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Abstract   S t a r t i n g  from c o r r e l a t i o n  i d e n t i t i e s  f o r  the I s i n g  model we 
study the e f f e c t  o f  a random f i c l d  on the one dimension vers ion  o f  the  
model. E x p l i c i t  r e s u l t s  f o r  the magnetization, the two- pa r t i c l e  cor re-  
l a t i o n  func t i on  and the s p e c i f i c  heat a re  obtained f o r  an uncorrelated 
d i s t r i b u t i o ~  o f  the random f i e l d s .  

The comparison o f  the energy gained by forming small randomly 

or ien ted domains i n  the  random f i e l d  w i t h  the energy l o s t  a t thebound-  

a r i e s  o f  the domains, lead Imry and ~ a '  t o  conclude t h a t  o n l  y t h r e e -  

-dimensional í s l ng  systerns would remain o r i en ted  i n  the presence o f  a 

random f i e l d .  They showed tha t  the  e f f e c t  o f  a small random f l e l d  i s t o  

reduce the lower c r i t i c a l  d imens iona l i ty  ( d  ) o f  these systems t o  d =2. 
C C 

Fishman and ~ h a r o n ~ ~  argued t h a t  the behavior o f  the  I s i ng  ferromagnet 

i n  a random q i e l d  would be the same as i n  a randomly d i  l u t e d  I s i n g  

ant i ferromgnet i n  the presence o f  an externa1 constant f i e l d .  S i n c e  

then, a great  nuniber o f  both experimental and theo re t i ca l  w ~ r k s ~ ' ~  have 

been published on the subject .  

Two experimental techniques have been used i n  order  t o  inves- 

t i g a t e  such systems: neut ron- scat te r ing  and c p t i c a l  b i re f r i ngence  ex- 

periments. Ear ly  neut ron- scat te r ing  i nves t i ga t i ons  p e r f o r m e d  by  

Yoshizawa e t  aíí5 showed t h a t  the  randoin f i e l d  destroys the osder i n  

both two and the three-dimensional systems. 

:b i refr ingence m e a ~ u r e m e n t s ? ' ~  shoh t h a t  the 

-range magnetic o rder  a t  two-dimensions as 

case, and increases the sharpness o f  t r a n ç i  

i n  the Feo., Z n o e 4  F, case. Also, according 

On the o ther  hand o p t i c a l  

random f i e l d  destroys long 

i n  the Rb, C 0 0 . 8 5  Mg 0 . 1 5  F, 
t i o n  a t  three-dlmensions as 

t o  Belanger e t  aZ3, recent 
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neutron sca t te r i ng  s tud les  support the  concluslons obtained v i a  the  

o p t i c a l  b i re f r ingence measurements c i t e d  above. 

Theoret ical  I nves t i ga t i ons  i n  the random f i e l d  I s  i n g  model  

(RFIM) have been done both by ~ h a r o n ~ '  and Schneider and p y t t e 8  using 

the mean f i e l d  approximation on the treatment o f  d i f f e r e n t  p r o b a b i l i t y  

d i s t r i b u t i o n s  f o r  the  random f i e lds .  Gr ins te in  and ~a~ have found based 

on an i n te r face  niodel t h a t  the lower c r i t i c a 1  dimension o f  such systems 

i s  two. Also Fernandez e t  aZIO studying by numerical methods the  sol  i d  

-on-sol id i n te r face  o f  the random f i e i d  I s i n g  rnodel i n  two- dimensions 

pred ic ted tha t  dc = 2. F i n a l l y  exact r e s u l t s  f o r  one-dirnensional RFIM 

have been sbtained by Gr ins te in  and ~ u k a m e l ' l  w h i c h  show t h a t  the 

s t ruc tu re  fac to r  cons is ts  o f  both Lorentz ian and Lorentzian-squared f o r  

T>O and on l y  Lorentz ian a t  T=O. 

I n  t h i s  work we Lise the d i f f e r e n t i a l  exponentlal operator  tech- 

nique developed by Kaneyoshi and co-workers12 appl ied t o  a  se t  o f  exact  

r e l a t i o n s  es tab l  ished by ca l len13,  i n  order  t o  ob ta in  t h e  i n t e r n a 1  

energy and the s p e c i f i c  heat expressions f o r  rhe one-dimensional RFIM. 

