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Abstract The generation o f  mu l t i po le  s ta t i ona ry  so lu t ions  t o  the-vacuum 
Eins te in  equations using the Belinsky-Zakharov inversescat te r ing  method 
w i t h  a  diagonal seed so lu t i on  i s  studied. 

One o f  the most powerful methods used t o  generate new s ta t i on -  

a ry  a x i a l l y  symmetric so lu t ions  t o  the vacuum E ins te in  equations f r o m  

known so lu t ions  (seed so lu t ions)  i s  the inverse sca t te r i ng  m e t h o d l Y 2  

(ISM). An example o f  new so lu t i on  obtained using the ISM i s  the N Kerr-  

-NUT so lu t i on  . Also t h i s  so lu t i on  can be obtained using t h e  c l o s e l  y  

re la ted  method o f  ~ Z c k l u n d  T rans fo rmt ions  (BT) 4'5. 

This purpose o f  t h i s  note i s  t o  use the  Bel insky-Zakharov v e r -  

s ion o f  the ISM t o  generate a  c lass  o f  s ta t i ona ry  so lu t ions .  The seed 

so lu t i on  tha t  we sha l l  use i s  the p a r t i c u l a r  c lass  of Weyl s o l u t  i o n s 6  

t ha t  can be expanded i n  zona1 harmonics. A  s i m i l a r  c lass  o f  so lu t ions  

was studied by  H a r r  i s o n 7  and by H o e n s e l a e r s ,  K i  n n e r s l e y  and 

~ a n t h o u ~ o u l o s ~  (HKX) using BT. The r e l a t  ion between the d i f f e r e n t  new 

so lu t i on  generating a l g o r i  thms (NSGA) a1 ready mentioned i s  studied i n  

Refs. 9-11. I n  p a r t i c u l a r  we have t h a t  t h e  d o u b l e  H a r r i  son BT i s  

equivalent  t o  the Bel insky-~akharov I S M  w i th  a  sca t te r i ng  ma t r i x  w i t h  

two simple poles modulo a  coordinate t ransformat ion.  Also the so lu t ions  

obtained using HKX Bicklund transformations and Belinsky-Zakharov ISMare 

c lose l y  re la tedg.  

The Belinsky-Zakharov I S M  presents severa1 advantages over the 

NSGA already mentioned: a) i t i s  simpler t o  apply, b) g ives theso lu t ion  

d i r e c t l y  I n  terms o f  the me t r i c  p o t e n t i a l s  and c) i t can be appl ied t o  

a  broader c lass  o f  evo lu t ion  equations12. The so lu t i on  o f  the vacuum 

Eins te ln  equation using t h i s  method i s  based on the fac t  t ha t  f o r  the 

me t r i c  

ds2 = P ( d r 2  + d z 2 )  + yd ár" dP (1 



w i t h  yab and u funct ions o f  z  and r on ly ,  (I$,*) 5 (x3,x') and a and b  

running. from 3 t o  4, they can be w r i t t e n  as 

- 1 - 1 
(21 Yr Y )r + (r Yz Y ) z . =  O (2) 

d e t  y  = - r 2 (3 )  

where y  i s  the 2x2 mat r ix  associated t o  yab and the subscr ipts r and z  

denote pa r t i a1  dl ' ferent iat ion.  The cond i t ion  o f  i n t e g r a b i l i t y  o f  o , 
I .e., ar, = a,,, 1s exac t l y  eq. (21,  thus any so lu t l on  toeq.(2) wil l g ive  

us a  t ha t  can be obtalned as a  simple quadrature o f  eqs. (4) and (5) .  

So l i t on  so lu t ions  toeq.(2) a r e  o b t a i n e d  by s o l v i n g  t h e  

Schrodinger equations 

f o r  the wave func t i on  $,. This wave func t i on  i s  a  2x2 complex m a t r i x  

f unc t i on  o f  z ,  r and the spectra l  parameter X. U, and V, are obtained 

replacing y  in eq.(6) by a  known so lu t i on  to eq.(2),yo. The so lu t i on  y o  i s  

c a l l e d  the seed o r  background so lu t i on .  The knowledge o f  Ji al lows us 
O 

t o  f i n d  t h i  new so lu t i on  y  t o  eq. (2) ,  g iven byl 

where 

372 



where the summation convention on the  indices a and b has been adopted. 

The indices k and R run from 1 t o  N, N being the number o f  s o l i t o n s .  

m(k) and ak are  sets o f  a r b i t r a r y  constants. ob 
In general ( 1  2 )  does not  s a t i s f y  eq. (3). To remedy t h i s  prob- 

lem we can def ined the mat r ixl  

tha t  i s  a l so  a so lu t l on  of eq.(2) and s a t i s f i e s  eq.(3). For the so lu t i on  

(121,  t h e  e v a l u a t i o n  o f  d e t  y, as wel l  as the i n teg ra t i on  o f  eq.(4) 

and eq. (5) can be made e x p l i c i t e l y l .  

