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Abrtraa We compute ordered i n t e g r a l s  a long  c i r c l e s  f o r  a  c l a s s  o f  po- 
t e n t i a l s  t h a t  g i v e  t h e  same f i e l d  s t r e n g t h .  We d iscuss  t h e  asymptot tc  
behavlor  o f  the Wilson loop  assoc ia ted  t o  these p o t e n t i a l s .  

I n  Abel i a n  gauge theor ies ,  1  i k e  e lect rodynamics,  t h e r e  i s a 

s imple r e l a t i o n  between f i lelds and p o t e n t i a l s .  Two o r  more p o t e n t  i a  1 

c o n f l g u r a t l o n s  s a t i s f y i n g  t h e  gauge c o n s t r a i n t  g i v e  r i s e  t o  t h e  same 

f i e l d  s t reng th ,  and we say t h a t  these p o t e n t i a l s  a r e  e q u i v a l e n t .  I n -  

v e r s e l y ,  g i ven  t h e  f l e l d  ç t r e n g t h  c o n f i g u r a t i o n ,  a11 p o s s i b l e  p o t e n t i a l  

c o n f i g u r a t i o n s  a r e  connected by gauge t rans fo rmat ions .  Therefore,  i n  

Abe l ian  gauge t h e o r i e s  the  f i e l d s  comp le te ly  determine t h e  theory.  

I n  c o n s t r a s t  w i t h  e lect rodynamics,  o r  more g e n e r a l l y ,  w i t h  t h e  

Abe l ian  case, i n  non-Abel ian gauge t h e o r i e s  t h e  s i t u a t i o n ,  e v e n  a t  a  

c l a s s i c a l  I e v e l ,  i s  more c:omplicated, and a s u r p r i s i n g  phenomenonoccurs, 

t h a t  i s ,  t h e  knowledge o f  the  f i e l d  s t r e n g t h s  ( i n  f o u r  space-time d i -  

mensions) does n o t  i n  genera l  determine t h e  p o t e n t i a l  s  un ique l  y, even 

up t o  a gauge t rans fo rmat ion .  Sometimes, f o r  t h e  same f i e l d  s t r e n g t h  

t h e r e  e x i s t s  a s e t  o f  p o t e n t i a l s  n o t  gauge e q u i v a l e n t  t h a t  generate i t .  

The s e t  o f  p o t e n t i a l s  w i t h  t h i s  p r o p e r t y  have been c a l l e d  gauge f i e l d  

c o p i e s  o r  f i e l d  strength c o p i e s .  

Wu and yangl have shown t h e  f i r s t  example o f  a  f i e l d  generated 

by p o t e n t i a l s  t h a t  a r e  not gauge e q u i v a l e n t .  There a r e  o t h e r  s i m i l a r  

examples i n  t h e  1 i t e r a t u r e 2 .  

L a t e l y ,  the  Wilsori l oop 3 has gained cons iderab le  i n t e r e s t  i n  

gauge t h e o r i e s ,  because i t  i s  a  gauge i n v a r i a n t  q u a n t i t y  and i t  i s  be- 

l l e v e d  t h a t  i t  can a c t  as a dynamical v a r i a b l e  c o n t a i n i n g  t h e  exac t  i n -  

fo rmat lon  about t h e  gauge f i e l d s 4 .  Thus i t  i s  i rnportant t o  know as much 
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as possib le about I t s  propert ies.  Now put  the fo l l ow ing  q u e s t  i o n :  i s  

there a r e l a t i o n  among the W i  lson loops f o r  p o t e n t i a l s  t ha t  g i v e  t h e  

same f i e l d  strength? This po in t  i s  very important, because i t  i s  known 

tha t  the f i n a l  s t rengths do not  contain a l l  the physical  Informat ion i n  

the case oF non-Abel ian  gauge theor les,  and therefore,  t h e  p h y s  l c a l  

s i m i l a r i t y  o f  the f i e l d  s t rength  copies must be required i n  the se t  o f  

var iab les  tha t  are gauge invar ian t ,  such as the Wilson loops. 

