
Revista Brasileira de Flsica, VOI. 14, no 1, 1984 

Heat Flux Equation Applied to Thermal Conduction Problem 

A. BATTIG and M.A.V. DE LUCCIONI 
Instihrto de F/sica, Uniwm'dad Nacional de Tucumán, Tucumán, Argentina 

Recebido em 27 de abril de 1984 

Abrtract I n  t h i s  paper we consider the d i s t r i b u t i o n  o f  the  temperature 
funct ion f o r  the problem o f  a cy l i nde r  o f  radius a surrounded by an 
i n f i n i t e  medlum o f  another mater ia l .  The heat f l u x  Q a t  the surface r=a 
i s  kept constant. The d i f f e r e n t i a l  equations o f  heat f l u x  a r e  s o l v e d  
through the use o f  f i n i t e  Hankel and Weber transforms, whose fundamen- 
t a l  p roper t ies  are  given i n  the Appendix. 

1. INTRODUCTION 

Unsteady heat f l u x  ca l cu la t i ons  a r i s e  i n  conection w i t h  a wide 

v a r i e t y  of technical  processes. I n  some cases i s  required the tempera- 

t u re  d i s t r i b u t i o n  troughout a body a t  a given time. I n  other cases the 

ternperature v a r i a t i o n  w i t h  the t ime a t  a given po in t  i n  a body may be 

required as f o r  example, i n  food processing, ceramlc manufacture, e tc .  

Problems on conduction o f  heat i n  composite c i r c u l a r  o r  ho l low c i r c u l a r  

c i l i n d e r s  rectangular  blocks, square p la tes ,  e tc ,  a re  t rea ted by lap lace 

transforrnat ion by Carslaw and ~ a e ~ e r ' .  

Here we consider a i n f i n i t e  cy l i nde r  o f  a mater ia l  o f  conduc- 

t i v l t y  K , ,  d i f f u s i v i t y  k l ,  densí ty pl and spec l f i c  heat cl, which i s  

surrounded by an i n f i n i t e  medium o f  a mater ia l  o f  conduc t i v i t y  K , ,  d i f -  

f u s i v i t y  k,, and s p e c i f i c  heat c,. The cy l i nde r  radius i s  a and the 

heat f l u x  Q a t  the  surface r=a i s  a constant. 

I n  previous papers, B a t t i g  and Kal l a2 ,  Bat t ig ,  Kal I a  and :uccioni3 

have considered problems o f  thermal conduction using the Weber t r a n s -  

form. Now, we apply the d i f f e r e n t i a l  equations o f  heat f l u x  which were 

d e r i l e d  by B a t t l g  and k l l a 4 .  The f i n i t e  ~ a n k e l  "and weber6 transforms 

are used t o  obta in  the so lu t ions  o f  the d i f f e r e n t i a l  equations. 

2. THE SOLUTION OF THE PROBLEM 

Since the heat f l u x  i n  the boundary p = a  i s  given, the corre-  



spondlng equatlons f o r  the cy l i nde r  and the surrounding medium are used. 

These equat ions are4 

Let us  prescr ibe  the l n i t l a l  and boundary cond i t ions  as 

I n  eqs. (5) and (6) I t I s  assumed tha t  there i s  no contact  re-  

s lstence a t  the surface o f  separatlon between the two materiais. 

For the region O 4 r 4 a, m u l t i p l y i n g  both sides o f  eq. (1) by 

J ,  (rEi) I n teg ra t i ng  over the sect ion o f  the c y l  inder and using the prop- 

e r t y  (A3) we obta in  

Applying the invers ion formulae (A l )  i n  eq. (7) w i t h  boundary 

condi t l o n  (5) we obta in  the so lu t l on  

(8) 
where A l s  a i n teg ra t l on  constant. 