We sha l l  spec la l i ze  the c lass  o f  seed so lu t ions  t o  the c l a s s o f  

dlagonal matr lces y, 

i .e., t o  tho usual Weyl so lu t i on 6.  I n  t h i s  case eq. (2)  reduces t o  t h e  

Laplace equnt ion 

Since y, 1s diagonal,we can assume t h a t  Jio i s  a l so  a diagonal m a t r i x .  
From eqs. (7 ) - (9 ) ,  (15), (16) and ($,I ,, = (Ji,),, = O we f ind tha t  there 

i s  no loss o f  gene ra l l t y  i n  s e t t i n g  

Fromeqs.(21), (10) and (11) w e g e t  t ha t  the sys temof  equations ( 7 )  
and (8) together w i t h  the boundary condi.t ion (9) i s  equivalent  to  the 



and 

Thus, the i n teg ra t l on  o f  eq.(2) f o r  a  diagonal seed so lu t lons  reduces t o  

the I n tegra t  ion  o f  eqs. (22) - (24). 

Pa r t i cu la r1  y  i n te res t i ng  so lu t ions  to eq.(20) are  those tha t  can 

be expanded I n  zona1 harmonics, i.e., 

where A and B are a r b l  t r a r y  constants and 
n n 

mint . d P ~ ( C O S  e )  n (27) 

R and 0 are  re la ted  t o  r and z by r = R  s i n e a n d  z = R  c o s e .  The met- 

FIC associated t o  A, @txt i s  the Chazy-Curzon m e t r ~ c ' ~ ' "  . Diagonal 

metr ícs w i t h  h igher 'mul t ipo le  moments are  studied i n  Ref. 15. I n  gen- 

e ra l ,  met r lcs  associated w i t h  P An qt are asympto t ica l ly  f l a t ,  s ince 

Ler us denote by F T t  and Fint the func t ions  F ,so lu t ions  t o  

eqs. (22)-(24) w i t h  CJ replaced by @zxSand @Ant respect ive l  y. Due t o  the 

l inear i  t y  o f  eqs. (20), (22)- (24) the func t ion  Fassociated t o  eq.(25) i s  

One can e a s i l y  v e r i f y  t ha t  the so lu t i on  F assosiated t o  @:Xt = 1/R i s  

Fext - z + R  
o - (29) 

(2 + R + X)R 

TO f i n d  the r e s t  of the Fn we no t i ce  tha t  eqs. (20) and (22) - (24) are  

i nva r i an t  under a  t r a n s l a t i o n  i n  the z va r i ab le  and t h a t  the zona! har- 



ex t  monics genaratlng func t ion  i s  @, (z-(,r), where 5 i s  a parameter. Thus 

Fex t n 
(-1)" (az) F:xt (z,r )  = - n (2 , r )  (30) 
n! 

The s t a t  loriary even number sol i ton solut ion i n  eqs .(12)-(18) obta i ned f tom the 

seed E An @rt i s  a l so  asympto t ica l ly  f l a t  s ince I n  t h i s  case t h e  I S M  

preserves t:he seed so lu t i on  asymptotic p roper t ies9.  
F i n t  

The func t ions  can 

making a Taylor expansion i n  the 

homogeneous func t ion  o f  degree n 

t o  f i n d  F:~ l n  an expl i c i t  way. 

@ i n t  
( 2 , ~ )  = 

be computed i n  a s i m i l a r  way, i.e., by 

va r i ab le  I/(. The f a c t  t ha t  ct i s  an 

i n  the var iab les  z and r can be used 

The funct ion @Ft can be wr i  t t e n  as 

C 4  k n-2k r2k L n! (-1) z 
2 22 k=o (n-2k) ! (k!)  2 

The Legendre pol lnomlals alone can be a l so  w r i t t e n  i n  a s i m i l a r  way16. 
17  

From eqs. (31) and (22)-(24) we f ind 

The metrica assoclated t o  @Ft are  not  asympto t ica l ly  f l a t .  They de- 

scr ibe  the i n t e r i o r  o f  a hol low body. The two-sol l ton so lu t i on  associ-  
I n t  

ated t o  B ,  a, + B2 @int i s  a p a r t i c u l a r  case o f  the one studied in Ref. 

18. 

F i n a l l y  we wanc t o  ind ica te  t ha t  the t w o - s o l  i t o n  s o l u t i o n  

associated t o  

i.e., t o ' a  two center  Chazy-Curzon met r ic ,  i s  s i m i l a r  t o  the b ipo la r  

met r ic  obtained by the appl i c a t  ion o f  a double rank-zero HKX transform- 

a t i o n  t o  eq. (33) recent ly  studied by D ie tz  and ~ o e n s e l a e r s ' ~ .  
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Resumo 

A geração de soluções estac ionãr ias  mul t i  pol  ares das equações 
de E ins te in  para o vácuo é estudada usando o método de espalharnento i n-  
verso de Belinsky e Zakharov com uma solução somente diagonal. 


