t  

where we have used the def l n i  t i ons  ( 7 ) ,  (8) and the property (17). 

Furthermore , 



and 

Thus w i t h  t h e  expresston o f  K ( t )  g i v e n  by  eq. (28) we o b t a i n  

from eqs. ( 3 0 - 3 3 )  

I f  we denote i n  eq. (34)  t h e  e x p r e s s i o n  w i  t h i n  b r a c e s  

by Y ~ , ~  (n,É,i) we have 

E v a l u a t i n g  y  ( ; ,E , * )  w i t h  t h e  r e s u l t  t h a t  

we o b t a i n  



Then, we can wr i t e  f rom eq. (34) 

i .e., i n  the  sub-space S^JHn we have, f o r  K*(t), the  express ion  

-- + -+ 
Concl ud ing  t h i s  sec t  i o n  we observe t h a t  the  opera to rs  R (p ,q , t )  

-- -f -f 
and $ (p,q,i:) c o n s t i t u t e  a  canonica l  (Hami l ton ian)  f o r m a l i s m  f o r  the  

-+ -f 

L i o u v i l  l e  f i e l d  o r  s u p e r - c l a s s i c a l  f i e l d  Jl(p,q,t) as i t  i s  c a l  l e d  b y  

~ c h ~ n b e r c ~ " .  I n  f a c t ,  we have f rom eqs. (20,22,26a) 

-- + + -- + 
[f i -(p,q,t) ,  6 - ( p l , g l , t q _  = [$ cp ,q , t> ,  Icl ( ~ ' , 9 ~ , t ~ ) ] -  = 0  

and i t i s  e a s i l y  v e r i f  ied,  as a  consequence o f  eq. (35) ,  t h a t  

where t h e  opera to rs  a r e  a c t i n g  on Symmetric a lgebra  IF-(IH). I t  f o l l o w s  

t h a t  equat ions (23, 24) a r e  ob ta ined  from r e l a t i o n s  (38, 391, u s i n g  eqs. 



(26a, 28), r e l a t i o n s  ( 3 6 ,  37) and c o n s i d e r i n g  the  i d e n t i  t y  

[PG,i?]- r [F ,q-  G + ?[C,& 

6. CQNCLUSIONS 

Consider ing tensor  a lgebra  o v e r  H i i b e r t  space, we h a v e  p re-  

sented an a l t e r n a t i v e  procedure t o  shcwn t h e  p o s s i b i l i t y  o f  express ing  

c l a s s i c a l  s t a t i s t i c a l  r e s u l t s  u s i n g  f i e l d  opera to rs  c h a r a c t e r  i z e d  by 

cornmutation and ant icornrnutat ion r u l e s  as i n  quanturn f i e l d  theory .  We 

have considered e x p l i c i t l y  the  case o f  c l a s s i c a l  bosons and a L i o u v i l l e  

opera to rs  g i v e n  by 

where ~ ( a )  i s  an externa1 p o t e n t i a l  . The Symmetri c a lgebra  over  Hi l b e r t  

s p a c e M =  L,&'), (Q = phase space o f  a s i n g l e  p a r t i c l e ) ,  IF- (a), i s  

che n a t u r a l  a i g e b r a i c  s t r u c t u r e  t o  s tudy t h i s  case. We h a v e  d e f  i n e d  

f i e l d  opera to rs  a c t i n g  on F-(III) by 

-- -+ -+ -+ -+ + 
t h a t  is, $ (p,q,$) (JI (p ,q, t ) )  i s  t h e  a n n i h i l a t i o n  ( c r e a t i o n )  opera to r  

+ -+ -+ 
f o r  one p a r t i c l e  i n  the s t a t e  r(r , t ,T;p,q,t)  which i s  a s o l u t i o n  o f  the  

+ - +  -++ 
L i o u v i  l l e  equa t ion  such t h a t  f o r  T = t i t becomes 6 ( ~ - p ) 6 ( ( - ~ ) .  W i  t h  

these c p e r a t o r s  we have determined t h e  "second quant  i zed" L i o u v  i 1 1 e 

o p e r a t o r .  Hence a new d e r i v a t i o n  o f  Schkhberg's r e s u l t  about the  equ iv-  

alente between such a f i e l d  theory  i n  c l a s s i c a l  phase s p a c e  and the 

usual fo rma l i sm o f  c l a s s i c a l  s t a t i s t i c a l  mechanics has been ob ta inedex-  

