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kstract This work studies the anatomy o f  the dynamics o f  quantum cor-  
r e l a t i o n s  o f  two i n te rac t i ng  subsystems described by the Jaynes-Cumnings 
Model', making use..of a natura l  s ta tes  decomposi t i o n ,  f o l  lowing an o l d  
suggestion by Schrodinger. The amplitude modulation o f  the f a s t  Rabi os- 
c i l l a t i o n s  which occur f o r  a strong, coherent i n i t i a l  f i e l d  i s  obtained 
from the spin i n t r i n s i c  depo lar iza t ion  r e s u l t i n g  from cor rec t ions  t o  the 
mean f i e l d  approximation. 

INTRODUCTIOM 

Even very sirnple open subsystems o f  closed quantum mechanical 

systems can d isp lay  very i n t r i n c a t e  dynamical behavior, described by an 

e f f e c t i v e ,  non-unitary t ime evo lu t ion  law f o r  the dens i ty  ma t r i x  which 

describes t h e i r  s ta tes .  This f a c t  i s  c l e a r l y  i l l u s t r a t e d  by the spin 

observables o f  the so c a l l e d  coherent Jaynes-Cumminqs Model, which has 

recent ly  bem studied i n  considerable deta i  1 *. I n  t h a t  work, essent ia l  

use i s  made o f  the f a c t  t ha t  the model i s  soluble,  a l b e i t  not  i n  closed 

form, and a l o t  o f  e f f o r t  i s  successful ly  spent i n  ob ta in ing  p r e c i s e ,  

computable approximations t o  the exact solut ions,  v a l i d  both f o r  shor t  

and f o r  long times. These requirements are  s t r i ngen t  enough t o  p l a c e  

stronger dernands on mathematical expediency than on phys  l c a l  t r a n s -  

parency. The present work, i n  a way, attempts a t  revers ing t h i s  s i t u -  

a t i on .  We r e s t r i c t  ourselves t o  moderately short  times on l y  ( i  .e., o f  

the order o f  severa1 periods o f  the f a s t  Rabi o s c i l l a t i o n s )  and we base 

the ana lys is  o f  the dynamlcs on phys i ca l l y  motivated quan t i t i es .  We are  

ab le  t o  show tha t  the remarkable behavior o f  the Jaynes-Cummings Model 

dur ing  times tha t  warrant the app l i ca t i on  o f  our approach can be under- 

stood i n  terms o f  the behavior o f  very simple and s t ra igh t fo rward  sp in  

observables which are however governed by ra ther  i n t r i c a t e  laws due t o  
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the dynamical evo lu t ion  o f  quantum co r re la t i ons  between the  two sub- 

systems involved i n  themodel .  Sincewemake no use o f  t h e  s o l u b l e  

c h a r a c t e r  o f  the model, the ana lys is  can i n  principie be extended t o  

other systems and s i t ua t i ons .  

I n  sections 1 and 2 we g ive  a  short  charac ter iza t ion  o f  t h e  

model and the def l n i t i o n s  o f  the re levant  observables and p a r a m e t e r s .  

Our approach t o  the dynamics o f  subsystems, inc lud ing co r re la t i ons  be- 

tween d l f f e r e n t  subsystems I s  described i n  sections 3 t o  5. F i n a l l y ,  i n  

sect ion 6 we present numerical r e s u l t s  and a  f i n a l  discussion. 

1. THE MODEL 

The Jaynes-Cummings Modell i s  character ized by the exact l  y  sol - 
uble hamiltonian H ,  t ha t  models the i n te rac t i on  o f  the r a d  i a t  i o n  w i t h  

matter 

+ + 
= E u 3  + a  a + i(ao+ + a  o-)  2 (1) 

+ 
where a and a are  bosonic operators f o r  the a n n i h i l a t i o n  and c rea t i on  

o f  photons respect ive ly  ([a,a7 = i ) ,  associated wi t h  one normal mode o f .  

the rad ia t i on  f i e l d ,  and 
u1 * i u 2  

- 
u3 9 ('i - 2 

are spin operators s a t i s f y i n g  angular momentum commutation ru les .  This 

degree o f  freedom describes a  two leve1 "matter" system, and E i s  i t s  

na tura l  t r a n s i t l o n  frequency; )\ i s  the coupl ing constant t ha t  represents 

the s t rength  o f  the i n te rac t i on  between matter and rad ia t i on ,  wh i le  the 

frequency o f  the normal mode o f  the quantized rad ia t i on  f i e l d  i s  taken 

as the u n i t  o f  energy @ = I ) .  