I n  t h i s  paper we g ive  an example o f  po ten t i a l s5  tha t  g e n e r a t e  

the same f l e l d  s t rength  and the same c lass i ca l  Wilson loop f o r  a par-  

t i c u l a r  path ( c i r c l e )  whose center  coincides w i t h  the pos i t i ons  o f  the 

po ten t i a l s .  

We show that ,  i n  order t o  obta in  d i f f e r e n t  Wilson loops f o r  our 

set of gauge f i e l d  copies, I t  i s  s u f f i c i e n t  t o  take the p o s i t i o n s o f t h e  

po ten t i a l s ,  excluding the o r i g i n ,  a long an a x i s  perpendicular t o  the 

c i r c l e s ,  passing throught the o r i g i n .  

Lei: us consider the fo l l ow lng  po ten t i a l s  t ha t  g i v e  t h e  sane 

f i e l d  strer igth5 

and 

w l t h  u s a t i s f y i n g  the r e l a t i o n s  
vv 

1 ozj = 2 EGk Uk 

and 
1 

'k4 = 2 O k  

where uk (11:=1,2,3) a re  the Paul i matr ices.  

Aft.er some a lgebra ica l  manipulations we determine the f i e l d  and 

currents corresponding t o  eqs. ( I )  and (2) which are  respect ive ly  g iven 

by 

and 



The p o t e n t i a l s  i n  eqs. (1) and (2) g i ve  r i s e  t o  the same f i e l d  

s t rength  and equal, but opposite, cur rents .  Th is  corresponds t o  two d i f -  

fe ren t  physical  s i t ua t i ons .  Therefore, there does no t  e x i s t  a  gauge  

t ranr format ion  r e l a t i n g  and A  (I- ') .  I n  the present case i t  isposs-  
Fi 1-i 

i b l e  t o  show d i r e c t l y  t ha t  t h i s  gauge t ransformat ion cannot e x i s t .  I n  

f a c t ,  such a  t ransformat ion should commute wi t h  F ( ~ ) ,  and there fore  wi t h  
1-iv 

the Paul i  matr ices.  Simultaneously, such a  t ransformat ion should a n t i -  

comute  w i t h  J ( ~ )  and there fore  w i t h  the Pau l i  matr ices.  But s ince t h i s  
1-i 

1s not  possib le,  then A ( ~ )  and cannot be r e l a t e d  b y  a gauge 
1-i 1-i 

t ransformat ion. 

Now, l e t  us compute the loop i n teg ra l  (path orde,,ed i n teg ra l ) ,  

which i s  def ined by 

f o r  the p o t e n t i a l s  cons 

which are  complete c i r c  

co inc id ing  w i t h  the pos 

U(C) = P exp( jdp (5) 

idered above. For t h i s  purpose we consider loops 

l e s  i n  the (x,,x,) plane, w i t h  t h e i r  centers 

i t i o n s  o f  the  po ten t i a l s .  

We can w r i t e  the eqs. (1) and (2) as 

I n  t h i s  s p e c i f i c  c.ase, the p o t e n t i a l s  i n  eqs. (1) and (2) (o r  i n  

eq. (6)) a re  l oca l i zed  a t  X; = X: = X! = X: = O and we have e x p l i c i t l y ,  

w i t h  X  i n  the ( X l , ~ z ) - ~ l a n e ,  t ha t  

where 

Now, using po la r  var iab les  i n  the (X,,X,)-plane, we w r i t e  

where 

B ( 0 , r )  = - bo, (10) 

In analogy w i t h  B o l l i n i ,  Giambiagi and ~ i o m n o ~ ,  we ob ta in  f o r  

the loop i n teg ra l  



l n  the case o f  a complete c l r c l e ,  the expression 

where 

1 oop 

~f we take t race o f  eq. (111, we get  the corresponding W i l s o n  

( r )  = Tr U(b) ( r )  = - 2 cos (2nL (b) ) (13) 

W r i t t i n g  eq. (13) separately f o r  the po ten t i a l s  i n  eq. ( I ) ( w i t h  

b = -a) and i n  eq. (2)  (w i t h  b = - ( i - a ) ) ,  we have respect ive ly  

and 

w( l  -a) ( r )  = -2 cos [ 2n (- +)I 

I t  i s  t r l v i a l  t o  v e r i f y  t ha t  eqs. (14) and (15) g i v e  t h e  same 

r e s u l t  f o r  any value o f  a, independently o f  the radius o f  the c i r c l e s .  