~ l o r i n g  a l g e b r a i c  aspects  o f  the  procedure here  presented.  The p ro -  

cedure a l s o  shows by c o n s t r u c t i o n  t h a t  the c l a s s i c a l  and quantum theory  

admi t  s i m i l a r  a l g e b r a i c  s t r u c t u r e s ,  a r e s u l t  which i s  impor tan t  f rom the  

s tandpo in t  o f  the founda t ions  o f  ~ h ~ s i c s ' ~ ~ ' ~ .  l n  f a c t ,  i n  l a s t  two dec- 

ades some p h y s i c i s t s  and mathernat lcians have g i v e n  a t t e n t i ~ n ~ ~ - * ~  t o  the 



problem o f  express i n g  the quantum mechanical mean values as c l a s s  i c a l  

sverages over  phase-space d i s t r i b u t i o n  f u n c t i o n s ;  i n  t h e  p resen t  paper 

we have raiised t h e  problem o f  express ing  s t a t i s t i c a l  c l a s s i c a l  r e s u l  t s  

w i t h  the  mathematical s t r u c t u r e  o f  the quantum theory  f o r  many- par t i c le  

systems ( f  i e l d  opera to rs ,  tensor  a lgebra ,  commutators, ant i- ccmmutators, 

e t c . ) .  For t h i s  purpose the second quan t i zed  f o r m u l a t i o n  o f  s t a t i s t i c a l  
I I 

c l a s s i c a l  mechanics fo rmu ia ted  by Schonberg and Koopman h a s  b e e n  r e -  

v i s i t e d  by e x p i o r i n y  a l g e b r a i c  aspects  of the second quant izat ionmethod;  

t h i s  d e s c r i p t i o n  o f  s t a t i s t i c a l  mechanics i n  terms o f  H i l b e r t  space can 

be cons i dered a genera l  i z a t i  on o f  the  f ramework i nt roduced by Pr i gog i ne 

and coworkers3 '  once t h a t  i )  w i t h  t h e  use o f  the H i l b e r t  space d i r e c t  

sum IF(H), we can in t rod i i ce  i n  a n a t u r a l  way t h e  c o n c e p  t o f  g r a n d  

ensemble; i i )  the  use o f  symmetric o r  an t i synnne t r i ca l  H i l b e r t  space d i -  - 
r e c t  s u m f l ( I H ) a l l o w s  us t o  i n t r o d u c e  the i n d i s t i n g u i s h a b i l i t y  o f  pa r -  

t i c l e s  w i t h i n  the  c o n t e x t  o f  c l a s s i c a l  mechanics. 
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Resumo 

Mostra-se usando á lgebras  t e n s o r i a i s ,  a saber, a á lgebra  Sinié- 
t r i c a  e a á lgebra  de Grassmann, que 6 poss íve l  i n t r o d u z i r  operadores de 
campos associados à equação de L i o u v i l l e  da mecânica e s t a t í s t i c a  c i ã s s i  
ca; esses operadores são c a r a c t e r i z a d o s  por  re lações  de comutação (no 
caso da á lgebra  ~ i m é t r i  ca) e por  re lações  de ant i-comutação (no caso da 
á lgebra  de Grassmann). Com o método apresentado mostra-se por  const rução 
que sistemas c l á s s i c o s  de mu i tas  p a r t í c u l a s  admi tem uma e s t r u t u r a  a lgé-  
b r i c a  s i m i l a r  àquela da t e o r i a  quân t i ca  de campos. Considera-se e x p l i -  
c i  tamente o caso de sistemas de n- p a r t í c u l a s  i n t e r a g i n d o  com um poten-  
c i a l  ex te rno .  O r e s u l t a d o  de sch8nberg sobre a equ iva lênc ia  e n t r e  sua 
t e o r i a  de campos no espaço de fase  c l á s s i c o  e a mecânica e s t a t í s t i c a  
cJáss ica usual  é o b t i d o  de um pon to  de v i s t a  novo, explorando a s p e c t o s  
a l g é b r i c o s  do método aqui  apresentado. 


