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M r a a  A s imp le  model o f  a  c a v i t y  coupled t o  t h e  o u t s i d e  w o r l d  and the  
use o f  a p p r o p r i a t e  boundary c o n d i t i o n s  p r o v i d e  t h e  i n c l u s i o n  o f  d iss. i -  
p a t i o n  i n  t h e  quan t i zed  r a d i a t i o n  f i e l d ,  i n  a  n o n - a r t i f i c i a l  way. By de- 
f i n i n g  c o l l e c t i v e  o p e r a t o r s  wh ich  enable us  t o  p r o j e c t  t h e  f i e l d  i n t o t h e  
i n t e r n a !  o p t i c a l  c a v i t y  we o b t a i n  t h e  exponen t ia l  decay f o r  t h e  f i e l d  
i n s i d e  t h e  c a v i t y .  The i n i t i a l  c o n d i t i o n s  t h a t  lead  t o  the exponen t ia l  
damping and t h e  lower  and upper bounds t o  t h i s  exponen t ia l  e v o l u t i o n  a r e  
a l s o  i n v e s t i g a t e d .  

Much e f f o r t  has been done t o  develop a  quantum t h e o r y  o f  d i s s i -  

p a t i v e  systems appear ing  i n  v a r i o u s  branches o f  p h y s i c s  a s  a  t o m i  c  and 

n u c l e a r  p h y s i c s  l, so l  i d  J t a t e  phys ics2 ,  l a s e r  t h e o r y 3 ' + ,  genera l  r e  l a -  

t i v i t y 5 ,  e t c .  A rev iew a r t i c l e  by ~ e k k e r '  covers much o f  what has been 

done i n  t h i s  s u b j e c t  t o  da te .  

I n  Newtonian mechanics, t h e  d i s s i p a t i o n  y i e l d s  no c o n c e p t u a l  

problem: one i n s e r t s  a  f r i c t i o n  term f ( v )  i n  t h e  equa t ion  o f  m o t  i o n ,  

where f (v )  i s  a  f u n c t i o n  depending on t h e  speed o f  t h e  p a r t i c l e .  I n  

c l a s s i c a l  e lect rodynamics,  an analogous procedure i s  a p p l i e d  t h r o u g h  a  

phenomenological te rm UE i n t roduced  i n  Maxwe l l ' s  equa t ions ,  where a i s  

t h e  ohmic c o n d u c t l v i t y  o f  t h e  ( o f t e n  f i c t i t i o u s )  mediurn a n d  E i s  t h e  

e l e c t r i c  f i e l d .  

The same does n o t  occur  i n  t h e  c l a s s  i c a l  f r a m e w o r k  o f  a  

Lagrangian o r  Hami l ton ian  formal ism, where some d i f f i c u l t i e s  emerge when 

d i s s i p a t i o n  i s  p resen t .  A lso,  these d i f f i c u l t i e s  seemingly inc rease  when 

canon ica l  q u a n t i z a t i o n  i s  a p p l i e d .  

I n  q u a n t u m  theory ,  t h e  i n c l u s i o n  o f  d i s s i p a t i o n  has f o l  lowed 

two main l i n e s :  

a  system w i t h  d  

equa t i on and t h e  

cons iders  t h e  d 

248 

i )  one s t a r t s  f rom a  c l a s s i c a l  equa t ion  o f  m o t i o n  f o r  

s s i p a t i o n ,  f i n d s  t h e  L a g r a n g e a n  w h i c h  leads t o  t h e  

then  a p p l l e s  t h e  canon ica l  q u a n t i z a t i o n  method; ( i i )  one 

s s i p a t i o n  as be ing  due t o  t h e  c o u p l i n g  between two 



systems: a  d i s s i p a t i v e  system S and an absorp t ive  system R, theso- ca l led  

loss  rese rvo i r .  The quant iza t ion  i s  app l ied  t o  the  whole system S + R 

which i s  conservat ive and the d i s s i p a t i v e  system (now a  subsystem) i s o b -  

ta ined by e l i m i n a t i n g  the var iab les  o f  the system R .  

