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Abstract An alternative proof for the generalization to any compact Lie
group of the absence of an ordered phase in one and two dimensional
classical systems is provided using the original Bogoliubov inequality.

The absence of spontaneous symmetry breaking for quantum spin
systems with low dimensionality is a well known result!. Simi.ar con-
clusions were reached for superfluid or superconducting orderingz. The
validity of this property for classical spin systems was proved by
Mermin® in a theorem according to which it is impossible to have an
ordered phase in one and two dimensions. This property has also been
verified for the continuum limit® showing therefore to be of great rel-
evance in both statistical apd field theory®.

The extension of this theorem to any continuous symmetry was
done using for the U(1) group either an argument dealing with theenergy

® or a niore mathematical approach’, followed by a gen-

of conflgurations
erglization based on the properties of compact Lie groups. A more direct
proof has been given®based on a generalization of Bogoliubov inequality.
The purpose of this note is to reach similar conclusions usingthe orig-
inal Bogoliubov inequality, following the steps of Mermin's proof, ap-
plled to the group of interest. This procedure has the advantage of
being more straightforwar'd and intuitive from a physical standpoint.The

analysis made by Mermin was applied to systems invariant under a y(1)
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or SU(2) global symmetry based on a Poisson brackets Lie algebra. Ve
first generalize the theorem for models which assume, for each site of
a D-dimensional lattice, a set of n classical variables satisfying a
compact semi-simple Lie algebra of Poisson brackets. (The extension to
non seml-simple groups will be treated at the end). For thls purpose it
is essentliil to show that Polsson brackets may be calculated directly
in terms of these spin quantities without relying on canonical vari-
ables. W are then able to prove that, in the absence of externalfields,
the statistical average of any quantity in the set which definesthe
rank of thé: algebra, vanishes.

Let us take at each of the N lattice sites the set of spin

variables Fa’ a = 1...n obeying the semi-simple Lie algebra

{Fa,Fb} = =1 c‘ib F, (1)

where the Poisson bracket {,} would correspond to -Z times the commu-
tator [,] in a quantum version of the model. To give a meaning to any
Poisson bracket it is sufficient to take for granted the existenceofan
expression of Fa in terms of m pairs of canonicai variables dyr Py with
no need of its explicit form. in fact for any two functions of Fa, we
find

94 3B 94 0B
(4,8} = § ———-——-—}-
k=1 \ 39 9Py 3pg 3y
(2)
934 3B -
= 5= &= {F ,F,}
a.b Fa Fb a’’b

where the chain rule for derivatives has been used. It is possible to
prove that the last expression for {4,B} in eq. (2) satisfies all the
requirements to be a Poisson bracket, including the Jacobi identity.

W& remark that the Bogoliubov inequality continues to hold
wlthout surface terms. To show this it is straightforward to reproduce

the calculation of ref. 3 to give

BB H}> = o J T dF (R) .
28 gi a,R %° (3)

, 34* 3 -B(H-F) 3B
- F(R") 57, & %, 3%, &) (Pe ) 57.@En
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where H ts the haniltonian, F the free energy, 7? = FaFa the quadratic
Casimlr quantity and < > neans a statistical average wth a weight P.
For sirnplicity we wll take

P =

1 8(F-F(R)) (4)
R
thus flxing the Gasimr quantity at each site to a constant val ue, but
more general conditions could be envisaged, as e.g. in Mermin's original
paper3 .

The total antisymmetry of the structure constants of any semi-
-simple Lie group(+) allows the reordering of the factors in the inte-
gal of eq (3) to give

<a*{ B H}> = -’E'<{A*,B}> (s)

explicitely proving the absence of the surface terrns which ot herw se
woul d appear on the right hand side of this equation.Now USing Schwartz
inequal 1ty for the scalar product (4,C) = <4*c>, it follows
| B2
<la]®> 3 5 ——— (6)
B <. .10
whlch is the inequality due to Bogoli ubov.
Qi ng back to our Poisson bracket al gebra of dinension » and
rank Rwe rewite it in terms of quantities

H.,i=1...24 and Ea,a=tl,,..~:2£.9l

whl ch mimic the mitual |y commuting hermitian and step operators of the

quantum version!?®

{H7:,Hj} =0
{Hi’Ea} = -i ri(a) E,

i (7)
B .E =11 (3 H

{E’a,EB} = -4 Na,B Ea+B

(+) The total ant isymmetry of the structure constants for a conpact semi
-simple Lie group fol lows fromthe recognition of (x,¥) =-Tr{ad X,ad ¥)
as a scal ar product®. Theri ([x,7],2) =(x, [¥,7]) jLand t aki ﬁg an ggtho-
normal basis Fy a=1,...n. we have C; - (Fd,i Cop Fo) = C4, = ~Cog
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where the real roots ri(a) and coefficients Na 8 satisfy

ri(a) = rq"(oz)

r.(-a) = - r,{a)
1 1 (8)
gri(ov)rj(a) = (2 + I)Gij
¥a,8 ™ P-o,-8 = ¥g,-a-8 = V-0-8,0

*
V¢ notice that our quantities obey Hi = Hi and E’g = E-a’ which are the
classical counterparts of H;: = H7., and E& = E'__(1 for the quantum version.

