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Abstract .The problem of a Dirac particle in stationary motion on s2 - a 
two dimensionaf sphere embedded in Euclidean space - is discussed. l t  
provides a particularly simple case of an exactly solvable constra ined 
Dirac particle whose properties are here studied, with emphasis on its 
magnetic moment. 

1. INTRODUCTION 

* The quantum mechanical problem of a nonrelativistic part icle 

constrained to move on a N-sphere fl is well-known to admit exact sol - 
utions . For the corresponding problem of a constrained Dirac particle 
on ?, solutions, to 'our knowledge are not known for a general value of 

N, although the particular case of N=2 (the two-dimensional sphere s2, 

embedded in Eucl idean space E3), as we shal l see, admits exact solutions. 

This is a direct consequence of the embedding property of 52 in E ~ ,  which 

a1 low us to derive stationary solutions on 5' as a restriction (r=~) im- 

posed on the f ree motion parametrized by spherical coordinates ( r, 0, $1 
in B ~ ,  R being the radius of the 2-sphere. 

After discussing the energy spectrum of a Dirac particle on s2 
in section 2, we carry out, in section 3, perturbative calculations of 

the magnetic moment of  the system. Section 4 is devoted to some final 

remarks on the problem. 

2. THE ENERGY SPECTRUM OF THE FREE DIRAC PARTICLE ON s2 

Our starting point are the stationary solutions of a free Dirac 

particle in E3, in spherical coordinates. Since this is a rather well- 

-known subject we go directly to the main results to be used in the se- 

que1 . 
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F i n a l l y ,  i t  rnay be o f  i n t e r e s t  t o  p o i n t  out  t h a t  f o r  the mag- 

n e t i c  mment ca lcu la ted v i a  the i t e ra ted  Dirac equation, as the e x p e c -  

t a t i o n  value o f  
Q v = -  273 ('3 + '3) (3.14) 

we obtained 

where the expresslons f o r  i and b are given by eqs. (2.83).  

4. FINAL REMARKS 

The so lu t ions  obtained are remarkably simple and are  given i n  

exact form f o r  any va 

formula (2.83) i s  a d 

j e c t o r i e s  (.E2 a j 2 ) .  

may be in terpre ted as 

We remark t h  

ue o f  k (or  j ) .  The energy spectrum as given by 

scre te  one and corresponds t o  parabol i c  Regge t r a -  

t a l s o  p resen t sadoub ledegene racy  i n  k ,  which 

a p a r i t y  doubl ing. 

t t h i s  degenkracy can be e a s i l y  broken up - and 

exact so lu t ions  s t i l l  obtained - i f  we introduce i n  the DiracHami l tonian 

an addi t ional  terrn o f  the form F (K,J~), F deriot ing an ,a rb i  t r a r y  funct  ion 

o f  the commuting angular operators K and J2. F i n a l l y ,  a few words about 

the magnetic moment ca lcu la t ions  are  i n  order.  I n  should be noted tha t  

magnetic mornents ca lcu la ted v i a  (3.1) o r  v i a  (3.14) give, i n  g e n e r a  l , 
d i f f e r e n t  r e s u l t s  , the d i f fe rences being o f  the order o f  25%. 

An exceptional case i s  t ha t  o f  the ground s ta te  (E=M) w i t h  k=-1. 

I n  t h i s  case, eq. (3.12) g i v e s p - ,  = O whereas, from eq. (3.15) the re-  

s u l t  Q/2M i s  obtained. This may be e a s i l y  understood having I n  mind t h a t  

i n  t h i s  s ta te  b=O and remarking tha t  i n  the f i r s t  case the magnetic mo- 

ment i s  g iven by the product a b whereas i n  the second, i t  i s  given by a 

sum o f  two terms, one propor t iona l  t o  a2,  the o ther  t o  b 2  



Let us add a few words about the fu ture  out look.  This work can 

proceed i n  a t  leas t  two d i rec t i ons :  i n  the f i r s t ,  a genera l iza t ion  t o  N -  

-spheres i s  envisaged. I n  the second, instead o f  spheres, the Dirac par- 

t i c l e  1s constrained t o  move on a surface o f  d i f f e r e n t  symmetry as, f o r  

instance, '3 c i r c u l a r  cy l i nde r  o f  g iven length, a case a l s o  amenable t o  

an exact treatment. We hope t o  re tu rn  t o  these i n te res t i ng  top ics  a t  a 

l a t e r  date. 

Oneof  us (P.L.F.) i s  g r a t e f u l  t o  Pro f .  E.Ley Koo, o f  UNAM, 

Méxlco f o r  i n te res t i ng  discussions. 
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Resumo 

Discute-se o problema de uma p a r t í c u l a  de Dirac em movimento es- 
tac ioná r io  sobre s*-uma esfera bidimensional imersa em espaço euc l id iano 
E ~ .  Tem-se aqui um caso part icularmente simples e exatamente solüvel  de 
uma pa r t í cu la  de D i  rac vinculada, cujas propriedades são estudadas com 
ênfase no momento magnético do sistema. 