I n  the f i r s t  l i n e  ( i ) ,  we r e f e r  t o  the approach o f  Bateman, 
7- 9  

Ca ld i ro la  and Kanai . In  the second 1 ine ( i  i ) ,  there are  severa1 ap- 

proaches Inc lud ing losses i n  quantum theory ' O - '  : one couples the system 

o f  i n t e r e s t  t o  another physical  system so t h a t  the exchange o f  e n e r g y  

between them i s  proper ly  described. I n  most p ra t i ca1  s i t u a t i o n s  i t  i s  

necessary t o  use a  model f o r  the loss  mechanism since the ac tua l  mechan- 

ism i s  e i t h e r  too complicated t o  descr ibe o r  even i n c o m p l e t e l y  known. 

Thls d i f f i c u l t y  i n  t r e a t l n g  the ac tua l  mechanism leads one t o  assume a r-  

t i f i c i a l  loss mechanlsms. For l a t e r  reference and comparison, we s h o r t l y  

g i ve  a  formal p resenta t ion  o f  t h i s  method, as f o l  l o w s :  t a k i n g  t h e  

Hamiltonian f o r  the whole system S + R ,  as the sum 

where H (H ) i s  the f r e e  Hamiltonian f o r  the system S(R) and VSR i s  the 
S R 

i n t e r a c t i o n  between S and R, the Heisenberg equation f o r  an  o p e r a t o r  

Z ê S i s  

A 

and, s i m i l a r l y ,  f o r  an operator  b E R 

By e1 iminat ing  the operator  b i n  the system o f  coupled equations (1 -21, 

(1.3) one solves the system f o r  the operator  i? ê S and obta ins  the i r r e -  

v e r s i b i l i t y  I f  the system R and t h e  i n t e r a c t i o n  VsR have  s u i  t a b l e  

proper t ies  w i t h  respect t o  the (o f t en  a r t i f i c i a l )  loss  mechanism. One 

may argue, on t h i s  l a t e r  po in t ,  f o r  the p o s s i b i l  i t y  and a d v a n t a g e  i n  

t r e a t i n g  a  model which i s  ab le  t o  inc lude the loss mechan ism i n  a  

ne i t he r  phenomenological nor a r t i f i c i a l  way. 

I n  t h i s  paper we show, by means o f  a  simple model, how losses 

can be incorporated i n  a  natura l  way and develop a  quantum t h e o r y  o f  

damping where the physlcal  system i s  the r a d i a t i o n  f i e l d  i n  an o p t i c a l  

c a v i t y .  We po in t  ou t  some p e c u l i a r i t i e s  i n  t h i s  procedure, where a  re -  



a l i s t i c  i nc lus ion  o f  the loss mechanism i s  exh ib i t ed  and a l s o  compare 

some po in t s  i n  t h i s  treatment w i  t h  t h o s e  a p p e a r i n g  i n  t h e  l i n e  

( i i ) ,  as rnentioned i n  t h i s  sec t ion .  I n  sec t ion  2, we descr ibe t h e c a v i t y  

model and ob ta in  the normal modes o f  the o p t i c a l  c a v i t y  and, a lso ,  we 

quant ize the r a d i a t i o n  f i e l d  i n  Lhe e n t i r e  c a v i t y .  

f i n e  c o l l e c t i v e  operators which a l l ow  us t o  p r o j e c t  

subspace o f  the interna1 cav i t y ,  as def ined i n  sect 

we show how t o  ob ta in  the damping i n  t h i s  quantized 

two physical  s i t u a t i o n s  are  inves t iga ted:  the f i e l d  

In  sec t ion  3 we de- 

the f i e l d  onto the 

ion 2.  I n  sec t ion  4, 

r a d i a t i o n  f ie ld ,and 

i n  pure and i n  mixed 

s ta tes .  F i n a l l y ,  i n  sec t ion  5 we i nves t i ga te  the l i m i t a t i o n s ,  i n  t ime 

domain, t o  the exponential damping, as obtained i n  sec. 4 .  

