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Abrtraa A t l iscussion i s  given about the inf luence o f  cusps and i n t e r -  

sectionson the ca l cu la t i on  o f  the Wilson loop i n  V-dimensional space. I n  
p a r t i c u l a r ,  for  the two-dimensional case, i t  i s  shown tha t  there are  no 
divergences. 

1. INTRODUCYION 

I f  we want t o  describe the dynamics o f  any sys tem,  a good 

choice o f  a set  of coordinates i s  o f  primary importance. Ingauge theory 

the choice o f  good coordinates i s  equa l ly  important. They not  on ly  make 

the treatment simpler but a lso  provide i ns igh t  i n t o  the d y n a m i c s .  I n  

non-Abel ian gauge theor ies a good choice o f  coordinator  i s  t he expec- 

t a t l o n  value o f  a non- local gauge invar ian t  operator, the we l l  known 

W i  1 son Loop (wL) def ined by an appropr iate Eucl idean func t  ional  i n t e -  

g ra i  '. 
We can w r i t e  the Wilson loop as a pe r tu rba t i ve  s e r  i e s  i f we 

want t o  rnake n o n- t r i v i a l  ca lcu la t ions  invo lv ing  i t .  I n  t h i s  case, how- 

ever, there appear contour i n teg ra l s  which are divergent .  For smooth 

( i .e .  d i f f e r e n t i a b l e )  and simple ( i .e .  non- intersect ing) loops, i t  was 

shown2 t ha t  those i n teg ra l s  are renormalizable i n  four  dimensions, and 

there fore  a l so  the WL, i n  a11 orders o f  per turbat ion  theory. I t i s ,  how- 

ever, i n s u f f i c i e n t  t o  consider on l y  smooth and simple loops, because  

f o r  simple loops the  equations o f  motion reduce e s s e n t i a l l y  t o  t h e i r  

Abelian l i m i t  and so contain no informat ion about the c r u c i a l  non-  

Abel ian dynamics3. Thus, i t  i s  essent ia l  t o  consider s e l f -  i n te rsec t i ng  

loops and loops w i t h  cusps. The renormal izat ion program f o r  such loops 

i n  f ou r  dimensions was ca r r i ed  out  by Brandt, Neri and sato4.  
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I n  t h i s  paper we invest iga te  the inf luence o f  angles and o ther  

geornetrical f ac to rs  ( lengths, f o r  example) i n  the residue of the singu- 

l a r i t y  t ha t  appears i n  the contour in tegra ls ,  by computing them as a 

func t l on  o f  the number of,dimensions v o f  the space. For t h i s  we make 

use of the dimensional regu la r i za t i on  method f o r  t r e a t i n g  t h e  i n f  i -  

n i t i e s t h a t  appear i n  our computations. A p a r t i c u l a r  d iscussion i s  given 

f o r  the two dimensional case. 

For s i m p l i c i t y  we l i m i t  the discussion t o  p lanar curves i n  V- 

-dlmensionai spaces and consider on ly  the second order term o f  the per-  

t u rba t i ve  ser ies  o f  the WL, which i s  given by 

where D (3-y) i s  the f ree  gluon propagator, which i n  V dimensions i s  a6 
glven by 

D (x-y) = j' d 4 k  r 6  A %%I e i k ~  
a6 ( 2 d V  k 2  k4 

Here A i s  a gauge f i x i n g  constant. 

I n  conf i gu ra t i on  space eq. (2) leads t o  

Slnce i n  our ca l cu la t i ons  we conslder open curves, we use the no ta t i on  

V(C) instead o f  w ( ~ ) ( C ) .  Then, p u t t i n g  eq. (3)  i n t o  eq. ( I ) ,  w i t h  A2)(c) 

exchanged by V ( C )  , we obta i n 

a, b being the end po in ts  o f  C. 

Sometimes i t  i s  convenient t o  compute V(C) i n  momentum space.To 

do t h l s  we proceed i n  analogy w i t h  Abud, B o l l i n i  and ~ i a m b i a ~ i ~ ,  de f i n-  

lng a l i n e a r  func t iona l  over the curve C, 



With use o f  eq. ( 5 )  we can w r i t e  V(C) as 

where we have taken A = 2/3-V (dimensional gauge) as i n  r e f .  7. 