We concentrate our discussion on the coherent case i n  which one 

studies the time evo lu t ion  o f  the Jaynes-Cummings system, g iven the in -  

i t i a l  cond i t ion  

It=0> = lu> e I+> 
where ( v >  stands f o r  a  coherent s ta te  o f  the r a d i a t i o n  mode and I + >  i s  

and eigenstate o f  the spin operator  0,. This case has been ex tens ive ly  

studied by Narozhny e t  a12. I n  t ha t  work i t  i s  shown i n  p a r t i c u l a r  t ha t  



the t ime dependente o f  the atomic invers ion  <a3>t (see F i g u r e  i ) i n -  

volves a t  l eas t  two d i f f e r e n t  c h a r a c t e r i s t i c  times. These times are as- 

sociated respect ive ly  ( f o r  st rong f i e l d s  o r  la rge v )  w i  t h  a f a s t  o s -  

c i l l a t o r y  behavior o f  <u3>t and w i t h  a gradual damping o f  these o s c i l -  

l a t i ons .  The o s c i l l a t i o n s  themselves are  r e a d i l y  associated w i t h  t h e  

precession o f  the sp in  i n  the strong f i e l d  o f  the rad ia t i on  mode (Rab i  

o s c i l l a t i o n s ) ,  but the basic physical  mechanism under ly ing t h e i r  damping 

remains r e l a t i v e l y  unexplored. 

Fig.1 - Time Dependence o f  
the invers ion  <u3>t as a 
f u n c t i o n  o f  t i m e ,  f o r  
l ~ 1 ~ > > 1 ,  show ing  t h e  
c h a r a c t e r i s t i c  times tR and 
tD ( j u s t  schematic) . 

We show tha t  together w i t h  the atomic invers ion ( < o ~ > ~ )  there 

i s  another c r u c i a l  quant i ty  t h a t  can be ca lcu la ted t o  make c lea re r  the 

p a r t i c u l a r  behaviors described above. I t  i s  the i n t r i n s i c  atomic inver-  



s i o n  o r  < a >  wherea  i s  the p r o j e c t i o n o f  the o p e r a t o r a a l o n g  t h e  
P t P 

spin p o l a r i z a t l o n  axis,  i .e., 
-+ -+ 
ú . <a>, 

This quan t i t y  i s  important s ince i t  gives us the degree o f  i n t r i n s i c  

p o l a r i z a t i o n  of the spln as a  func t ion  o f  time. I t  depends on t h e  d y -  

namics o f  quantum co r re la t i ons  between the two subsystems i nan  essent ia l  

way. I n  p a r t i c u l a r ,  i t  i s  t r i v i a l  t o  check tha t  a  mean f i e l d  a p p r o x i  - 
mation leads t o  <a > being independent oF time. 

P t 

2. PERTURBATIVE TREATMENT FOR VERY SHORT TIMES 

F i r s t  o f  a l l ,  i t  i s  i n te res t i ng  t o  consider what happens t o  the 

system (sp in  + f i e l d )  dur ing the f i r s t  moments o f  in terac t ion .Th is  means 

short  times i n  comparison w i t h  the shorter  c h a r a c t e r i s t i c  t i m e  o f  the 

system. 

I n  t h i s  l i m i t ,  a  s t ra igh t fo rward  ca i cu la t i on  f o r  the coherent 

i n i t i a l  cond i t ion  gives 

< u  > = 1 - 2X2t2 
P t 

tha t  leads us t o  i d e n t i f y i n g  the cha rac te r i s t í c  t ime 

f o r  one gets, on the other hand 

w i t h  the corresponding c h a r a c t e r i s t i c  t ime 

For la rge u and small X these times are  indicated q u a l i t a t i v e l y  i n  F ig .  