2. MODEL, FIELD MODES AND QUANTIZATION 

The o p t i c a l  c a v i t y  i n  t h i s  model, a  somewhat modi f ied  vers ion  

o f  s i m i l a r  models encountered i n  quantum16 and s e m i ~ l a s s i c a l ' ~  l a s e r  

theory, i s  a  f r e e  space region bounded by two p a r a l l e l  p la tes ,  one of. 

which i s  t o t a l l y  r e f l e c t i n g ,  whereas the o ther  one i s  semitransparent.We 

take the o r i g i n  a t  the semitransparent p l a t e  and the x- ax i s  perpendicu- 

l a r  

OPt 

1 e f  

sem 

t o  the p la tes .  Taking R as the separat ion between the p l a t e s ,  the 

ca l  c a v i t y  i s  the region O ,<x s R, and the outs ide  region i s  the 

half-space: -m .< x ,< 0. 

I n  order t o  avoid ohmic losses, we take t h e p l a t e  coat ing  o f t h e  

transparent window as a  d i e l e c t r i c  f i l m  r a the r  than a  h a l f - s i l v e r e d  

window. The f i l m  i s  assumed i n  the model as a l i m i t l n g  case o f  a  very 

t h i n  layer  w i t h  a la rge d i e l e c t r i c  constant, described by17' 

where i s  the e l e c t r i c a l  pe rm iss i v i t y  o f  vacum; q i s  a  rea l  parameter 

w i t h  dimension o f  length,  which d e t e r m i n e s  the transparency o f  the 

window a t  x = 0, and 6 ( x )  i s  the  Dirac 6- funct lon.  

I n  t h i s  model the d i s s i p a t i o n  i s  e n t i r e l y  due t o  the t rans-  

mission through the window from the i ns ide  reg ion 

which p lays  the r o l e  of a  loss  rese rvo i r .  By cons 

na1 f i e l d  modes, the model becomes one-dimensiona 

f i e l d  depends o n l y  on the x-coordinate. 

The normal f i e l d  modes are  s ta t i ona ry  so 

t o  the outs ide  one, 

der ing  on l y  l o n g i t u d i -  

i n  the sense tha t  the 

u t i ons  o f  Maxwel 1 ' s  



equations w i t h  appropr ia te  boundary cond i t ions  and c o n s t i t u t e a c o n t i n u -  

ous spectruni. They a re  given by 17c 

and 

where we have employed the 6- func t ion  normal iza t ion  

[E(x)/E~] Uk(x) Ukl (x)& = 6 (k  - k ' )  (2.3) 

and $k i s  the phase- shi f t  and Lk i s  g iven b e l o w  i n  e q .  ( 2 . 4 ) .  The 

p l o t  o f  L; as a func t  lon o f  f requency wk (=ck) , shows t h a t  the resonances 

are  centered approximatel y around the Fox-Li quasi-mode f r e q u e n c  i e s  , 
w i t h  spacing A w  = m/%. 

I f  the transrnlssion through the window i s  very s m a l  l t h e n  the 

func t i on  L' w i l l  be s t r o ~ g l y  peaked around the Fox-Li quasi-mode f r e -  k 
quencies. I n  t h i s  case, the l i n e  w id th  rn associated w i t h  a g iven Fox- 

-Li  resonance frequency w,,, i s much smal l e r  than the spacing be tween  

neighboring resonances, i .e., rn <<Aw=ca/R and we can approximate 

1 ine-shape func t  ior: Lk by a Lorentz ian func t i on  ~ ~ ( n )  as1 
7c 

i 7c where rn i s  determined by the window transparency 

and uon i s  the resonance frequency associated w i t h  the Fox-Li quasi-mode 

( i n  the o p t i c a l  case n = 106 >> 1)  g iven by 

Eq. (2.6) expresses the requirement t h a t  the transparency o f  the  window 



i s  very smal l .  The reader should t u r n  t o  re f .  17c f o r  f u r t h e r  d e t a i l s .  

By using the normal f i e l d  modes (eq. (2.2)) and fo l l ow ing  the 

usual quant lza t ion  procedure18, we f i n d  the Hamiltonian f o r  the r a d i -  

a t i o n  f i e l d  i n  t h e ' e n t i r e  c a v i t y  (x 6 ( - m ; ~ ] )  

+ 
where the zero p o i n t  energy has been neglected. and a (a ) creates (an- 

k k  
n i h i  l a tes )  photons wi t h  momentum k, i n  the whole space x € (--,R] ,wi t h  

the standard canonical commutation r e l a t i o n s  

The Hamiltonian (2.8 

and b+(b) 6 R, as i n  

( c f .  eq. (1.1)), and 

as re fered t o  i n  sec 

o f  the rese rvo i r  var 

+ 
does not  depend on two types o f  operators:a (a)€,!? 

the a r t i f i c i a l  procedure where H = H + H + V 
S R SR 

t h i s  fo rb ides  one t o  handle the usual technique , 
1, which e s s e n t i a l l y  comes from the e l i m i n a t i o n  

+ 
ables bk , bk, t o  ge t  the open system S. 

