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Abrtract The expression f o r  the vacuum p o l a r i z a t i o n  i s  obtained f o r  any 
momentum transfer  I n  v dimensions. Using the Wilson loop f o r  QED, the 
renormalized e l e c t r l c  charge i n  V dimensions i s  calculated.  

I t  1s we l l  known tha t  the vacuum p o l a r i z a t i o n  can be obtained 

so lv ing  the pararnetric in tegra l ' .  However, the hypergeornetric f u n c t  i o n  

tha t  appears i n  the f l n a l  expression diverges f o r  la rge mornenturn t rans- 

f e r .  This behaviour i s  no t  des i rab le  because the vacuum p o l a r i z a t i o n  

f o r  la rge momentum t rans fe r  i s  important f o r  phys  i c a l  1 y o b s e r v a b l e  

phenomena siich as the Uehling e f f e c t  . 
I n  t h i s  work, we der ive  an expression f o r  the vacuum p o l a r i z -  

a t i o n  which i s  v a l i d  f o r  any momentum t rans fe r .  Our technique i s  based 

upon an a n a l y t i c  cont inuat ion  of the hypergeometric func t ion .  Using the 

dlmenslonal regu la r i za t  ion"' and .expanding the resu l  t around v = 4 and 

k2 = 0, the expresslon f o r  the vacuum p o l a r i z a t i o n  1s der ived i n  a form 

tha t  can be r e a d i l y  compared w i t h  the one obtained v i a  cu t- o f f  regu lar -  

i za t l on .  The observable physical  charge o r  renorrnal ized charge4 i s  ob- 

ta ined through the Wilson loop f o r  QED; i n  p a r t i c u l a r ,  an expression 

fo r  the renorrnalized charge i n  v dimensions i s  derived. 

2. FEYNMAN RULES AND THE LOOP AVERAGE 

I n  t h l s  section, are I l s t e d  f o r  

i n  Euc l id ian  space w i t h  the me t r i c  (1,1, 

Using the proper d e f i n i t i o n 5,  one sees 

as 

completeness the Feynman ru les  

1,l) i n  v dimensions f o r  QED. 

t ha t  the ru les  can be w r i t t e n  



As usual, one attaches t o  each ver tex  the fac to r  

over a1 1 interna1 momenta w i t h  / dvq/(2a)'. 

The Wilson loop ve r t i ces  f o r  QED are wr 

and 

( 2~ ) '  and in tegra tes  

,i t t e n  as 

The u t i l i t y  o f  the given ru les  i s  evident  s i n c e  t h e  loop 

average f o r  an Abel ian theory i s  g iven by the pe r tu rba t i ve  ser ies6 

(6) 
where 

are Green's func t ions .  

To second order, on l y  the graph 

W, = CL B 

X 
1 2 

cont r lbu tes  t o  eq. (6). Using the Feynman ru les ,  one has 



since 

I t  i s  wor th- reca l l ing  tha t  t h i s  i n teg ra l  i s  gauge independent, 

The gauge depend term i n  eq. (8) wi I 1  be dropped f rom now on. 

The co r rec t i on  due t o  the i nse r t i on  o f  the photon self-energy 

1s given by 

3. ANALYTICAL WNTINUATION 

F l r s t  of a l l  It I s  convenient t o  no t i ce  t h a t  the t race l n  v 

dimenslons Indicated i n  expression (10) i s  g iven by 

d ( ~ )  C- P ~ P ;  - P ~ P *  + m26pd + P.P 6pdl (11) 

where d ( v )  i s  an a n a l y t i c  f unc t i on  o f  v  and, f o r  v  integer,  c o i n c i d e s  

w i t h  the number o f  components o f  the spinor i n  a  v-dimensional spacel. 

It :  i s  convenient t o  int roduce the Feynman parametr izat ion 

where 

and 

With the subs t i t u t i on  o f  e q . ( l l )  and (12) i n t o e q .  (IO), one 

obtains,  a f t e r  i n teg ra t i ng  i n  pl ,  k t ,  and p 



The i n teg ra t i on  l n  p was ca r r i ed  out  using the f o r m u l a e  of 

appendlx B o f  r e f .  5 . Now the parametric i n teg ra l  can be p e r f o r m e d  

w l t h  a convenient change o f  va r l ab le  and the use  o f  t h e  f o r m u l a e  

(3.681-1,2) o f  r e f .  7.  We obta ln  

The hypergeometric f unc t i on  tha t  appears i n  t h i s  expression 

,fs d lvergent  f o r  k 2  = 4m2 and I s  equal t o  one f o r  v=4. This divergence 

can be avolded i f  one uses the t ransformat ion formula (9.131-1) o f  r e f .  

