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Abstract I n  an a t tempt  t o  d e s c r i b e  t h e  r i g i d  superspace on t h e  C l i f f o r d  
a lgebra  o f  d i f f e r e n t i a l  f'orms we p resen t  e x p l i c i t l y ,  as an example, t h e  
two d imensional  supersymnietric gauge f i e l d  theory .  Use i s  o n l  y  made o f  
C l  i f f o r d  p roduc t  and ~ i r a c - ~ a h l e r  o p e r a t o r  on t h e  b a s i s  o f  d i f f e r e n t i a l  
forms w i t h  s p i n o r i a l  Loreintz t r a n s f o r m a t i o n  law. 

1. INTRODUCTION 

Recent ly ,  i n  the framework o f  d i f f e r e n t i a l  geometr ic  genera l -  

i z a t i o n  o f  t h e  D i r a c  equat ion,  Becher and ~ o o s '  succeeded i n  cons t ruc -  

t i n g  a fo rma l i sm i n  whick s p i n o r  f i e l d s  can be descr ibed  by forms@ w i t h  

t h e  c o r r e c t  s p i n o r i a l  Lo ren tz  t r a n s f o r m a t i o n  law 

where sW = &' A d;cv and V rep reçen tç  t h e  C 1  i f f o r d  p roduc t  .The C1 i f f o r d  

a lgebra  s t r u c t u r e  i s  in t roduced  by an a s s o c i a t i v e  p roduc t  f o r  d i f f e r e n -  

t i a 1  forms' 

& ' V  hV = & ' A  &rv +g'v ( 2 )  

and t h e r e f o r e  y' -+ &Y/ d e f i n e s  a r e p r e s e n t a t i o n  o f  t h e  a l g e b r a  o f  y- 
d 

-matr ices i n  t h e  2 dimensional space o f  d i f f e r e n t i a l  forms, where d i s  

the  dirnension o f  space- t ime. 

The above equiva lence makes i t  tempt ing  t o  d e s c r i b e  t h e  g l o b a l  

superspace on t h e  C l i f f o r d  a l g e b r a  o f  t h e  d i f f e r e n t i a l  forms. 

As we s h a l l  see, t h i s  d e s c r i p t i o n ,  f rom o u r  p o i n t  o f  v i e w ,  i s  

s u f f i c i e n t l y  e legan t  i n  o r d e r  t o  j u s t i f y  o u r  at tempt ,  and moreover we 
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have the hope tha t  i t  can be useful  i n  t r y i n g  t o  w r i t e  down the super- 

symmetry on the l a t t i c e 2 .  

Relat ions between supersymmetry and ~ i r a c - ~ a h i e r  (D-K) f o  rms 

have a l so  been discussed i n  re f .3 .  

More spec i f i ca l l y ,  we t r e a t  the example of the two-dimensional 

supersymmetric gauge theor les4 t r a n s l a t  ing the convent ional  superspace 

t o  our d i f f e r e n t i a l  form language. 

Our paper i s  organlzed as fol lows. I n  sec. 2 we give a d e r i -  

va t i on  o f  the supersymmetric Lagrangean dens i ty  f o r  the N=l c a s e  by  

means o f  the use of d i f f e r e n t l a l  forms associated t o  the f l e l d s .  I n  sec. 

3 t h l s  i s  extended t o  the Abel ian gauge theory, and i n  sec. 4 we con -  

s ider the corresponding supersymmetric non-Abelian gauge theory. 

2. SUPERSPACE I N  THE DIFFERENTIAL FORMS FRAMEWORK. THE N = 1 CASE IN TWO 
DIMENSIONS 

We f i r s t  consider the N=l two dimensional supe r f i e l d  which has 

the fo l l ow ing  zero-form s t ruc tu re  

wi t h  

dx12 =dxl A dx2 and {A,B}~ = AVB+ BVA 

Here we use the convention tha t  the sp ino r i a l  degrees o f  f reedom a r e  

descrlbed by the (0 ,2 )  forms 

and 

where 00, e, ,  are  Grassmann parameters, and $,(x), (x) a r e  a n t  i - 
commutlng f i e l d s .  Moreover we make use o f  the no ta t i on  

5 = r v h 2  
(5) 

5 = B z ; = h 2 V 5 V d x 2  

where c i s  an a r b i t r a r y  (0 ,2 )  form and B i s  an anti-automrphisml; A(x) 

i s  a rea l  scalar  f i e l d ,  and F(X) i s  a rea l  a u x i l i a r y  f l e l d  (both zero 

forms) 