Hence, a quest ion which emerges i s  how could one e l im ina te  i n  

eq. (2.8) the outs ide  reg ion t o  ob ta in  the open, i r r e v e r s i b l e ,  system. 

I n  order  t o  solve t h i s  quest ion,  we de f i ne  c o l l e c t l v e  operators i n  the 

fo l l ow ing  sec t ion .  

3. COLLECTIVE OPERATORS FOR THE INTERNAL FIELD 

The e l e c t r i c  f i e l d  operator ,  expressed i n  terms o f  the  oper- 

a t o r r  a k ,  a; and the normal f i e l d  modes, i s  the superposi t ion 

whereE  = b k / ( 2 ~ O ) ]  
0 k , uk = c k .  I n  order  t o  de f i ne  c01 l e c t  i ve  oper- 

a t o r s  f o r  the f i e l d  i ns lde  the c a v i t y  we re fe r  t o  the e l e c t r i c  f i e l d  

E ( ~ )  ( x , t ) ,  x  E [O,%] as 



Next, we make cuts  i n  the iineshape func t i on  Lkand d i v i d e  i t  i n  bands 

Bn having 1 inewidth Aw = cv/!L, each band centered i n  the Fox-Li quasi- 

-modes uOn. I n  t h i s  way, as mentioned before, we replace Lk Mk(n), i n  

the neighborhood o f  won and set  

where xk(n) i s  the character i s t i c  f unc t i on  o f  the i n t e r v a l  

With t h i s  choice i n  hand we have 

and eq. (3.2) can be wr 

(x , t )  

i t t e n  i n  the form 

= I 1 ~ ~ ~ ( a ; + a ~ ) M k ( n )  s i n  [-(x-!L)] 

" Bn (3.4) 

where the approximatlon 

has been employed, s lnce Eok s i n c ( x - R ) ]  i s  a s lowly vary ing f u n c t i o n  

when compared wi t h  the s t rong l  y peaked Lorentz ian funct  i on M' (n) . So, k 
instead o f  performlng the i n teg ra l  as i n  eq. (3.2) we in tegra te  i n  a 

generic band B and af terwards sum over a l  l bands. At  th is  po in t  we de- 
n 

f i n e  the c o l l e c t i v e  operators 

where M i s  a normal 

tons i n  the band Bn 

eq. (3.4) g ives the 

a to rs  

+ 
i z a t i o n  fac to r  and A (A ) creates (annihi  l a tes )  pho- 

n n . Immed ia teapp l i ca t i ono f  eqs. (3.5) and (3.6) i n  

interna1 f i e l d  i n  terms o f  these c o l l e c t i v e  o p e r -  



By us ing the  r e l a t i o n s  (2.9) and s e t t i n g  the normal iza t ion  f a c t o r  

we r e a d i l y  f i n d  

According t o  eq. (3.7), the interna1 f i e l d  depends o n l y  on the 

c o l l e c t i v e  operators.  I n  the f o l l o w i n g  sec t ion  we show t h a t  they have 

the d i s s i p a t i o n  al ready b u i l t - i n .  

