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Abstraa We f i r s t  show tha t  the path i n teg ra t i on  o f  the forced harmonic 
o s c i l l a t o r  w l t h  a two-time quadrat ic  a c t i o n  character is ing memory e f -  
f ec ts  can be given i n  terms o f  the so lu t ions o f  c e r t a i n  i n t e g r o - d i f f e r -  
e n t i a l  equations. The exact propagtor i n  closed form i s  then o b t a i n e d  
f o r  the spec i f i c  kernel  Introduced by Feynman i n  the poiaron problem. 

1. INTRODUCTION 

I n  Feynman's fo rmula t ion  o f  n o n r e l a t i v i s t i c  quantum mechanics, 

the propagator I s  expressed as 

where ~&(t ) l  i s  deslgned t o  i nd i ca te  

paths w i t h  f i x e d  end po in ts  (x,T) and 

approach (~eynmann and H1 bbs ' , 1965), 

comes 

t h a t  the i n t e g r a  1 i s o v e r  a11 

(xo,O). Using the polygonal paths 

the path i n teg ra l  i n  eq. (1 )  be- 

where Sn i s  the d i sc re t i sed  form o f  the ac t i on  ~ & ( t ) ]  over the p a r -  

t i t i o n  o f  the time i n t e r v a l  i n t o  B sub in terva ls  o f  length E. We have 

set  E = T / N  and x = x ( j e ) .  As i s  we l l  known f o r  quadrat ic act ion,  the j 
gaussian i n teg ra l  i n  eq. (2) can be transformed I n t o  the form 

K(x,T;x0 ,O) == 1 im k / 2 n t k  det  ( P ) ]  exp i -  [(Y,u) - x2 - si] 1 (3)  
N* 2 h ~  o 
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w l t h  the help o f  

J exp <- ~X,PX) + 

Here P i s  an (N-1)-dlmensional square mat r lx ,  Y i s  a c o l u m n  m a t r i x  

havlng (N-1) components and U = P-'Y. Now the d i f f i c u l t i e s  i n  eva luat ing  

eq. (3) a re  t o  ca l cu la te  the exponent and the n o r m a l i s a t i o n  f a c t o r  

exac t l y  i n  the l l m i t  as €4 o r  N-Mo. However, eq.(3) has been evaluated 

e x a c t l y  f o r  the time-dependent harmonic o s c i l l a t o r  ( ~ o n t r o l l ~ ,  19521, 

f o r  the t ime-dependent forced harmonic osc i  l l a t o r  (cheng3, 1983) and f o r  

the t ime-dependent forced and damped harmoni c osc i  1 l a t o r  (cheng4, 1984 ). 

I n  t h i s  paper we consider the  a c t i o n  o f  the  form 

w i t h  the symmetric kernel G(t,s), the angular frequency w, and the 

constant f o r ce  f. The two- t ime quadra t ic  term i n  eq. (5) i s  ised in the 

polaron problem (~e~nman ' ,  1955, He l lwar th  and platzman6, 1962). I t  has 

a l so  been considered f o r  t r e a t i n g  an e lec t ron  gas i n  a random p o t e n t i a l  

( ~ e z á k ~ ,  1970) and i n  c a l c u l a t i n g  the dens i t y  o f  e l e c t r o n i c  s ta tes  i n  

d isordered systems (Edwards and ~ u ~ l a ~ e v ~ ,  1964, Sa ~ a k a n i  t 9, 1979). I n  

a recent paper (~handekar e t  aZ lO ,  1983) the authors are  able t o  express 

the path i n teg ra t i on  o f  the  a c t i o n  (5) w i t h  w, = f = O I n  terms o f  the 

so lu t i ons  o f  c e r t a i n  i n t e g r o d i f f e r e n t i a l  equations. They then o b t a i n t h e  

propagator i n  closed form f o r  the s p e c i f i c  kernel  lntroduced by Feynman 

i n  the polaron problem. Now we are  ab le  t o  extend t h e i r  r e s u l t s  f o r  w, 

and f belng d i f f e r e n t  from zero. For convenience we w i l l  omit  such de r i -  

va t ions  whlch the reader may f i n d  i n  the 

e t  aZIO, 1983; ~heng" ,  1984). 