Followlng our coriventions we propose the supersymrnetry gener- 

a t o r  Q t o  be a (0,2) form given by 

Q = -  a + i & v ( tL6) = - a + h'' + i 6 V (d-6) a e ae, a e 1 2  ( 6 )  

where (d-6) i s the usual I)-K operatorl . Correspondingl y we i n t r o d u c e  

the cooar iant  d e r i v a t i v e  

a 
17 = R  - i 8 V (d-6) (7) 

We have the proptrr t ies 

and 

{ D , E }  = {Q,Q} = O v v 

The supersyrnrnetry t ransformat ions on @ a re  g e n e r a t e d  by Q 

through 

~ Q = $ - { E V  Q V  m + ~ 2 ~ ~ ~ ~ ~ o v ~ 2 ~  (9) 

where E i s  a constant Grassmannian (0,2) form 

E = E,, + EI2 &12 

I n  components, using expressions (3) and (6)  we f ind 

5 - -  
6A(x) = 7 {E,$(x)),, 

~ F ( x )  = 4 [ (d-&)$(d,; ]  v 
= EF(x) + h 1 2  V ( d - ~ ) S ( x )  



where 

[A,B],, = A V B - B V  A 

Aij usual the corresponding supersymmetric Lagrangean d e n s i  t y  

i s  obtained by the l a s t  component o f  

Not ing tha t  

e V B = -2 e, e12 

and i n teg re t i ng  over O. and 01,, the volume element &I2 emerges nat-  

u ra l  l y and we recover the usual supersymmetric N=l ~ a ~ r a n ~ e a n ' '  a f  t e r  

the mappiny 
yu -t &" v 

and introducing the spinor components 

wi t h  the choices y2 = o2 and y1 = <ol 

3. THE SUPEWSYMMETRIC ABELIAN GAUGE THEORY 

Iri order t o  study the supersymmetric Abel ian gauge theory we 

introduce t:he Grassmannian (0,2) form descr ib ing  the vector  supe rmu l  - 
t i p l e t  

where <(x) ,  5(x)  are Grassmannian rea l  (0,2) forms 

w i t h  ~ ( x ) ,  M(X) rea l  scalar  f i e l d s  and B(X) i s  a vector  one-form 

B(X) = ~ ~ ( $ 1  rbv (14) 



Now l e t  us consider the Abelian gauge t ransformat lon 

where h ( x )  1s a real scalar  superf i e l d  o f  the type given i n  eq. ( 3 ) .  I t 

i s  easy t o  see from eq. (13) t ha t  E(x) and N(X) can be gauged away 

(~ess-Zwnino gauge) and the gauge i nvar ian t  quant i t ies  are M(X) , dB(x) 

and 

A(X) = C- ( d - ~ ) S ( x )  + r ( x ) ]  

Therefore we can w r  i t e  

and the corresponding zero-form quan t i t y  

i s  gauge invar ian t  

a, F(X) = S I D , ~ I ~  A(Z) = o 

whlch has the form o f  eq. (3) and there fore  by e q .  (1  1 ) 1 eads t o  the 

Lagrangean dens i ty  

where 

278 

+ 4 dx2 V (x) V (d-6) A(x) V dx2 

I t  i s  easy t o  see tha t  



Now l e t  us consider eq. (3) w i t h  ~ ( x ) ,  F(X) and $(x) ascomplex 

f i e l d s .  We are led t o  introduce a l so  the supef ie ld  

and we assume tha t  @(x) and @*(x) describe the rnatter f i e l d  w t t h  the 

gauge transformations proper t ies  

A(x) 1s a rea l  scalar  super f ie ld .  Irnposing eq.(15) we f i n d  t h a t  t h e  

covarhzt  c~ez4vative.s f o r  @(x) and @*(x) are  given respect i v e l  y  by 

and 

w i t h  the proper t ies  

6 (V V @(x)) = - igA(x) V V V Q(x) 
9 

and 
-+ 

6 (3 V @* (x) ) = ig A (3) V V V @* (x) 
9 

Thls leads n a t u r a l l y  t o  the gauge i nva r i an t  quan t i t y  

P , W V  v @(x)) v (d v @*(x))) v 

where P,, pro jec t s  on zero forrns. The corresponding ac t i on  i s  

a l d  there fore  the Lagrangean dens i ty  i s  w r i t t e n  as 

L = - - .  P {(D V @) V (0"V @*) + g 2 ( f v  @) v (V v @*I M 2 0  

Therefore introducing eqs. (3), (i'), (16) and (21) i n  t o  eq. (26), we 

obta i n 



- A(x)A* (x) IM2 (:e) - B (x) V 8 (x)] - .v Po [$* (x) V $(x)] 

which, i n  terms o f  spinor components, uslng eq.(12), w i t h  y 2  = a,, y l =  
5 = -ia, and Y =.y1y2 = a3 gives f o r  the t o t a l  Lagrangean dens i t y  the 

expresslon 

w l t h  

, e tc .  .. 