Therefore, I n  t h i s  p a r t i c u l a r  case the  Wilson loop i s  the samefor gauge 

f l e l d  copies. 

Observe tha t  the Wilson loop(eq. (14) o r  (15)) f o r  a= l  i s  equal 

t o  +2 and t h i s  corresponds t o  i t s  vacum value. For t h i s  reason we say 

tha t  the Wilson loop does not  de tec t  o r  see the p a r t i c l e s  a s s o c i a t e d  

w l t h  the po ten t i a l  ( I )  considered. On the other hand, f o r  a = 1 /2 ,  the 

value of the Wilson loop i s  -2, which i s  d i f f e r e n t  f r o m  t h e  vacuum 

value, and there fore  the Wilson loop detects o r  sees t h e  p a r t  i c l e s  

assoclated w i th  the po ten t i a l  (1) and (2) f o r  t h i s  value o f  a .  

Now consider the path (complete c i r c l e )  i n  a plane p a r a l l e l  t o  

the ( X 1 , X  )- plane and centre a t  (O,O,zo,to). I t  i s  easy t o  compute W (a) 

and W i n  t h i s  case. For t h i s  we make use o f  eq. ( I  1) o f  reference 

6 and r e c a l l  t ha t  A = - iB. The f i n a l  r e s u l t s  are respect ive ly  



[ [I a ( a + 1 ) r ' ] " 1  = - 2 c o r  2 n  + 
r 2 + z i + t i  

and 

W(1 -a) = - 2 c o s  ( I - a )  ( 2 - a ) r  '1 "'I (17) 

From e q s .  ( 1  6 )  and (17) we see tha t  and W ( 

same on l y  f o r  the case a = 1/2, f o r  each value o f  r. But, 

rhe po ten t l a l s  are the sarne, and therefore,  t h i s  r e s u l t  i s  

a re  the 

i n  t h i s  case 

e x p e c t e d  . 
Now, I f  we take the l i m i t  r»m l n  eqs. (16) and (17), we get  the same 

values f o r  and W I n  p a r t i c u l a r ,  f o r  a= l ,  the Wilson loop i s  

equal t o  +2, corresponding t o  i t s  vacum value. Thus, as i n  theprev ious  

case, the Wilson loop does not  de tec t  the  p a r t i c l e s  associated w i t h  the 

po ten t i a l  i n  eq. (1) f o r  u = l .  For a=1/2, the value o f  the W i  l son l o o p  

1s -2, d i f f e r e n t  from the vacum value, and therefore,  a l so  i n  thiscase, 

f o r  la rge loops, the Wilson loop detects o r  sees the p a r t i c l e s  associ- 

ated w i t h  the considered po ten t i a l s .  This b r i e f  d i  s c u s s i o n  on t h e  

asymptotic behavior o f  thcr Wilson loop when 1x1 + m i s  important be- 

cause l n  t h i s  l i m i t  the Wllson loop can be used t o  detec t  the presence 

o f  c e r t a i n  types o f  p a r t i c l e s .  Our i n te res t  on the p a r t i c u l a r  cases o f  

a =  1 a n d a  = 1/2 i s  t ha t  f o r  a =  1 we have the BPST so lu t i on  w i t h X = 0  

a n d a  = 1/2 we have the m&ron8 so lu t ion ,  and we know tha t  these s o l -  

u t lons  p lus  the ' t  Hooft Polyakovg monopole are the most i n t e r e s t  i n g  

so lu t lons  o f  the  Yang-Mills equations. 

From eqs. (16) and (17) we note tha t  i n  general i s d i f -  

fe ren t  from W ( I - a ) .  Thus, i t  i s  s u f f i c i e n t  t o  e l im inate  the coincidence 

between the pos i t ions  o f  t:he po ten t i a l s  and the center  o f  the c i r c l e  t o  

get  a d l sc r im ina t i on  between the po ten t i a l s  t ha t  g i ve  h te  same f i e l d  

strength v i a  the Wilson loop. 