Considering the i n i t i a l  cond i t lon  (3) the temperature v , ( r , t )  

I s  obtained from the r e l a t l o n  



For the reglonr>a, multiplyingeq. (2) byr.~,(rX), inte- 

grat ing wi th respect to r from a to and us ing the property ( ~ 5 )  we ob- 

taln 

d f p t )  2k2 
d t  +k2X2c(A,t) +,f2(a) = O  (1 0) 

Applylng the inverslon formulae (~4) in eq. (10) with boundary 
condltlon (5) we obtain the followlng solution 

where 

Considering the inl tia1 condi tlon (41, the temperature v2(r,t) 

1s obtalned from the relation 

where 

3. VERIFICATION OF THE SOLUTIONS (9) AND (11) 

A t  t=O, the solutions given by eqs. (9) and (11) obviously are 

satisf led 

vl b,O) = Vl 

u,(r,O) = V, 

At r=a, from the solution (9) we obtain 



Conslder lng the resu l  t (A2) t h i  s express ion i s  reduced t o  

Likewlse, from the so lu t i on  (11) we get  

37'2 
- K 2  ar 

where 

Consldering the expression ( ~ 6 )  we ob ta in  

- .2 6/rw = f, (a) 
t>O 

The so lu t ions  (9) and (11) a l so  s a t i s f y  the cond i t ion  (6) 

This can be demonstrated using the d i r e c t i o n a l  der ived d e f i -  

n l t i o n  o f  a func t ion  

At r= a we have dv = 0 , and then 

v(a , t )  = const. 

Taklng i n t o  account the cond i t ion  (5) we conclude t h a t  

vl(a,t) = vp(a,t) 



From the s o l u t i o i ~ s  (9) and (11) we can observe tha t  t h e y  are 

re la ted  by the parameter Q = fl(a) = f2(a), from which we conc  l u d e  

tha t  v ,  ( r , t )  and v 2 ( r , t )  are mutual l y  dependent. 

The method used here i s  usefut t o  tack le  o ther  p r o b  1 ems o f  

heat conductlon, l i k e :  I) f ( r , t )  = O; i i )  f ( r , t )  = constant o r  a func- 

t i o n  o f  the time; I i i )  f ( r , t )  = h.v ( l i n e a r  heat t rans fer  a t  t h e  sur- 

face).  

APPENDIX 

I f  f ( r )  s a t i s f  ies D i r i c h l e t ' s  cond i t ions  i n  the' i n te rva l  (0,a) 

and i f  i t s  f i n i t e  transform l n  t ha t  range i s  def ined as6 

whlch 1s ca l l ed  a f i n i t e  Hankel transform o f  f i r s t  k ind;  Si are  the 

p o s l t l v e  roo ts  o f  the transcendental equation 

J ,  (a, Ci) = O 

then a t  any po in t  (0,a) a t  which the funct ion i s  continuous we have 

If f b )  = r ,  then 

Applying the invers ion formulae ( A ] ) ,  we get  



Furthermore we have the fo l l ow ing  proper ty6  

= - a ,rL f ( a )  J ;  (a,ei) - E: f (ci) ( A I )  
r ar r2  

We sha l l  denote the Weber transform o f  a f unc t i on  f ( r )  as5 

a 
where 

Jv and Yv are  Bessel func t ions  o f  f i r s t  and second k i n d  r e -  

spect ive ly  o f  order v and A i s  a roo t  o f  the equation 

The invers ion formulae f o r  the Weber transform i s  

We sha l l  use the fo l l ow ing  property o f  t h i s  transform3 

F i n a l l y  we have r e f  .7, p.352 (16) 

I n t he eqs. ( 1  ) and (2) we have v = 1 .  
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No presente artigo estudamos a distri bulção da função da tempe- 
ratura para o problema de um cilindro de raio a rodeado por um meio in- 
finito de outro materlal. O fluxo de calor Q através da superfície r =  a 
é mantido constante. As equações diferenciais do fluxo de calor são re- 
solvidas pela uti 1 ização das transformadas f initas de Hankel e Weber, 
cujas propriedades fundamentais são todas no Apêndice. 