In terms of these variables the Casimir quantity becomes
2 _ 2
gEa E_a+ZH. (9)

W assume a hamiltonlan invariant under global transformations
of the Lle group, describlng the coupling of the generators ateach site
with those of the neighbouring ones constrained to constant > in ac-
cordance with eq. (4), with the addition of external fields g interac-

ting with the real generators Hi’ i.e.

Ho=- Z (R-R') [Z E,(®) E &) + E@® . H&")]

R’ - (10)
kN

We have introduced a vector notatlon for # = {Hi. Z=1,...4}.

In order to apply the Bogoliubov inequality, eq. (6), wechoose

Qi z':cJ

REREMC RN ot R an
One then readily obtains ~
{B,4%} = ¢ Iz? »(a) . Z(R) (12)
{B,{B*H}} = 2 J(@-I;') O -t & &Ry

»R!

R
B0 o By ® B 7o) FR)F AR (3)

+ p? (a)Ea(li )E_a(@):l +g.7() L BR) .7 ()
R
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Expressing eq. (13) fIn terms of the Fourier transforms we get

(B, {B*, H}) = %z F&" - (k']

zk‘

t

[Z Bar B BD|7 + P2 () |E, (kw + (#(0).H(x))?]
+g . 7@ rl) . ] AR (4)
R
Since from eq. (5)
<{B,{B*H}}> = 8 <|{B, H}|?%>

is positive definite, usling the bounds

"]? Z 7, (®)|* <

+

w0, W BB P 5 m)
< o
+ (@) . HK)?] <vF? (15)

with v some positive number, and the approximation

Ul—-‘

s - sk = E - L1 om (16)
B

valid for J(R) very peaked# around R = 0, one arrives at

Zy IE (h.r()? ]ﬁz k* v F* | B* J(R) + 7. r(@AP(@)] an
R

where Z=<ﬁ(R)> defines the order parameter. Note that the negative
terrns on the right hand side of eq. (16) do not contribute to the stat-

tstical average of eq. (14) since

Lk <|E ()%= ] % <H(k)>= 0 (18)
k- ) k-

(#) Clearly an exponential behaviour for J(F) is sufficient for the ap-
proxirnation in eq. (16) to be valid. The proof of ref.6 shows that a
power law B~® with a > 4 is enough.
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Now the same conclusion obtained by Mermin can be read out of
eq. (17) in the limit of vanishing external field, i.e. —g)=0. The right
hand slde of this equation divergesfor D=1,2 unless the order parameter
Z vanlshes. This comes out from the consideration of the R independent
root vectors ;(0.). E.g. for SU(3) the order parameter has two
components which can be chosen to be the hypercharge and the third com-
ponent of isospin.

V¢ have thus proved that Mermin theorem is valid not only for
the traditional U{1) or SU(2) spin systems but for whatever set of
classical variables obeying the algebra of any compact semi-simple Lie
group.

The extension to a compact non semi-simple Lie group rests on
the theorem™™ which proves that any algebra of a compact Lie group may
be wrltten as the direct sum of its centre and the orthogonal wmplement
which is an invariant semi-simple sub algebra. This theorem is based on
the existence of a scalar product invariant in the sense ([X,l?I,Z) =
= (X,IY,Z|) which generalizes the trace definitions of footnote *

Since the Mermin's theorem is valid for an abelian algebra and
we have proved it for any semi simple Lie algebra, it is obviously valid
for the direct sum of the center and its orthogonal complement,i.e. for

any compact connected Lie group.

V¢ are deeply indebted to Antonio Gonzalez Arroyo for stimu-
latlng our interest in thls problem and for very useful discussions.
His visit was supported by the Q&S Multinational Program.
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Resumo

Ura demonstragdo diferente para a generalizagao a qualquer gru-
po de Lie compacto da auséncia de fase ordenada en sistemas classicos a
uma e duas dimensdes € obtida usando a desigualdade de Bogoliubov ori-
ginal.
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