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Abstract A method o f  expressing s t a t i s t i c a l  c l a s s i c a l  r e s u l t s  i n  terms 
o f  mathematical e n t i t i e s  uçua l l y  associated t o  quantum f i e l d  t h e o r e t i -  
c a l  treatment o f  many p a r t i c l e  'systems (Fock space, commutators, f i e l d  
operators,  s t a t e  vec tor )  i s  discussed. I t  i s  developed a l i n e a r  response 
theory us ing  the "second quantized" L i o u v i l l e  equation i n t r o d u c e d  b y  
sch8nberg. The r e l a t i o n s h i p  o f  t h i s  method t o  t h a t  of Pr igogine et aZ. 
i s  b r i e f l y  analyzed. The chain o f  equations and the  spect ra l  r e p r e s e n -  
t a t i o n s  f o r  the new c l a s s i c a l  Green's func t ions  are  presented. Gener- 
a l i z e d  operators def ined on Fock space are  dlscussed. I t  i s  shown t h a t  
the c o r r e l a t i o n  funct ions can be obtained from Green's f u n c t i o n s  de- 
f i n e d  w i t h  general ized operators. 

I t  i s  known tha t  s t a t i s t i c a l  mechanics t r e a t s  two a r e a s o f d i f -  

f i c u l t l e s  o f  apparent ly  d i f f e r e n t  nature, namely equ i l i b r i um and non- 

-equ i l ib r iu rn  systems. On the one hand, e q u i l i b r i u m  s t a t i s t i c a i  mechanics 

i s  we l l  est i ib l ished:  g iven the hami l tonian f o r  a many-body s y s t e m  the 

p a r t i t i o n  f i i nc t i on  and thermodynamic func t ions  can be ca  1 c u l a t e d  by 

d e f i n i t e  ru les .  On the o the r  hand, non- equ i l ib r ium s t a t i s t i c a l  mech-  

anics,  which deals w i t h  time-dependent (then more d i f f  i c u l t )  p r o b l e m s  

and w i t h  thí: fundamental quest ion o f  i r r e v e r s i b i l i t y ,  i s  no t  so  w e l l  

es tab l  ished., Severa1 authors have studied t h i s  subject  (an account f o r  

t h i s  h i s t o r i c a l  development can be found i n  r e f  . 1 )  P r  i g o g i  ne and  
1 - :; 

coworkers developed a framework which makes i t  p o s s i b l e t o t r e a t  w i t h  

the same t o o l s  the shor t  - o r  long- time d i s s i p a t i v e  e v o l u t i o n o f i o n i z e d  

gases from the highest  temperature r e g i o n ~ ~ w h e r e t h e y a r e  pure ly  c l a s s i -  
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ca l ,  down t o  absolute zero. zubarev6-e introduced the l oca l - equ i l i b r i um 

operators f o r  c l a s s i c a l  and quantum systems. Cal len and wel ton9 i n t r o -  

duced the  tise o f  spect ra l  representat ions f o r  the t ime- ca r re la t i on  func- 

t i o n s  and f o r  retarded Green func t ions  i n  s t a t i s t i c a l  mechanics o f  i r -  

reve rs ib le  processes. Bogolyubov and ~adovn ikov '@ extended the quantum 

s t e t i s t i c a l  Green-functiori 's approach t o  c l a s s i c a l  systems snd s tud ied 

t ranspor t  processes. ~ r o n s o n  ' I  developed a pe r tu rba t  lon  method f o r  rhe  

c i a s s i c a l  time-dependent p a i r - c o r r e l a t i o n  func t ions .  K1 imon tov i~h '~gave  

a method t o  int roduce c o l l e c t i v e  va r i ab les  t o  descr ibe a many-part icles 

system; he introduced as independent var iab les  the number o f  p a r t i c l e s  

i n  d i f f e r e n t  po in t s  o f  coordinate-momentum phase space. ~ u b o ' ~  deve l -  

oped the theory o f  t ranspor t  c o e f f i c i e n t s .  ~ a l e s c u ' ~ " ~  showed the use- 

fu lness o f  causal and ant l- causal  Green's func t ions  i n  t h e  i n i t i a l -  

value s o l u t i o n  o f  the L iouv i l ! e  equation and i n  the study o f  t ranspor t  

coe f f i c i en ts .  ~ a t s u b a r a ' ~  used temperature-dependent, time-independent 

Green's func t ions .  ~ e r z e l ' ~ - ' ~  def  ined c l a s s i c a l  retarded m a n y- t  ime 

thermodynarnic Green's f unc t i on  i n  order  t o  formulate a non- l inear r e -  

sponse theory. Pr igoglne e t  a;.'' developed a microscopic t h e o r y  o f  

i r r e v e r s i b l e  processes. 