1 .  The cha rac te r i s t i c  t ime tR i s  associated w i t h  the precession o f  the 

spin caused by the strong rad ia t i on  f i e l d .  As <a > i s  a k ind o f  measure 
L' t 

o f  the depo lar iza t ion  o f  the spin, the time tD character izes a  temporal 

scale a t  which the i n i t i a l  s ta te  o f  the spin relaxes t o  a  non-polar,ized 

state.Since, moreover, t i s  of the order o f  the times associated w i t h  D 
the modulation o f  the Rabi o s c i l l a t i o n s ,  one i s  l ed  t o  a s s o c i a t e  t h e  



l a t t e r  e f f e c t  t o  the depo lar iza t ion  o f  the spin.  This w i l l  i n  f a c t  be 

invest igated q u a n t i t a t i v e l y  i n  the fo l lowing.  

3. THE DYNAMICS OF THE SUBSYSTEMS 

The system character ized by H cons is ts  o f  two subsystems (spin+ 

+ f i e l d )  i n te rac t i ng  through the l a s t  term. This leads us n a t u r a l l y  t o  

consider the state- vector  space f o r  the e n t i r e  quantum system as the ten- 

sor product o f  a "spin" space 

and we can say tha t  any s ta te  

product o f  two H i l b e r t  spaces 

Hs and a "f i e l d "  space HQ 

vector  ( I t > )  contained i n  t h i s  t e n s o r  

can be expanded as 3 ' 4 '  

where oli(t) a re  rea l  ampl i tudes and {Isi(t)>) and clni(t)>), the natura l  

s tates,  are sets o f  orthonormal vectors i n  the two leve1 s y s t e m  space 

(Hs) and i n  the normal rnode o f  the rad ia t i on  f i e l d  space (Hn) respect- 

i ve l y .  These sets may always be completed t o  form basis sets i n  t h e s e  

spaces . 
As t:his expanslon gives the dens i ty  matr ices o f  the two subsys- 

tems i n  diagonal form 

we see tha t  i t  can be character ized a l so  as an expansion o f  t h e  s t a t e  

vector  t ha t  clescribes the e n t i r e  system i n  the eigenvectors o f  the re-  

duced dens i ty  matrices f o r  each subsystem. 

Expainding the s ta te  vector  I t >  t ha t  descr i  bes the e n t i r e  system 

as i n  eq. ( 4 ) '  we can analyze the temporal evo lu t ion  o f  the systems i n  

terms o f  that o f  the natura l  s tates and o f  the respect ive occupation am- 

p l  i tudes ai(t). 

I f rre cons ider  the time dependent Schrodinger equat ion 



and ca l cu la te  I t  using eq. (4)  we get 

and, f o r  m#p 

where h n ( t )  and h ( t )  are two hermitean time displacement g e n e r a t o r s ,  S 
ac t i ng  respect ive ly  i n  H and ffs. They describe the t ime dependeoce o f  R 
the natura l  s tates through 

and 

These operators are s u f f  i c i e n t l  y def ined by equat ions ( 6 )  and ( 7 ) .  
c lea r  thus tha t  equations (51, ( 6 )  and (7) determine complete1 y the 

namics o f  the system and they a l l ow  us t o  analyze convenient ly  the tem- 

poral  evo lu t ion  o f  each subsystem and o f  t h e i r  mutual cor re la t fons .  This 

w i l l  be done next .  

4. THE MEAN FIELD APPROXIMATION 

A mean f i e l d  approximation f o r  coherent i n i t i a l  c o n d i  t i o n s  i s  

e a s i l y  motivated by not ing  tha t ,  f o r  small coupl ing h ,  the envelope of 

the Rabi o s c i l l a t l o n s  (associated w i t h  tR, see Figure l), a smooth quan- 



t i t y ,  together w l t h  <a > remains c lose t o  1 
P t 

This suggests the v a l i d i t y ,  f o r  such i n te rva  

f o r  severa 

1s o f  time, 

1 Rab 

o f  an 

I periods. 

ansatz o f  

the form 

J t >  = 

f o r  the s ta te  vector  o f  the compos 

o f  the preceding section, t h i s  imp 

i t e  system. I n  terms o f  the a n a l  y s i  s 

1 i es  constant occupation ampl i t u d e ,  

i.e., ~ ( t )  = O and a (t) = 1 .  The replacement o f  equation (4) by these 
1 

constra ints,  together w i  t h  equat ions (8) and equations (5) and (6) define 

our mean f l e l d  approximation. I n  f ,xt, when we subs t i t u te  the expression 