2. FORMULATION 

For the ac t i on  (5) we have 

i n t e r e s t i n g  papers ( Khandekar 



Therefore, the ma t r i x  P i s  o f  the form 

where the matr ices L and V have the f o l  iowing eiements 

u2E2 
N 

o 
Ljj = 2(1 + gjj - - - 1 g . . ,  L ,  = - 1  L 0 ( i# j , j t l )  

i=, 23 
(8) 

and 

v.. = 2gij = V . "  
$3 3 2 

w l t h  g.. = (2E3/m)G(ti,sj), With the known r e s u l t s  (Khandekar e t  o ~ " ,  
23 

1983), we can e a s i l y  show t h a t  

l i m  d e t ( ~ ) ]  = l i m  [(E d e t ( ~ ) )  ( d e t ( l + ~ - l v ) ~  
€+o E-~O 

T 
= $(T)exp dt I) R(t . t ; l i )d l i }  (10) 

- 1  " 
w i t h  the  m a t r i x  R"(t,s;li) = E-'L-'V + W VR(t,s;~i) and Fi a parameter. - 
Here $(T) and R ( t , s ; ~ )  are, respect i v e l  y, the so lu t i ons  o f  the f o i  lowing 

i n t e g r o d i f f e r e n t i a l  equations 

7' 
1 6 m ( + 034 + G ( ~ , s  = o, + ( o )  = O ,  j ( o ) = i  

O 

and 
( l i )  

Furthermore, we can show i n  the l i m i t  as E30, the  elernents o f t h e  m a t r i x  

U s a t i s f y  the i n t e g r o d i f f e r e n t i a l  equat ion 

u (0 )  = xo and u(T) = x 



s i n c e  the m a t r i x  Y has elements y1  = xo,  yN-l = xN and y = -c2f/rn f o r  i 
2 6 j S N-2, 

i n teg ra t i ng  eq. (13) over t f rom O t o  T, we have 

s ince G(*,s) assumed t o  be symmetrlc i n  t and  S. We then f lnd 

w l t h  the help of eq,(14). Subs t i t u t i ng  (10) and (15) i n t o  (3) we ob ta in  

The propagator i s  now given i n  terms o f  the  so lu t i ons  of the in tegro-  

d i f f e r e n t i a l  eqs. (11)-(13). l t  i s  c l e a r  t h a t  the e x p l i c l t  form o f  the 

propagator can be obtained I f  we a re  ab le  t o  solve them exact ly .  

3. EVALUATION 

Consldering the kernel G(t,s) o f  the  form 

and 

introduced by ~e~nrnan '  (1955) i n  the  polaron problem, eqs. (11) through 

(13) can be transforrned i n t o  



s i  nce 

Here we have set  n2 = n2+u2. Eq. (18) can now be e a s i l y  solved and we get  
o 

Applying t h e o p e r a t o r  ( n 2 + w 2 )  on both sides o f  e q s . ( l 9 )  and 

(201, we f i n d  

w i t h  

and 

respect ive ly ,  where 

s i  nce 

(o2 + w2)$( t ,s )  = 6 ( t - s )  

Uslng the known resul  t s  (~handekar  e t  aZIO, 1983), we show t h a t  



fi = R &os (RiT) - I] / s  1 n ( R  .T) 
3 

( 2 7 )  

I n teg ra t i ng  eq. ( 2 6 )  and using eqs. ( 2 5 )  and ( 2 7 ) ,  we ob ta in  

o T 2Ro si n ( + T / 2 )  s i  n (w-T/2)  D 

exp {jldli j0 ~ ( t , t ; p ) d t l  = ( 2 8 )  
(wi-w:) s i n ( 0 , ~ )  s l n2 (wT/2 )  

wi t h  

a f t e r  lengthy but s t ra lght forward ca lcu la t ions.  

The general so lu t  lons o f  eq. (24) can be expressed as 

(30 )  
w i t h  the end-point cond l t ions  

and 

slnce w2 W: = u 2 w t .  Substl t u t l n g  eq. ( 3 0 )  i n t o  eq. ( 2 0 )  we f ind the ad- + 
d l t i o n a l  cond i t ions  



with the help of eqs.(3.5)-(3.7) of Ref.10. Solvfng eqs.(31) - (34) we 

f lnd 

r a+ = 1 s I i~ (~"2) s i n (w-"2) + %COS (u+T/2) cos (w-T/2) - + - 

(35) 

and 

whe re 

i n (w+T/2) cos (w-T/2) w-s i n (u-T/2) cos (w+T/2 
d = 2 (o:-o:) 

o: - u2 o: - 02 
7 07) 

after straightfarward calc~lations and simplificatlons. In the deri- 

vation of eqs. (35) and (36) we have assumed that sln(u+~/i)sin(o-T/~)#Q 

Comblning eqs. (16), (22) and (28), we finally arrive to our principal 

resul t 

- w!) s i n 2  (~1112) 1/2 

K(X,T;X~ ,o) = 
(,T/2)s i. (o-T/2) 