4. THE SUPERSYMMETRIC NONABELIAN GAUGE THEORY 

Let us now general i ze  the previous treatment t o  the case  o f  

non-Abelian gauge theory. For t h i s  purpose we s t a r t  by de f i n ing  the non 

-Abelian gauge t ransformat ion f o r  the spinor super f ie ld  



Correspondingly we 

F = 

i n t roduce the 

1 d;C12 v (D v 
2  

whlch under ( 2 9 )  transforms l i ke 

covar iant  zero form f given by 

V - ü v V )  - $ w , v l v  

We can def ine  a  covariant derivative 

$ V  F = D  V  F - i g  & I 2  V  F , F ] ~  

w i t h  the t ransformat ion property 

6 ( T v F )  = g n ( x ) ,  $ V F ] ~  
5' 

( 3 3 )  

I t  i s  a l so  useful  t o  int roduce the o ther  covarknt der3vative - + 
V def ined by 

whlch under a  gauge t ransformat lons gives 

The supersymmetric pure Yang-Mills ac t i on  i s  w r i t t e n  

From eq. ( 3 0 )  we obta in  F(x)  i n  components 

where a l l  f i e l d s  are SUn matrices. Then e q . ( 3 6 ) ,  a f t e r  some a l g e b r a ,  

gives f o r  tke  Lagrangean dens i ty  



F i n a l l y  l e t  us mentlon t h a t  the fo l lowing Le ibn i t z  ru les  canbe 

proven f o r  D as given by eq. (7)  

where h l ,  A p  and A are zero forms and V(x) i s  a Grassmannian (0,2) form. 

In  conclusion we have succeeded i n  de r i v i ng  thetwodimensional 

supersymmetric gauge theor ies w r l t t e n  now i n  t e r m s o f d i f f e r e n t i a l  forms. 

As we have already mentioned, t h l s  can be usefu l  i n  t r a n s l a t i n g  t h e  

theory on the l a t t i c e .  A f i r s t  attempt i n  t h i s  d i r e c t i o n  has been made 

f o r  the two dimensional N=2 Wess-Zumlno mode16. By a convenient choice 

o f  the d i f f e r e n t i a l  forms assoclated t o  the f i e l d s ,  i t  i s  possib le t o  

extend the procedure t o  h igher dimensions. 

REFERENCES 

1 .  P. Becher and H. Joos, Z. Phys. C15, 343 (1982). 

2 .  S. E l l t z u r ,  E. Rabinovici and A. Schwimmer, Phys. L e t t .  119 B, 165 

(1982); H. Aratyn and A.H. Zimerman, Phys. Le t t .  1378, 392 (1984), E r -  

ratum, i b i d .  1398, 465 (1984). 

3.  I . M .  Benn and R.W. Tucker, J.Phys. A16, 4147 (1983); H.Joos, Boson- 

-Fermlon symmetry and ~ i r a c - ~ g h l e r  forms, con t r i bu t i on  t o  t h e  c e l  - 
ebrat  

Ju ly  

4. S .  

and I 

282 

lon of M.  ~ c h ~ e n b e r ~ ~ ' s  70th bi r thday,  Rev. Bras. de ~ l s i c a ,  pg.169 

1984. 

Ferrara, L e t t .  Nuovo C i m .  13, 629 (1975); See a l so  A.K.H.Bengtsson 

. Bengtsson, Nucl. Phys. 8157, 157 (1984). 



5. P. Di Vecchia and S.Ferrara, Nucl. Phys. 8130, 93 (1977). 

6. H. Aratyn, P.F.Bessa and A.H.Zimerman - On the 2-dimensional N = 2 

Wess-Zumlno model on the l a t t i c e ;  from ~ i r a c - ~ i h l e r  formal ism t o  the 

N ico la i  mapping - t o  be publlshed i n  Z. Phys. C .  

Resumo 

Numa ten ta t i va  de descrever o superespaço r í g i d o  sobre a álge-  
bra de C l i f f o r d  das formas d i f e renc ia i s ,  apresentamos expl ic i tamente,  
como exemplo, a t e o r i a  de campos de gauge bidimensional s u p ~ r s i m é t r l c a .  
Fazemos uso do produto de C l i f f o r d  e do operador de Dirac-Kahler na ba- 
se das formas d i f e renc ia i s  com l e i s  de transformação de Lorentz e spino- 
r i a i s .  