Let us now suppose tha t  the curve C i s  contained i n  some sub- 

space w i t h  YZ dimensions. As i n  r e f .  7, we can decompose the vector  k as 

k = k
L 

+ k where k i s  the p ro jec t i on  o f  k over the subspace con- 
F i P L ! J  !J 

t a i n i n g  C, and k i s  the orthogonal component o f  k. Now, performing the 
L  

i n teg ra t i on  over k i n  eq. (6) and using the f a c t  t ha t  f (k) on ly  de- 
C 

pends on E ,  we get7  

(7) 

We on ly  consider curves w i t h  n=2, so we can drop the hat over 

k, and ca l1  be components o f  k by k i  and kz. I n  terms o f  t h e i n t e g r a t i o n  

over kl anti k2 ,  v(C) i s  given by7 

(V-4) /2 i ( v - 4 )  la-b14-v V(C) = - dk, dk, (k:+k?j) I I l f I 2  + 

(hTT) (v+2 112 
-m -a, ( I = )  ) / 2 r ~ v -  i ) /21 

2. SINGULAR I'OINTS (8) 

We are  in teres ted i n  the e f f e c t  o f  cusps and in tersec t ions  on 

the ca l cu la t i on  o f  the Wilson loop. I n i t i a l l y ,  we consider the in terac-  

t i o n  betweeri two segments w i t h  lengths L I  and L p  ( s e e  f i g .  I ) ,  which 

touch  one another forming an angle. I n  accordance w i t h  t h e  g e n e r a l  

formal ism, the i n te rac t i on  between the segments, i n  t h e  d imens i o n a l  

gauge, i s  

\ I x - y l  Fig.1 - One segment j u s t  touching 

LI  another a t  the end po in ts .  
( Y , O )  



seg l  seg2 

As i n  r e f .  7, we can per fo rm t h e  change o f  v a r i a b l e s  

x, = g c o s  a 

x 2 =  g s i n  B 

x 3  = ( y - x l )  = Ax: 

Then, eq. (9) becomes 

rnsgn (cosa) 
-2r [(V-2) 121 

V ( C )  = 
2 -v dX3-' cos2a(s iria) (1+A2cotg2a) (2-vY2 

8 r v I 2  
L2 - 1  

I n t e g r a t i n g  eq. (11) over  5 ,  we o b t a i n  



From eq.(l2),we see tha t  there i s  a pole a t  v=3 assoclated w l t h  

the gauge choice which can be removed; a t  v=4, there i s  a p o l e  whose 

resldue 1s given by7 

R = (a-a)cotg a + I (13) 
4a2 

For v=5,6, ... there i s  no e x p l i c i t  pole. Note tha t  the r e s u l t  

(15) i s  v a l i d  when one o f  the arrows enters and the other l e a v e s  t h e  

vertex.  I n  the other cases the resldue takes a minus s ign.  

The case v=2 w i l l  be considered l a t e r .  

Now, we are in teres ted i n  the case of in tersec t ion ,  andwetake 

two segments o f  equal lengths L (see f i g .  2) 

Fig.2 - Two segments t ha t  c r o s s  each  o t h e r  
forming an angle 2a. 

From eq. (5) we have the fo l l ow ing  r e s u l t  f o r  the func t iona l  

over a segment along the k i  ax l s  

ik,x, 2 L 
dk, = - sin(k ,  

k, 

o r ,  w l t h  the use o f  the vec to r i a l  no ta t i on  



where u '  and u" a re  u n i t  vec tors  i n  the  d i r e c t i o n s  of % '  and %", re- 

spec t i ve l y .  

I t  i s  easy t o  sse t h a t  k ' ,  k " ,  k l  and k2  are  re la ted  by 

From the  general formalism, the i n te rac t i on  between the  seg- 

ments, i n  the  Fourier space, i s  given by 

v = 
-16I ' [ (4-v) /2! !  - Fkl r 

dk, cos(2a) 

(471) 
(v+2 )/2 

-c0 -m 

L L L L 
s i n ( k ,  - cos a i .  k, T s i n  a ) s i n ( k ,  2 c o s a -  k2 7 s i n a )  

2 

(k :  cos2a - k i  s i n 2 a ) ( k t  + k : )  ( 4 - v ) / 2  

where we have used t h a t  

In eq. (17)  we take the  gauge 

L L s i n ( k 1  2. c o s a  i. k2 7 s i n  a ) s  

t o  take I n t o  acount the t o t a l  con t r i bu t i on  o f  the  i n te rac t i on .  

term equal t o  zero. Using 

L L 
i n ( k l  7 c o s a -  k - s i n a )  = 

2 2 

L L 
= s i n 2 ( k ,  2 cos ia )  - s i n 2( k

2  
s i n a )  

i n  eq. (17)  and the  f o l  lowlng in tegra l  formulass 



we obtain the resul t  

Us 1 ng t he r e l a t  ions 

and 

we can wr i te  eq. (21 ) as 

For v=4, eq. (23) has a p o l  e w i  t h  residue 



The abcve r e s u l t  corresponds t o  t h e  case i n  which t h e  arrows l e a v e  t h e  

v e r t e x  ( the  present  case) o r  e n t e r  t h e  v e r t e x .  On t h e  o t h e r  c a s e s  t h e  

s l g n  must be changed. Note t h a t  the r e s u l t  i n  eq. (24) can be ob ta ined  

by cons ider ing  t h e  res idue  assoc la ted  w i t h  each p a i r  o f  segments t h a t  

cornpose the  a c t u a l  case. 