] ~ X P  r($) [ h - x , )  (~+a+-u-a-) 



w l t h  eqs. (35) and (36). For l a t t e r  conveniente we express the exponent 

I n  eq. (38) i n  terms o f  the  c o e f f i c i e n t s  o f  the so lu t i on  (30). The ex- 

p l i c l t  form o f  the propagator w i l l  be given I n  the Appendix. 

4. CONCLUSION 

We see rha t  eq, (38) I s  i n v a l i d  f o r  s in (u+~ /2 )s fn (w-~ /2 )  = O . 
However, f o r  the  special case o f  f = wo = O implylng w- = 0, the i n -  

t eg rod l f f e ren t  ia1 equation (20) reads 

and has so lu t i on  

(2-3,) n2 
2w2t w2 (x+x0)+2w2xo 

u ( t )  = [cot (w+2'/2) s i n  ( + t )  - cos (w+t) + -1 + 
2w2 

+ R ~ T  2 4  

(40) 

Taking the l l m i t  value o f  the normal isa t ion  f a c t o r  i n  (38) as w-+O and 

using (401, we can e a s i l y  show t h a t  

which I s equlvalent  t o  (3.45) o f  Khandekar et UZ'O (1,983) ' s i n c e  here 

w2 = + u2. Considering now the case o f  Q=0 ( forced harmonic osci  1 - + 
l a t o r ) ,  the i n t e g r o d i f f e r e n t l a l  equation (20) becomes 

m(ü + w[lu) = f, u(0) = xO , W(T) = x (42) 

and has the so lu t i on  

(43) 
A f t e r  lengthy but s t ra lght forward ca lcu la t ions,  we then ob ta ln  by our 

me t had 



which can easi  l be shown t o  be equ iva lent  t o  eq. (3.66) f o r  the constant 

f o r c e  c a s e  o f  Ref . I  , a s  we e x p e c t  . l t  seems o f  i n t e r e s t  t o  riote 

t h a t  the  exponent can be obtained much more e a s i l y  from eq.(15) than t o  

evaluate i t  from the Lagrangian of the system as  i s  usua l l y  done .  We 

agree w i t h  the authors (~handekar et ai!'', 1983). i n  t h a t  f o r  manyphysi- 

ca l  app l i ca t i ons ,  the time-depenbent f o rce  term should be c o n s i d e r e d .  

However, from aur ana l ys l s  i n  t h i s  paper, we see no d i f f i c u  

gene ra l i s i ng  eq; (15). The d i f f i c u ! t i e s  may o n l y  depend on 

eb le  t o  solve the  I n t e g r o - d i f f e r e n t i a l  equat ion (20) w i t h  t ime 

fo rce  f (t) . 

I t i e s  i n  

i f  we a re  

-depenJen t 

APPENDIX 

With the  h e l p  of  eqs. (35) and ( 3 6 ) ,  we can w r l t e  the propa- 

gator i n  t h e  form 

2w+w- (w* - w ! )  s i n  ( w + ~ / 2 )  s i n  ( @ - ~ / 2 )  
LI = - (A3) 

( 0 :  - o 2 )  ( 0 2  - w 2 )  



and 

1 4w2 (w: - W-) 2~ l n (u+~ /2 )  s i  n (w-T/2) 1 
i=-  [I + (A5 

+ - w w - w J 
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Resumo 

Mostramos In ic ia lmente  que a integraçso de t r a j e t õ r i a  para o 
osc l  lador harmon i co  forçado com a ~ ã o  quadrát i ca  e com do i  s tempos, a qual 
ca iac te r l za  o e f e i t o  !e memória, pode ser expressa em termos das solu-  
ções de algumas equaçoes i n teg ro- d i f e renc ia i s .  A seguir ,  obtemos em f o r -  
ma fechada o propagador exato para o kernel  e s p e c í f i c o  in t roduz ido por 
Feynman no problema d,o polaron.  