7 

A f t e r  the subst : i tu t lon  o f  eq. (15) i n t o  eq. ( l 4 ) ,  one obta ins  

the exact expresslon f o r  the co r rec t  ion term W2 i n  eq. ( I  0)  



4. VACUW PQLARIZATION 

Add i ng up eqs . (8) and (16) , one has 

Then one obtalns t h a t  

1s the new photon propagator w i t h  a co r rec t i on  due t o  the Inse r t l on  o f  

the second-order photon self-energy. The Four ier  transforrn 1s now we l l  

def lned, because of the transforrnat ion (1 5) . Hence one can wr i t e  eq . 
(18) i n  momentum space as 

5 ( k )  = D (k)  
a% aB 



where 
"B D (k)  = - 

aB k2 

I s  the photon Greenls func t ion  I n  the zero-order approximation. From 

eq. (19) one sees tha t  the vacuum p o l a r i z a t i o n  i n  V dimenslons I s  g lven 

I f  one expands the ser ies o f  the l a s t  equation around v=4, one 

obta ins  

Not lce now tha t  the p a r t  o f  eq. (21) wi thout  pole 1s we l l  de- 

f l ned  f o r  any mmentum t raps fe r  i n  the l i m i t  o f  v=4. 

5. THE RENORMALIZED CHARGE 

From eq. (19) one obtalns,  f o r  k2= O ,  an approximate r e l a t  i o n  

Now, one can w r i  t e  



Instead o f  regarding 

as a co r rec t i on  f a c t o r  t o  the photon propagator, one can a l t e r n a t i v e l y  

regard It as a co r rec t l on  fac to r  t o  the coupl ing constant. Not ice tha t  

expresslon (23) i s  the sane as the lowest-order expression (8) e x c e p t  

t ha t  the e l e c t r i c  charge i s  decreased as fo l lows 

This í s  the observable physical  charge2" which i s  o f t e n c a l l e d  

the renormallzed charge denoted by e Since the ca l cu la t i on  was car-  r' 
r i e d  out  i n  V dirnensions, one replaces the dimensionful c o u p l  i n g  con- 

s tant  e by a dimensionless one, 

e -+ eu (4-1 

where i s  the t r a d i t i o n a l  mass paramecer o f  dimensional regu lar iza t ion .  

I f  one takes the residue o f  eq. (19) i n  the l i m i t  o f  v -+ 4, one 

has 

(26) 

With t h i s  expression, the approximate formula ( 2 2 )  can be 

wr l  t t e n  as 



and the renormallzed charge 1s now given by 

Not lce tha t  t h i s  expresslon has a pole i n  the l i m i t  V -+ O i n -  

stead o f  the well-know cut-of f  dependente o b t a i n e d  v i a  P a u l i - V i l l a r s  

l a r ~ z a t l o n ~ ' ~  

which i s  v a l i d  f o r  M~ >> m2. 

6. CONCLUSION 

I n  t h i s  work the photon propagator, i n  v dlmensions, w i t h  cor-  

rec t l on  due t o  i t s  self-energy, 1s der ived up t o  second order I n  momeota 

space wl thout  encountering any d i f f i c u l t i e s  w i t h  the Four ier  transform. 

From the corrected propagator, I n  momentum space, one can wr i t e ,  a l so  i n  

v dlmenslons, an expression f o r  the vacuum p o l a r i z a t i o n  tensor. Not ice 

thAt the p a r t  o f  eq. (21) w i thout  pole 1s we l l  def ined f o r  any momentum 

t rans fe r  and t h i s  r e s u l t  coincides,  f o r  small k2, w i t h  the usual one. 

The renormalized e l e c t r l c  charge i n  V dimensions i s  a l s o  ob- 

ta lned using the Wilson loop as a t r i c k .  

REFERENCES 

1 .  C.G. B o l l l n i  and J.J. Glamblagl, Nuovo Cimento, 128, 20 (1972). 

2. J.J. Sakural, Advanced &u&n-hun Mechanics, Addison-Wesley Publ ishing 

Company (1 967) . 
3. G . ' t  Hooft and M. Veltrnan, Nucl. Phys. 448, 189 (1972). 

.4. V.B. Bezerra, Rev. Bras. de F ís .  13, 597 (1983). 

5. G. ' t  Hooft and M. Veltman, CERN repor t  73-9. 

6. Yu. M. Makeenko, Sov. J .  Nucl. Phys. 33(2), 274 (1981). 

7. I .S.  Gradshteyn and I .M.  Ryzhik, TabZes of ZntegraZs, Sep ies  and 

P~oducts, Academlc Press (1965). 

8. J.D. Bjorken and S.D. I l r e l l  , ReZativistic M t w n  FiSeZds, McGraw-Hi 1 1  

Book Company (1 965) . 



A expressão da polarização do vácuo é obtida para qualquer mo- 
mentum transferido em v dimensões. Usando o loop de Wi lson para QED, a 
carga renormal izada em V dimensões, é calculada. 