4. DISSIPATION IN THE INTERNAL FIELD 

a) F i e l d  i n  Pure Sta te  

Let us assume t h a t  the  f i e l d  i s  i n  a  pure s t a t e  I Yon> o f  o n l y  

a  s ing le  c o l l e c t i v e  mode and l e t  us take the  Heisenberg representat ion 

t o  ca l cu la te  the expectat ion va lue o f  the c o l l e c t i v e  operator  

where eq. (3.5) has been used. I f  we a l so  assume the pure s t a t e  s a t i s -  

f y i n g  

< ~ ~ ~ l a ~ l ~ ~ ~ >  = C o k  M (n) (4.2) 

where'c i s  an a r b i t r a r y  constant ,  we have 
o 

Substi t u t l n g  eq. (2.4) i n t o  eq. (4.3) and extending the  domain k E Bn t~ 

k 6 (-,+a), which i s  reasonable f o r  r,« and won wi t h i n  the o p t i c a l  

domain (uon E 1 0 ' ~  HZ),  we f i n d  



I n  a s i m i l a r  way, we f l n d  

Subs t i t u t i ny  eqs.íb.4) and (4.5) back i n t o  eq. (3.7) we ob ta in  

whicn shows an exponentlal damping i n  the expecta t ion  value o f  t h e f i e l d  

ins ide  the c a v i t y .  Hence, the d i s s i p a t i o n  was included i n  t h e  f i e l d  

w i thout  any phenomenological o r  a r t i f i c i a l  procedure. 

One may ask about the nature  and the g o s s i b l l i t y  o f  having a 

pure s t a t e  corresponding t o  the  cond i t i on  (4.2) lead ing t o  the  exponen- 

t i a 1  evo lu t l on  (c f . (4 .6) ) .  I n  order t o  i nves t i ga te  t h i s  po in t ,  l e t  us 

assume the f l e l d  i n  a coherent s t a t e  in the  whole c a v l t y ,  so t h a t  

y i e l d i n g  

and the cond i t l on  

Hence, the I n i t i a  

(4 2 )  

1 cond 

<yonlakJ~on > = v k (4.8) 

i s  accompl ished w i t h  the choice vk = c ,  Mk(n). 

i t i o n  (4.2) may correspond t o  a f i e l d  i n  a 

coherent s t a t e  w i t h  an elgenvalue d i s t r i b u t i o n  {vk ) f o l  l o w i  ng  t h e  

Lorentz ian l ineshape M (n), def ined by the o p t i c a l  c a v i t y  i n  the pre-  
k 

sent model. Clear ly,  ne i t he r  a f i e l d  i n  Fock-state nor a thermal f i e l d  

can s a t i s f y  eq. (4.2). 

b) F i e l d  i n  Mixed State 

I n  t h i s  sect ion,  i n  order t o  avo id  confusion w i t h  the number- 

-representat ion,  we replace the  no ta t i on  A -+ A,. The dens i t y  operator  
n 

p(&! descrfb ing the interna1 f i e l d  i n  a mixed s ta te ,  depends o n l y  on 
+ 

the c o l l e c t i v e  operators A, and A,. I t s  most general form i s  



a l lows us t o  evaluate the coherence funct ions o f  a11 orders f o r  the i n -  

terna1 f l e l d  i n  a s i n g l e  e o l l e c t i v e  mode a, namely 

where i n  the f i r s t  e q u a l l t y  we use the  Heisenberg representa t ion  and i n  

t he  second we use the  ~chrgd inc jer  one. 

I n  order t o  ob ta in  the equation o f  motion f o r  t h e  o p e r a t o r  
(3n) 

(m'n)(t) s t a r t i n g  p (t) we f i r s t  evaluate the coherence func t ions  Ga 

from the i n i t l a l  s t a t e  p(")(~) ,  as g iven i n  eq. (4.9). To t h i s  end we 

w i l l  use the f i r s t  form I n  eq. (4.11) which depends on @(")(O). The se- 

cond form i n  eq. (4.1 1) a l lows one t o  f ind  p('")(t) corresponding t o  the 

same coherence func t ton  ~ f ' " ) ( t ) .  According t o  rhe  reconst rus t ion  the- 

orem f o r  the electromagnet i c  f i e l  d 13, such operator  Jin'(t) sa t  i s f y  ing 

eq. (4.11) i s  the dens i ty  operator  f o r  the  r a d i a t i o n  f i e l d  i ns ide  the 

c a v i t y .  