L e t  u s  w r i t e  the hami l tonian as 

where 72; i ! ;  the random f i e l d ,  ai = 21 a re  I s i ng  var iab les  and J i j  i s  

the exchange i n te rac t i on  between nearest neighbors s i t e s .  

The set  o f  c o r r e l a t i o n  i d e n t i t i e s  due t o  Cal len13 are  given by 

where <. . . :v means thermal average, represents any func t i on  o f  I s i n g  

var iãb les  as long as i t  i s  no t  a  f unc t i on  o f  the  s i t e  i , and Ei i s  

g iven by 

s e t t l n i  {i] = 1 and' {i) = uk i n  eq.(2) we get  t h e  f o l l o w i n g  

i d e n t i t l e s  

< u > = <tanh Ei> i (4) 



< a k  ai > = < a k  tanhB Ei > (5) 

which a re  re la ted  t o  the magnet izat ion and t o  the two- pa r t i c l e  c o r r e -  

l a t i o n  func t ion ,  respect ive ly .  

In t roduc ing i n t o  the previous expressions the d i f f e r e n t i a l  ex- 

ponent ia1  operator  
0.D 

e f ( 4  = ff( + +I 

w i t h D ~ a / a x ,  we ob ta in  

e.>=< TI z (cosh &iD + 0 .  s inh  BJD)>.tanh(x + Bhi) lx=O 
j=neighbors a (6) 

and 

Now l e t  the d i s t r i b u t l o n  o f  random f i e l d s  be uncorrelated and 

g l ven by 

1 P(hC) = pJ3(hi-h) + 6(hz+h)] + q 6(hi) (8) 

such t h a t  p+q = 1 .  The above d i s t r i b u t i o n  ( w i t h  h) has been t r e a t e d  

by Gr ins te in  and Mukamel '"nd i n  the p a r t i c u l a r  case p=l (q=O) we get  

the d i s t r i b u t i o n  proposed by ~ h a r o n ~ '  which has t rea ted  the  RFIM i n  the 

rnean f i e l d  approximation. 

Using eq. (8) i n t o  eqs. (7) and (6), and tak ing  the conf i gu r -  

a t i o n a l  average we get  

<<a .>:, = << II (cosh BJD + a s inh  BJD)>> 
z h  i h 

1 
x {  p&anh(x+~h)  + tanh(z-Bh)] * q tanh x }  

and 

x I 1 f&nh (x+Bh) + tanh ( x - ~ h ) ]  + q tanh X} 2 

where the  symbol < ... >h rneans con f i gu ra t i ona l  average. Oneshould note 



t ha t  eqs. (9) and (10) are  no longer exact. We have neglected poss ib le  

f i e l d  c o r r e l a t i o n s  between the terms <oi> (o r  < o .  a .> ) and tanh(x+Bh ). 
z 3 Z 

I n  o ther  words, we assumed tha t  <<oi > t a n h ( x + ~ h J > ~  = <<a .>><tanh(z+ 
z h  

+q ' h .  
For the one-dimensional case the  index j runs o v e r  t h e  two  

nearest-neighbors o f  the s i t e  i. We get  f o r  t h i s  case 

1 <<ai>>h = (cosh2 BJD + - << o 2 
s inh  2BJD 

+ t a n h ( x - ~ h ) ]  + q tanh x) 
L 0  

We n o t i c e  tha t  the func t i on  

1 
f ( ~ )  = 2- p@anh(x+~h)  + tanh(x-$h)] + q tanh x 

i s  an odd func t i on  o f  the argument x and there fore  the a c t i o n  o f  an even 

operator  on i t  w i l l  g i ve  nu11 r e s u l t .  We ob ta ln  f o r  the  magnet izat ion 

rn = rn { pfianhf3 (2J+h) + tanhB ( 2 ~ - h ) ]  + q tanh 2BJ) 2 (12) 

where we ha.ve used 

From eq.(12) we see t h a t  m can o n l y  be d i f f e r e n t  from zero a t  kT = O 

(B + m) and f o r  h < 2J. 