To analyze t h e  cases V = 3,5,6,. . . , we make use o f  the  f o r -  

mulae 9.131-2and 9.132-1 o f  r e f .  8 a n d o f  t h e  r e l a t i o n  F(1-x) r ( x )  = 

= a/sen(nx) .  We then o b t a i n  t h e  f i n a l  r e s u l t  

1 6 ~ 0 s  ( 2 4  cos [(vK) /21 - r /:(5-v) /23 r [(6-V) /2] r (V-4) 
v = 

( 4 ~ )  
( w 1 ) / 2  v-4 

L (4-v) 

5 - v  
For v=5, t h e  RHÇ i n  eq. (25) has no po le .  (The p o l e  o f  r(2) 

VK 
1s compensated by t h e  zero  o f  c o ~ ( ~ ) ) .  For even v (V > 8)  t h e r e  i s  a 

6-V p o l e  assoc ia ted  w i t h  r(=-), For  v=3, V g i v e n  by eq. (25) has one p o l e  

whose res ldue  i s  

L R = - - cos (2a) 
K (26) 

Then, f o r  v=3 and 4, V g lven  by eq. (25) has po les  whose r e s i  - 
due depends on geometr ic  f a c t o r s  as t h e  l e n g t h  o f  t h e  segments and t h e  

ang le  between them. 



3. NVO DIMI'NSIONAL CASE 

I r .  the case o f  i n te rsec t  ion o f '  two-segments (see f ig .  I ) ,  fo r  

v=2, the analysis i s  simple. As we can see from eq. (25) there i s  nopo le  

f o r  such value o f  V. I n  the case o f  two segments t ha t  form an angle 2a 

(see f ig.2)  we proceed i n  d i f f e r e n t  way. 

v-2 2-v 
As we know, being r(-)r the po ten t i a l  i n  v dimensions, we 2  

ob ta in  the two dimensional po ten t i a l  R n r  from 

Then, f o r  v=2 we take the fo l l ow ing  expression f o r  the i n te rac t i on  be- 

tween the segmen t s  

sgn (cosa) 

x ( d h ( 1  + h 2  c o t g Z a )  ( ~ 2 ) / 2  

J - 1 

The gauge term i n  eq. (27) i s  f i n i  te, as we l l  as a11 the terms 

I n  whichappears a  de r i va t i ve  o f  a  func t ion  o f  V m u l t i p l i e d  by the i n -  

teg ra l .  Consider, now, the term i n  which appear the d e r i v a t i v e  o f  the 

i n teg ra l .  For t h i s  we use the fo l l ow ing  i n teg ra l  formulaes 

and 



W i  t h  the use o f  eqs. (28) and (29) we ob ta in  

1 d i ( 1  + h2~otg2ci)(v-2)'2 = I 
=O 2 k + 1  2 cotg a - 1 

Taking the de r i va t i ve  d/dv o f  eq. (30) and p u t t i n g  v=2, we see 

tha t  the resul  t i s  f i n i  te,  because f o r  t h i s  value o f  V the ter. B(&,$!$ 

has no dlvergences. Therefore, f o r  v=2, the i n te rac t i on  betweentheseg- 

ments i s  f i n i t e .  

Then, by j o i n i n g  s m o t h l y  the two segments t ha t  form an angle 

o r  t ha t  have an i n te rsec t i on  we get a loop w i t h  cusp and in tersec t ion ,  

respect lve iy .  As we have shown tha t  the dlvergences are absent i n  two 

dimensions, i n  the case i n  which the contour has an angle o r  general ly  

an tntersect ion,  we conclude tha t  the two dimensional Wilson loopevalu-  

ated around a closed contaur w i th  a cusp o r  an i n te rsec t i on  i s  f i n i t e .  

This r e s u l t  i s  expected, as we know tha t  the Wilson loop e x p e c t a t i o n  

value f o r  pure gauge theor ies gives a t r i v i a l  area law i n  two d imen-  

slons, but  i t  i s  a n i ce  example o f  how the informat ion f o r  v=2 i s  ex- 

t rac ted from the general ~ :xpress ion f o r  any V. 
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Resumo 

Discute-se a influência de ~úspides e interseções nocálculo do 
loop de Wilson no espaço de V-dimensoes. Em particular, para o caso bi- 
dimenslonal , mostra-se que não ha divergências. 