For a lgebra ic  reasons, we w r i  t e  (4.1 0) i n  the  more general form 

where N i s  the normal o rder ing  operator2',  and f ind  

(h) 
(m.n) (e)> =: t r f p  ( O ) E ~ < ~ )  (t)) = drn~"' ( t )  = <CBy 

BY 

which can be w r i t t e n  i n  the  form 



where 6 i s  the operator  

(4.14) 

The eva luat ion  o f  <01Õ)0> i n  eq. (4.13) i s  performed through the  use o f  

the Wick's theoremZ0. From eqs. (3.5) and (3.6) we have 

and 

The app l i ca t i on  o f  

orem, t o  eq. (4.13 

eqs. (4.15) and 

) a l lows us t o  f 

(4.16), appearing i n  the Wick's the: 

ind, a f t e r  a lengthy ca l cu la t i on ,  

A t  t h i s  p o i n t  we spec ia l i ze  eq. (4.12) t o  the  case o f  eq. ( 4 . 1 0 )  and 

apply eq. (4.17) t o  ob ta in  

i (m-n) wat - (m+n) rat 
e (4.18) 

Next, we use again eq. ( 4 , l l ) ,  i n  schr8dinc~er representat ion,  t o  f ind  

the operator  ~ ( ' ~ ' ( t )  which generates the satne coherence func t ions  as 

i n  eq. (4.18). One v e r i f l e s  t h a t  eq. (4.17) g ives the  t ime e v o l u t i o n  

prescr ibed by the fo l l ow lng  equat ion f o r  the dens i t y  operator  

( i n )  
p ( t )  = iLp('") ( t )  + A ~ ( ~ ~ )  ( t )  , n = I (4.19) 

where L i s  the L i o u v l l l e  operator 

( t )  = [H, p(in) ( t ) ]  (4.20) 

where H i s  the e f f e c t l v e  Hamlltonian f o r  the interna1 f i e l d  

H =  1 ~ A : A ,  (4.21) 
a 

where A = 1, and A i s  the  l oss  operator  



where ra i s  g iven as i n  eq. (2.5). The s o l u t i o n  o f  the e q .  ( 4 . 1 9 )  i s  

rzad i I y found as 

( í h )  - iLt e A t  ( i n )  
P (e) = e P (0) (4.23) 

where the property [L,A] = O has been used. Se t t l ng  

exp (At) p ("I (O) = V 

eq. (4.23) becomes 

p'") ( t )  = e - i L t  

From eqs. (4.1 1) and (4.24) we ob ta in  

and using the i d e n t i t l e s  

a nd 

+ m -n j ( i n )  
t r { (Aa)  A$ P ( O ) ) = [ - ~ ~ ( r n + n ) ] j  t r { ( ~ i ) ~ 1 :  ~ ( ' ~ ) ( 0 ) }  

(4.27) 

we f i n d  i (m-n) wat  - (n+m) rat 
~ u > ( t )  = e e < ( A ~ ) ~ A ; > ( o )  

(4.28) 

which coincides wi t h  eq. (4.18). According t o  the reconst ruc t ion  the- 

orem, the operator  ~ ( ' ~ ) ( t ) ,  g iven i n  eq. (4.231, i s  the dens i ty  oper- 

a t o r  f o r  the i n t e r n a l  f i e l d .  Also, according t o  eq. (4.23), (4.18) and 

(4.27), the d i s s i p a t l o n  1s included i n  the i n te rna l  f l e l d  i n  a mixed 

s ta te  formalism and the damping fo l l ows  an exponential behaviour. 

The above procedure, through the use o f  Wick's theorem plus eq. 

(4.10) leading t o  eq. (4.28), corresponds t o  spec i f y  the i n i t i a l  s ta te ,  

eq. (4.91, t o  the case o f  a s i n g l e  c o l l e c t i v e  mode, namely 



One may a l so  ask f o r  the nature  o f  t h i s  i n i t i a l  s t a t e  y i e l d i n g  

the exponential dec;~. I n  order  t o  g i ve  an answer t o  t h i s  po in t ,  l e t u s  

assume the i n t e r n a l  f i e l d  i n  a c o l l e c t i v e  çoherent s t a t e  

where2' 

Replaci ng eq. (4.31) i n t o  (4.30) we f i n d  

which coincides w i t h  eq. (4.29) f o r  

-1vaI2 * s  
c = -  ' ' e  
r,s r! Z vCI (va) 

The expectat ion value of the i n t e r n a l  f i e l d  i s  r e a d i t y  found as 

where 

R ~ P  

whe 

acing eq. (4.35) i n t o  eq. (4.34), we get  

e c: i s  a constant .  This r e s u l t  (compare i t  w i t h  eq. (4.6))  shows 

tha t  the l n i t i a l  s t a t e  i n  eq. (4.29) may be rea l  ized as a coherent state. 