We can a l so  i n  the same way ob ta in  f o r  the two- pa r t i c l e  cor re-  

l a t i o n  func t i on  the r e s u l t  

1 
x C p[ l tanh~(2J+h) + tanhg(2~-h) ]  + q tanh 28J) 

I n  order t o  pursue f u r t h e r  l e t  us de f i ne  the  q u a n t i t i e s  



where 7; - 2 = "È;nd g (O! = 1 .  The assurnpt lon impl i ed  by eq. ( l5b) i s  con- 

s i s t e n t  w i t h  the approximate r e l a t i o n s  (9)  and (10). Taking eqs. (14) 

and (15) i n t o  eq. (13) we ob ta ln  

Solv ing t h i  s equatlon f o r  y we ob ta in  

The exact l i m i t  f o r  h = O i s  accomplished by choosing fo r  Y the solut ion 

i n  f i g u r e  1 ,  we show the c o r r e l a t i o n  func t l on  E f o r  p = 1 (q =O), 

as a f unc t i on  o f  kT/J , f o r  var ious values o f  h/J. We n o t i c e  t h a t  the 

e f f e c t  o f  the random f i e l d  i n  the one-dimensional I s l n g  model  i s  t o  

destroy p a r t i a l ! ~  the short- range order  a t  any f i n i t e  temperature. 

The i n te rna l  energy U i s  g iven by 

As we can see the random f l e l d  on l y  con t r i bu tes  t o  the i n te rna l  energy 

v l a  the c o r r e l a t i o n  func t lon .  

The s p e c l f i c  heat obtained from eq. (19) i s  



Fig.1 - Nearest-neighbors two- pa r t i c l e  c o r r e l a t i o n  func t ion  o f  the  one- 

dimenslonai I s i n g  model I n  a random f i e l d ,  as a func t i on  o f  kT /J ,  f o r  

var ious valules o f  h/J and f o r  p = 1 .  

where 

and a 1s glven by the r e l a t i o n  (14).  

I n  f i g u r e  2 we p l o t  Cv, f o r  p = 1 ( q = O ) ,  as a func t i on  o f  k!l/J, 

f o r  var ious values o f  h /J .  For h igh  f i e l d  the maxirnum o f  
Cu 

increases 

i n  i n t e n s i t y  and occurs i n  lower temperatures. 



Fig.2 - Spec i f i c  heat o f  the one-dimensional I s l n g  model i n  a  random 

f i e l d ,  as f unc t i on  o f  kT/J, f o r  var ious  values o f  h/J and fo r  p = 1 .  

I n  order  t o  c a l c u l a t e  m a t  T  = O we use the  r e l a t i o n  

Looking a t  eqs. (18) and (14), we note t h a t  a  = 1, a t  T = 0, f o r  a n y  

value o f  p # O, as long as h  < 2J. As a =  1  imp l ies  t h a t  E = 1 ,  we have 

i n  t h i s  s i t u a t i o n  m2 = 1 .  For any f i n i  t e  temperature o r  f o r  h > 25,a < l  

lmp l ies  t h a t  €4, and consequently t h a t  m=O. We see t h a t h  = 2 5  i s  t h e  

c r i t i c a l  f f e l d  which f r u s t r a t e s  the  bonds, des t roy ing  the l o n g - r a n g e  

order  a t  T = 0. 

As a l a s t  remark we r e c a l l  t ha t  r e c e n t l y  have been r e p o r t e d  
1 

o p t i c a l  b i re f r i ngence  measurernents on the quasi-one-dirnensional sp in  2 
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I s l n g  d i l u t e d  anti ferromagnet c r y s t a l  Cs Co -z) Mgs C1 . The present 

r e s u l t s  could be tes ted i f such measurements could be performed i n  the 

presence o f  un i fo rm magnetic f i e l d s .  

We a re  g r a t e f u l  t o  Dr. N.P. S i l v a  and t o  Dr. A.S.T. P i res ,  f o r  

c r i t i c a l  coniments o f  a previous vers ion  o f  t h i s  work. 
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Resumo 

O modelo de I s i n g  em um campo a lea tõ r i o ,  na sua versão u n i d i -  
mensional, é estudado a p a r t i r  de um conjunto de identidades p a r a  as 
funções correlação.  Obtemos resul tados expl r c i t o s  para a magnetização, 
a funçâ'o correlação de duas pa r t í cu las  e o c a l o r  espec i f i co ,  usando uma 
d i s t r i b u i ç ã o  não correlacionada de campos a lea tõ r i os .  