(8) I n t o  the coupled equations ( 5 ) ,  (6) and (7) we get, f o r  hS( t )  and 

h (t), the expressions n 
h,(t) = <n,(t) IH ln,(t) > 

and 

hQ( t )  = <.S1(t) I H  Is,(t) > 

These expresslons show tha t  the generator o f  the temporal evo l -  

u t i o n  o f  each subsystem I s  given by the average o f  the hami i tonian H, 

ca lcu la ted a t  the s ta te  o f  the o ther  subsystem. We have thus, i n  t h i s  

approximation 

Is,(t) > = <n,(t) IHln,(t) > Is , ( t )> dt 

which has t o  be solved f o r  the i n i t i a l  cond i t ion  

To solve the system above we can make ansatze f o r  the form o f  

the s ta tes  1Q,(t) and I s1 ( t )>  

and 



obta in ing  a new l i n e a r  system f o r  the parameters v ( t ) ,  z ( t ) ,  @ ( t )  and 

$ ( t )  t ha t  can be conveniently dea l t  w i t h  numerical ly .  

Given t h i s  mean f i e l d  so lu t i on  and i n  preparat ion f o r  a pe r tu r -  

ba t i ve  evaluat ion o f  the time-dependent occupation amplitudes a ( t ) ,  we 

can a l so  determine the re levant  nu11 o c c u p a t  i o n  s t a t e  Ia2 ( t ) ~ ,  ( t ) >  

(a2(0) = 0) as 

which i s  j u s t  the "doorway" fed by the complete hami l tonian H when i t  

ac ts  on IQ, ( t ) s , ( t ) >  6 .  

Using the forms (9) and (10) 

which involves the parameters a l ready obtained i n  eqs. (9) and (10) and 

the new phase c ( t )  . 

5. THE PERTURBATIVE CORRELATION CORRECTION 

To obta in  our mean f i e l d  approximation, we kept f rozen the am- 

p l i t udes  ai(t) i i pos ing  t h a t  a . ( t )  = O always. To co r rec t  t h i s ,  we w i l l  
Z 

now a1 low fo r  changes o f  the a . ( t )  making use o f  eq. (5) w r i  t t e n  more ex- 
'L 

p l  i c i t l y  as 

which are  two coupled f i r s t  order equations f o r  a, ( t )  and a 2 ( t ) .  The 

ma t r i x  elements on the r i g h t  hand s ide o f  the equations w i l l  be calcu- 

l a ted  using the s ta tes   IR^ ( t ) > l ~ ,  ( t ) >  and IR, ( t ) > l ~ , ( t ) > ~ i v e n  by themean 

f i e l d  so lu t iónand l n  t h i s s e n s e t h i s i s  a k ind  o f p e r t u r b a t i v e  cor rec t ion .  

Concerning the phases o f  the s ta tes  Jnl ( t ) >  Js, ( t ) >  and Ia2 ( t ) > ] s 2  ( t )> ,  

i t  turns  ou t  that ,  i f  we consider a g lobal  phase ~ ( t )  g iven by 



i t  i s  easy t o  prove that ,  f o r  our i n i t i a l  cond i t ions  i t  remains constant 
7 ( = ~ / 2 )  . 
On the other hand, i t  i s  necessary t o  keep i n  mind t h a t  t h i s  

pe r tu rba t i ve  co r rec t i on  w i l l  be v a l i d  j u s t  f o r  times shor t  i n  comparison 

w i th  tD (the envelope c h a r a c t e r i s t i c  t ime) but  t ha t  may be l o n g  ( f o r  

>> 1) i n  comparison w i t h  t ( the  Rabi c h a r a c t e r i s t i c  t ime).  R 
This g ives us two coupled f i r s t  order equations f o r  cil(t) and 

a 2 ( t )  and through them we ob ta in  the approximate temporal b e h a v i o r  o f  

a, ( t )  and a, ( t )  . 