Also, applyir ig eq. (4.32) i n t o  eq. (4.11), i t  i s  easy t o  show t h a t  the 

coherence funct ions o f  a11 orders decay exponent ia l l y .  

Next, l e t  us assume tha t  the f i e l d  i s  i n  a thermal s ta te .  I n  

t h i s  case, the densi t y  operator  reads (E=]) 



and 

So, the dens i t y  operator  i s  diagonal i n  the Fock's bas is  and, according 

t o  eq. (4.34) , we have 

< P n )  ( z , t )  > = o 

However, the coherence func t i on  f o r  the f i e l d  i n  a t h e r m a l  s t a t e  i s 

r e a d i l y  found t o  be 

and one could use i t  t o  v e r i f y  the damping, say, i n  the f i e l d  i n t e n s i t y ,  

which i i  p r ~ p o r t i o n a l ' ~  t o  G;l7')(t).  I n  f a c t ,  immediate use o f  eqs. 

(4.11) and (4.28), f o r  m = n = 1 ,  leads t o  

This r e s u l t  shows tha t  the i n i t i a l  s t a t e  i n  eq. ( 4 . 2 9 )  may a l s o  be 

rea l i zed  as f i e l d  i n  thermal s ta te .  

5. LOWER AND UPPER BOUNDS FOR THE EXPONENTIAL DAMPING 

I n  t h i s  sec t lon  we i nves t i ga te  the l i m i t a t i o n s ,  i n t i m e  domain, 

t o  the v a l i d i t y  o f  the exponential damping due t o  the present lossy-cav-  

i t y .  I n  order t o  f i n d  the lower bound we ca l cu la te  the commutator 

where eqs. (2.9), (3.51, (3.6) and (3.9) have been used. Subs t i t u t i ng  

eq. (2.4) i n  the foregoing equation we have 

I n  the l i m i t  h t / 2  -+ rn, eq. (5 .2 )  leads t o  the exponential behaviour 



However, t a k i  ng i n t o  account tha tZ2 

-5 

where E (z) i s  the exponential 
1 

whose asyrnptotic expansion i s  

we see tha t ,  f o r  values o f  t ou ts ide  the asympto 

5 = A w t / 2  -? 1 ,  the exponent ia l  evo lu t i on  ceases 

t i c  doma in ,  i . e . ,  

t o  be va l  i d .  S e t t i n g  

A w  t/2 = 1  we get  t = ~ , ,  where T ,  = I /Au - &/c i s  roughly the t ime t h a t  - 
l i g h t  takes t o  t rave1 the interna1 c a v i t y .  Hence, T, t s a c h a r a c t e r i s t i c  

t ime (lower bound) and the exponential damping i n  the Interna1 f i e l d  i s  

va l  i d  f o r  times t  s a t i s f y i n g :  t > >  r, (a t y p i c a l  value f o r  T,, i s  I O - ~ S ~ C ) .  

Next, we f i n d  the upper bound. To t h i s  end we r e w r i t e  eq.(5.1) 

i n  the form 

I n  the l i m i t  h t / 2  + m  we can neglect  the secorid and t h i r d  integra15 

i n e q .  (5.7), and.the f i r s t  i n teg ra l  r ecove rseq .  (5.3). However, f o r  

(hot/2) >> 1, we i n teg ra te  eq. (5.7) by pa r t s  and f i nd  



Substítuting eq. (5.8) and Its similar (the integral in the doma in 

(-a, -Awt/g) in eq. (5.7), we find 

which shows the validity of the exponential damping in the internal 

field if 

yielding 

1 
where Tn = r i  is the 1 ifetime of the f ield in the internal cavity,with 

central angular frequency w,,. According to eqs. (2.5) and (2.7) one 

ha s 

T n = A;(R/C) = A: T, (5.12) 