I t  i s  i n te res t i ng  t o  make an attempt t o  c l a r i f y  the r e s u l t s  ob- 

talned. As we know, the loop operator ( loop i n t e g r a l )  given by eq. ( 5 ) ,  

which takes on values i n  the gauge group, has a d i r e c t  geometrical i n -  

te rp re ta t i on ,  as i t  represents the para1 l e l  t ranspor t  o f  t h e  t h e o r y  . 
Since the Wilson loop i s  re la ted  t o  the p a r a l l e l  displacement o f  a vec- 

t o r  along a closed path, and we have j u s t  demonstrated tha t ,  i n  general, 

the Wilson loop d iscr iminates  between gauge f i e l d  copies, i t  i s  expected 



t ha t  the p a r a i l e l  dlsplacement o f  a  vector  i n  the f i e l d  generated byA (a)  
IJ 

and A I a  r e s u l t s  i n  d i f f e r e n t  angular deviat ions.  
!J 

To inves t iga te  t h i s  po in t  we make use1' o f  the vector  represen- 

t a t f o n  o f  the r o t a t i o n  group instead o f  the spinor representat lon,which 

we have usecf i n  previous ca l cu la t i ons .  

Fol lowing reference 10, we get  t h a t  the r e s u l t s  o f  the c a l c u -  

l a t l o n s  i n  t h i s  representat ton are tha t  the angular dev ia t ions  are the 

same, I n  the case i n  which t h e p o s i t i o n s o f t h e  po ten t i a l s  coincides w i t h  

the center  o f  the c i r c l e ,  i n  agreement w i t h  the f a c t  t ha t  the W i  1 son 

l o o p  does riot d i sc r im ina te  between the two po ten t i a l s ,  as  o b t a i n e d  

prev ious ly  f o r  t h i s  s i t u a t i o n .  For a  # 1/2, the angular dev ia t ions  a re  

the same on ly  i n  the case o f  very la rge c i r c l e s .  For a  c i r c l e  o f  a r b i -  

t r a r y  radius, we have tha t ,  i n  general the angular dev ia t ions  are  d i f -  

fe rent ,  cons i s ten t l y  w i t h  our previous resu l t s .  

Thus, i n  general the Wiison loopd iscr iminates  between d i f f e r e n t  

and non-equivalent (not  re la ted  by a  gauge t ransformat ion) po ten t i a l s ,  

because wheri we come back t o  the s t a r t i n g  po in t  o f  the closed curve,the 

angular sh i f ' t s  between the p a r a l l e l  t rans fer red vector  and the o r i g i n a l  

one i n  the f ' i e l d  generated by A ( ~ )  are  d i f f e r e n t  from the angular sh i f t s  
( I- a)  !J 

i n  the case o f  A 
Fi 

Only i n  the p a r t i c u l a r  case I n  which the pos i t i ons  o f  the po- 

t e n t i a l s  coincides w i t h  the center  o f  the path, the Wilson loop does not 

d is t ingu lshes between two d i f f e r e n t  physical  s i t ua t i ons .  Then, there i s  

a  p a r t i c u l a r  s i t u a t i o n  i n  which we have copies o f  the Wilson loop value. 

I n  c.onclusion, we can say tha t  i n  general the Wilson loop corre- 

sp0ndlng t o  the po ten t i a l s  i n  eqs. (1) and (2) ,  which describe d i f f e r e n t  

physical  s i tua t ions ,  are d i s t i n c t ,  and there fore  i t  d iscr iminates  be- 

tween d i f f e r e n t  physical s1tuations.Thi.s i s  an important po in t  because i t  

i s  expected tha t  the Wilson loop cons t i t u tes  an adequate va r i ab le  togive 

an I n t r i n s i c  and complete desc r i p t l on  o f  the non-Abelian gauge theories. 

The author i s  indebted t o  pro fs .  J.J.Giambiagi and C.G. B o l l i n i  

f o r  usefu l  discussions on the subject .  
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Resumo 

Calculamos In teg ra i s  ordenadas ao longo de c í r cu los  para poten- 
c i a i s  que fornecem o mesma tensor intensidade de campo. Discutimos o 
comportamento ass in tó t i co  do ' loop'  de W i  lson associado a estes poten- 
c i a i s .  