6. RESULTS AND DISCUSSION 

We concentrate on the most re levant  quan t l t i es  associated w i t h  

the spin ( "m t te r " )  system: <a, > - the atomic invers ion  and < a  > - the t P 
i n t r i n s l c  atornic invers ion.  I n  terms o f  the parameters i n t r o d u c e d  i n  

equations (9)  and (10), they are  given by 

and 

These quant i t ies ,  as obtained from numerical so lu t i on  t o  the 

dynamical equations, a re  shown i n  Figure 2. We see t h a t  i n  t h i s  approxi-  

r na t i~n ,<a ,>~  can be w r i t t e n  as steady Rabi o s c i l l a t i o n s  modulated by a  

depo lar iza t ion  envelope which r e s u l t s  from the dynamical c o r r e l a t  i o n s  

a r i s i n g  between the two subsystems. 

Unl i ke i n  previous approaches (see (2) and referentes there in)  , 
the present approach al lowed f o r  a  physical  d e f i n i t i o n  and f o r  a  separate 

ca l cu la t i on  o f  the envelope, a l b e i t  i n  a  pe r tu rba t i ve  context  as f a r  as 

the co r re la t i ons  between subsystems are concerned. I t  i s  I n te res t i ng  t o  

note tha t  t h i s  envelope i s  no t  smooth i n  the sense t h a t  i t  contains some 

s t ruc tu re  on the t ime scale o f  the Rabi o s c i l l a t i o n s .  The i n t r i n s i c  de- 

p o l a r i z a t i o n  which goes along w i t h  the severa1 Rabi per iods f o l  I o w i n g  

the i n i t i a l  time appears there fore  t o  f ee l  the Rabi o s c i l l a t i o n s  them-  

selves. This i s  no t  p a r t i c u l a r l y  su rp r i s i ng  i n  view of the s t ruc tu re  o f  



Fig.Z - Time Dependence o f  
the invers ion <a,zt (smooth 
( I  ine) and o f  <o >t (dot 
l í n e )  as a  f u n c f i o n  o f  
time, f o r  l v 1 2  >> 1 ,  ob- 
ta ined from the numerical 
so lu t l on  t o  the d y n a m i c a l  
equations. B o t h  o f  t h e  
quan t i t i es  were ca lcu la ted 
a t  the same po in ts .  

equation (51, which re la tes  the t ime evo lu t ion  o f  the occupation ampli-  

tudes ai($) (associated w i t h  the dynamics o f  co r re la t i ons  between s u b -  

systems) t o  the t ime dependent na tura l  o r b i t a l s  which, i n  p a r t i c u l a r ,  

car ry  the Rabi o s c i l l a t i o n s .  

A perhaps less expected r e s u l t  i s  t ha t  the average gross-struc-  

t u re  o f  the depo lar iza t ion  envelope bears witness t o  the p e r t u r b a t i v e  

time tD, equation (Z), which was ca lcu la ted at t = O ,  where the curvature 

o f  the envelope would appear na i ve l y  t o  be poss ib ly  a f f ec ted  by the Rabi 

frequency component. 

We f i n a l l y  s t ress  the gene ra l i t y  o f  the present approach a n d i t s  

a b i l i t y  t o  get hold o f  some ra ther  subt le  quantum mechanical e f f e c t s  i n  

a  phys i ca l l y  very transparent way. These features should s t  i m u l a t e  i t s  

use i n  the ana lys is  o f  o ther  composite systems6, p a r t i c u l a r l y  i n  the con- 



t e x t  o f  ob ta in ing  cor rec t ions  t o  mean-field approximations t o  dynamical 

equations. 
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Resumo 

Este t rabalho estuda a anatomia da dinâmica das  c o r r e l a ç õ e s  
quânticas de do is  subsistemas em interação descr i tos  p e l o  Mode lo  de 
~a~nes-cummingsl, fazendo uso de uma decomposiçao nos estados natura i S, 

segundo uma ant iga  sugestão de Schrodinger. A modulação da amplitude das 
osc i  laçõeç rãpidas de Rabi, que ocorrem para um campo i n i c i a l  intenso e 
coerente, é obt ida  da despolarização in t r inseca do sp in  que resu l t a  das 
correções ã aproximação de campo médio. 


