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Abrtract An a l t e r n a t i v e  p roo f  f o r  t h e  g e n e r a l i z a t i o n  t o  any compact L i e  
group o f  t h e  absence o f  an ordered phase i n  one and t w o  d i m e n s  i o n a l  
c l a s s i c a l  systems i s  p rov ided  u s i n g  t h e  o r i g i n a l  Bogol iubov i n e q u a l i t y .  

The absence o f  spontaneous symmetry b reak ing  f o r  quantum s p i n  

systems w i t h  low dimensional i t y  i s  a w e l l  known r e s u l t  '. S i m ;  , a r  con- 

c l u s i o n s  were reached f o r  super f  l u i d  o r  superconduct ing o r d e r i n g 2.  The 

v a l  i d i t y  o f  t h i s  p r o p e r t y  f o r  c l a s s i c a l  s p i n  systems d a s  p r o v e d  b y  

~ e r r n i n ~  i n  a theorem accord ing  t o  which i t  i s  impossib le  t o  h a v e  a n  

ordered phase i n  one and two dimensions. T h i s  p w p e r t y  has a l s o  b e e n  

v e r i f i e d  f o r  t h e  cont inuum l i m i t 4  showing t h e r e f o r e  t o  be o f  g r e a t  r e l -  

evance i n  b o t h  s t a t i s t i c a l  apd f i e l d  theory 5.  

The e x t e n s  i o n  o f  t h i s  theorem t o  any cont inuous symmetry was 

done u s i n g  f o r  t h e  ~ ( 1 )  group e i t h e r  an argument d e a l i n g  w i t h  theenergy 

o f  c o n f l g u r a t i o n s 6  o r  a niore mathematical approach7, f o l l o w e d  by a gen- 

e r a l i z a t i o n  based on t h e  p r o p e r t i e s  o f  compact L i e  groups. A more d i r e c t  

p r o o f  has been given8 based on a genera l  i z a t  i o n  o f  Bogol iubov i nequal i ty. 

The purpose o f  t h i s  n o t e  i s  t o  reach s i m i l a r  conc lus ions  u s i n g t h e  o r i g -  

i n a l  Bogol iubov i n e q u a l i t : ~ ,  f o l l o w i n g  t h e  s teps o f  Mermin's p roo f ,  ap- 

p l  l e d  t o  t h e  group o f  i n t :e res t .  Th is  procedure has t h e  a d v a n t a g e  o f  

oe ing more s t ra igh t fo rwar 'd  and i n t u i t i v e  f rom a phys ica l  standpoint.The 

a n a l y s i s  made by Mermin was a p p l i e d  t o  systems i n v a r i a n t  under a U ( 1 )  

* Com i s i ó n  Nacional de Energ ia Atómica E Univers idad  Nacional de Cuyo. 

8 4 0 0  - Bar i loche ,  Argen t ina .  

Q ComisiÓn Nacional de Energia Atômica. 8 4 0 0  - Bar i loche ,  Argent ina.  



o r  ~ ~ ( 2 1  g lobal  symmetry based on a Poisson brackets L i e  algebra. We 

f i r s t  general ize the theorem f o r  models which assume, f o r  each s i t e  o f  

a D-dimensional l a t t i c e ,  a set o f  n c lass i ca l  var iab les  s a t  i s f y  i n g  a 

compact seini-simple L i e  algebra o f  Poisson brackets. (The extension t o  

non seml-simple groups w i  1 1  be t rea ted a t  the end) . For t h l s  purpose i t  

i s  essent l i i l  t o  show tha t  Polsson brackets may be ca lcu la ted d i r e c t l  y 

i n  terms oF these s p i n  q u a n t i t i e s  w i thout  r e l y i n g  on canonical v a r i -  

ables. We are  then able t o  prove tha t ,  i n  the absence o f  externa1 f i e l d s ,  

the stat1si: ical average o f  any quan t i t y  i n  the se t  which d e f i n e s t h e  

rank o f  thé: algebra, vanishes. 