On the other hand, Au = c?n/R and the substitution of these results in 

eq. (5.11) a1 lows one to est imate the upper bound T, for the exponen- 

tial damping. So, if we take into account the inequality (2.6) and set 

An 102, we find = %OT, 10' T, . Hence, combining the results of 
this section we get the time interval for the validity of the exponen- 

tial behaviour as 

or, in terms of the 1 

6. CONCLUDING REMARI<S 

The present model.and procedure include the dissipation in a 

natural manner, in the quantized radiation field, through the appli- 

cation of appropriate boundary conditions on the field, with subsequent 

quantization plus the use of collective operators and the reconstruc- 

tion theorem. The collective operators are suitably weighted and nor- 

malized superpositíons of the usual creation and annihllation operatcrs 



f o r  modes o f  the continuous spectrum, extended over each s i r ig ie  Fox-Li 

band. The p r o j e c t i o n  onto the interna1 c a v i t y  i s  an i n d i r e c t  procedure 

s i m i l a r  t o  t h a t  employed by Bon i fac io  and ~ u ~ i a t o ~ ~  i n  t h e  t h e o r y  o f  

superradiance: one shows tha t  the dens i t y  operator  a r i s e s  e n t i r e l y  from 

the t 

shows 

o f  a1 

i d i t y  

ansmission losses; the a p p l i c a t i o n  o f  the reconst ruc t ion  theorem 

tha t  t h i s  equat ion y i e l d s  the  co r rec t  se t  o f  coherence func t ions  

orders.  This i s  o n l y  t rue ,  however, w i t h i n  the domain o f  v a l -  

o f  the exponential decay law f o r  the temporal coherence funct ions.  

The main r e s u l t s  which emerge from t h i s  treatment a re :  ( i )  the 

replacement o f  i nd i v i dua l  operators,  appearing i n  the  a r t i f i c i a l  t r e a t -  

ments ( c f .  e.g., eq. (1.2)) ,  by c o l l e c t i v e  operators,  as i n  secs. 3, 4; 

( i  i )  the p o s s i b i l  i t y  o f  ob ta in ing  a  desc r i p t i on  f o r  the  f i e l d  insicie and 

aZso ou ts ide  the laser  c a v i t y  ( c f .  eqs. (2.2) p lus  eq. (3.1)) ,  no t  poss- 

i b l e  i n  the a r t i f  l c i a l  treatments;' (i i i )  the i nves t i ga t  ion on the i n -  

i t i a l  cond i t ions  tha t  leads t o  the exponent ia l  damping ( c f .  sec. 5.a and 

5.b)) ;  and ( i v )  the s e t t i n g  up o f  the l i m i t a t i o n s  f o r  t h i s  exponent ia l  

evo lu t i on  ( c f .  eq. (5.14)). 

As a f i n a l  rernark, we mention tha t  the present desc r i p t i on  i n  
+ terms o f  the c o l l e c t i v e  operators A,, A,,, f o l l ows  the  l i n e  o f  r e f .  17c 

and descr ibes the f i e l d  i ns ide  the c a v i t y  regardless o f  w h a t  i s  hap- 

pening ou ts ide  the c a v i t y .  However, an a l t e r n a t i v e  d e f i n i t i o n o f c o l l e c - -  

t i v e  operators,  f o l l o w i n g  the 1 ine o f  r e f .  16b, 1s ab le  t o  s e p a r a t e  

c l e a r l y  what i s  happening i ns ide  and ou ts ide  the cav i t y ,  and a  paper 

o u t l i n i n g  t h i s  s l l g h t l y  modi f ied  desc r i p t i on  w i l l  be publ ished e l s e -  

whe r e  . 
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Resumo 

Um modelo simples de cavidade op t i ca  acoplada ao e x t e r i o r  e o 
uso de condições de contorno apropriadas permitem a inc lusão da d i s s  i- 
paçao no campo de radiação quantizado, de maneira não a r t i f i c i a l  . Ope- 
radores c o l e t i v o s  convenientemente de f i n idos  levam-nos ao campo projeta-  
do na cavidade in terna onde obtemos o decaimento exponencial do campo 
quantizado nessa região. As condições i n i c i a i s  que levam a essa evolu-  
çzo exponencial, bem como suas l im i tações temporais I n f e r i o r  e super io r  
sao também investl.gadas. 