Let us take a t  each o f  the N l a t t i c e  s i t e s  the s e t  o f  s p i n  

var iab les  P a = I...n obeying the semi-simple L i e  algebra a' 

where the Poisson bracket 1,) would correspond t o  -i times the commu- 

t a t o r  [,] i n  a quantum vers ion o f  the model . To g i ve  a mean i n g  t o  an y 

Poisson bracket i t  i s  s u f f i c i e n t  t o  take f o r  granted the ex i s tenceo fan  

expression o f  F i n  terms o f  rn p a i r s  o f  canonicai var iab les  qk ,  pk w i t h  a 
no need o f  i t s  e x p l i c i t  form. I n  f a c t  f o r  any two func t ions  o f  F a ,  we 

f lnd 

where the  chain r u l e  fo r  de r i va t i ves  has been used. I t  i s  possib le t o  

prove tha t  the l a s t  expression f o r  { A , B }  i n  eq. ( 2 )  s a t i s f  ies  a l l  the 

requirements t o  be a Poisson bracket, inc lud ing the Jacobi i d e n t i t y .  

We remark tha t  the Bogoliubov i nequa l i t y  continues t o  h o l d  

w l thout  surface terms. To show t h i s  i t  i s  s t ra igh t fo rward  t o  reproduce 

the ca l cu la t i on  o f  r e f .  3 t o  g ive  



where H Is the hamiltonian, F the free energy, F~ = F F the quadratic a a 
Caslrnlr quantity and < > means a statistical average with a weight P. 

For sirnplicity we will take 

P = ll ~(F-F(%)) (4) 
R .., 

thus flxing the Casimir quantity at each site to a constant value, but 

more general conditions could be envisaged, as e.g. in Menin's original 

paper3. 

The total antisymmetry of the structure constants of any semi- 

-simple Lie group(+) allows the reordering of the factors in the inte- 

gral of eq. (3) to give 

<A*{ B, H}> = - <{P ,  BI> (5) 

explicitely proving the absence of the surface terrns which otherwise 

would appear on the right hand side of this equation.Now using Schwartz 

inequal lty for the scalar product (A,C) = <A*c>, it follows 

whlch is the inequality due to Bogoliubov. 

Going back to our Poisson bracket algebra of dimension n and 

rank R we rewrite it in terms of quantities 

H.,<= !...R and E ,a=*] ,... 
Z a 2 

whlch mimic the mutually comnuting hermitian and step operators of the 

quanturn versionl0 

{z,H.) = O 
J 

IH~,E~I = -i ri(a) 

i 
( E  ,E I =  -i r (a) Hi a -a 

(Ea,E63 = -i N E 
a,6 a+B 

(+) The total ant isyrnmetry of the structure constants for a compact sem; 
-simpie Lie group follows from the recognition of (x,Y) =-~r(ad X.ad Y) 
as a scalar productg. Theri ([x,~,z) - (x, [Y,z]) and takin an o tho- 
normal basis F a=l, ... n, we have 6 = (Fd, e F ~ )  = $ = -&. a' 



where the rea l  roo ts  ri(a) and c o e f f i c i e n t s  s a t i s f y  

We no t i ce  t h a t  our quan t i t i es  obey H; = Hi and E: = E E ,  which are the 
+ + 

c lass i ca l  counterparts o f  Hi = H. and Ea = Ema f o r  the quantum version. 
2 

In  terms o f  these var iab les  the Casimir quan t i t y  becomes 

We assume a hami l tonlan i nva r i an t  under g lobal  t ransformat ions 

o f  the L l e  group, descr ib lng  the coupl ing o f  the generators ateach s i t e  

w i t h  those of the neighbouring ones constrained t o  constant F~ i n  ac-  

cordance w i t h  eq. (41, w i t h  the add i t i on  o f  externa1 f i e l d s  g in terac-  i 
t l n g  w i t h  the rea l  generators H ' 

i7 I.e. 

We have introduced a vector  no ta t l on  f o r  z = I H  ;=I,. . .E). i' 
I n  order t o  appl y the  Bogol iubov inequal i t y ,  eq. (6) , we choose 

One then r e a d i l y  obtains 



Expressing eq. (13) l n  terms o f  t h e  F o u r i e r  t rans fo rms we g e t  

i s  p o s i t i v e  d e f i n i t e ,  u s l n g  t h e  bounds 

I + G2 (a) Ea ($1 

w i t h  v some p o s i t i v e  number, and t h e  approx imat ion 

# v a l i d  f o r  J(R) v e r y  peaked around R = 0, one a r r i v e s  a t  -. - 

P' 2 i (%.;(a) ) ' I [k2 v F~ I J ( R )  + y.f (a)%.$ (a)]-' 0 k 
(17) 

- R 
where X=<~(R)> d e f i n e s  the  o r d e r  parameter. Note t h a t  t h e  n e g a  t i v e  

terrns on the  r i g h t  hand s i d e  o f  eq. (16) do n o t  c o n t r i b u t e  t o  t h e  s t a t -  

i s t l c a l  average o f  eq. (14) s ince  

(#) C l e a r l y  an exponential  behaviour f o r  J(R) i s  s u f f i c i e n t  f o r  the  ap- 
prox i rnat ion I n  eq. (16) t o  be v a l  i d .  The p roo f  o f  r e f  .6 shows t h a t  a 
power law R-a w i t h  a >, 4 i s  enough. 



Now the same conclusion obtained by Mermin can be read out  o f  
+ 

eq. (17) ir1 the l i m i t  o f  vanishing externa1 f i e l d ,  i .e .  g=O. The r i g h t  

hand s lde of t h i s  equation divergesfor  D=1,2 unless the order parameter 

% vanlshes. This comes out  from the considerat  ion o f  the R independent 
+ 

roo t  vectors r(a). E.g. f o r  sU(3) t h e  o r d e r  p a r a m e t e r  has  two 

components which can be chosen t o  be the hypercharge and the t h i r d  com- 

ponent o f  isospin.  

We have thus proved tha t  Mermin theorem i s  v a l i d  not  on ly  f o r  

the t r a d i t i o n a l  ~ ( 1 )  o r  W(2)  sp in  systems but  f o r  w h a t e v e r  s e t  o f  

c l ass i ca l  var iab les  obeying the algebra o f  any compact semi- s imp le  L i e  

group. 

The extension t o  a compact non semi-simple L i e  group res t s  on 

the theorem" which proves tha t  any algebra o f  a compact L l e  group may 

be w r l t t e n  as the d i r e c t  sum o f  i t s  cent re  and the orthogonal wmplement 

which i s  an i nva r i an t  semi-simple sub algebra. This theorem i s  based on 

the existence o f  a sca lar  product i nva r i an t  i n  the sense ( [ x . ~ ~ z )  = 

= ( x , ~ Y , z ~ )  which general izes the t race d e f i n i t i o n s  o f  footnote . 
Slnce the Mermin's theorem i s  v a l i d  f o r  an abe l ian  algebra and 

we have p r w e d  i t  f o r  any semi simple L i e  algebra, i t  i s  obviously v a l i d  

f o r  the d i r e c t  sum o f  the center and i t s  orthogonal complement,i.e. f o r  

any compact connected L i e  group. 

We are  deeply indebted t o  Antonio González Arroyo f o r  s t i m u -  

l a t l n g  our i n te res t  i n  t h l s  problem and f o r  very useful  d i  s c u s s i o n s .  

H1s  v i s i t  wi3s supported by the OAS Mu l t i na t i ona l  Program. 
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Uma demonstração d i ferente  para a general i zação a qual quer gru- 
po de L i e  compacto da ausChcia de fase ordenada em sistemas c láss icos  a 
uma e duas dimensões é obt ida  usando a desigualdade de Bogol iubov o r i ?  
g ina l .  