I t  i s  a l so  known t h a t  the  c l a s s i c a l  s t a t i s t i c a l  mechanics can 

be developed as the l i m i t i n g  case o f  quantum s t a t i s t i c a l  mechanics when 

quantum cor rec t lons  can be neglected. However, c l a s s i c a l  s t a t  i s t  i ca 1 

mechanics i s  o f  i n t e r e s t  i n  i t s e l f s  and i s  p e r f e c t l y  adequate f o r  a 

number o f  problems, e.g. the study o f  ionized gases'6. Even more, the  

methods o f  c l a s s i c a l  and quantum s t a t i s t i c s  have much i n  common i n  wnat 

concerns the fundamental fo rmula t ion  o f  the problem, and they show very 

s i m l l a r  d i f f i c u l t i e s  when one attempts t o  j u s t i t y  them. 

Recently some phys i c i s t s  and mathematicians have given a t ten -  
t i o n 2 0 - 2 7  . r o  the problem o f  expressing the  quantum mechan i ca 1 mean 

values as c l a s s i c a l  averages over phase-space d i s t r l b u t i o n  func t ions . ln  

t h i s  c o n n e c t  i o n  we r a i s e  the problem o f  e x p r e s s i n g  s t a t  i s t  i c a l  

c l a s s i c a l  r e s u l t s  w i t h  ehe mathematical s t r u c t u r e  o f  the quanutm theory 

f o r  rnany p a r t i c l e s  systems (Fock space, f i e l d  operators,  commutators and 

anti-commutators, e tc . )  . I n  f a c t ,  some t ime ago ~ c h & b e r ~ ~ ~ - ~ ~  proposed 

the employment o f  methods simi l a r  t o  those o f  second quan t i za t i o n  f o r  

the L i o u v i l l e  equat ion af c l a s s i c a l  s t a t i s t j c a l  rnechanics. He  d e f  i n e d  



+ + 
f i e l d  operators $(x,p) on phase space and introduced a " s e c o n d  quan -  

t i zed "  L i o u v i l l e  equation. Such a new formula t ion  - w i t h  t h e  a s s o c i -  

ated p i c t u r e  - would be expected, i n  general, t o  reveal new aspects o f  

the physical  and mathematical cons t ruc t i on  o f  s t a t i s t i c a l  mechanics,and 

t o  suggest new h i n t s  t o  the f u t u r e  progress o f  the  s t a t i s t i c a l  t h e o r y .  

Furthermore, i n  t h i s  formulat ion vai-ious f i e l d - t h e o r y  techniques can be 

used (e.g., pe r tu rba t i on  theory, operator  methods, v a r  i a t  i o n a  1 p r o -  

cedure) f o r  p ra t i ca1  a p p l i c a t i o n  t o  a spec i f i ed  c lass  o f  problems i n  

equ i l i b r i um and non-equi l ibr ium theor ies .  

The purpose o f  the present paper i s  t o  develop tne methods due 

t o  ~chgnberg  i n t o  a cons is ten t  Pormulation o f  l i n e a r  response theory. 

We sha l l  see from our r e s u l t s  t h a t  the  general ized o p e r a t o r s  

are  na tu ra l  ob jec t s  t o  ob ta in  t ime- co r re la t i on  funct ions w i  t h i n  t h e  

1 inear response theory.  

Our work kas been d i v i ded  i n t o  f i v e  par ts .  Par t  1 presents the 

fo rmula t ion  o f  the s t a t i s t i c a l  c l a s s i c a l  mechanics u s i n g  second-quan- 

t i z a t i o n  methods. Although the r e s u l t s  obtained i n  t h i s  p a r t  a r e  n o t  

new, they are put  i n  such a form tha t  they can be r e a d i l y  app l ied  t o  

the new s i t i i a t i o n  o f  l l n e a r  response, what we do i n  p a r t  3 .  I n  p a r t  2 

the general ized operators a re  discussed. I n  p a r t  4 we proceed t o  an ap- 

p l i c a t i o n ,  i n  order  not  t o  inter;up the main l i n e  o f  a r g u m e n t a t i o n  i n  

the preceding pa r t s .  Part  5 contains some conclusive remarks. 

I. CIOUVIL.LE EQUATION ANB SECOND QUANTIZATION~" 

Let us consider the L i o u v i l l e  equat ion f o r  c l a s s i c a l  s t a t i s t i -  

ca l  mechanics 

wliere 

n 
ap ar; aF ac 

( F , G ) ~ =  1 (1, T--- 
,=i a., ap, a;, a;, 



-+ -+ 
pL denot ing the mornentum o f  the p a r t i c l e  whose p o s l t i o n  vec tor  i s  

x g  , -+ -+ -+ + 
and &(rl,. . .,xn , pl, , . . ,pn) being the probab i l  i t y  dens i t y  i n  thephase 

space o f  the n- p a r t i c l e s l  system. 

The basic operators of the  second quant iza t ion  method i n t r o -  

duced by ~ c h k h b e r ~ ' ~  are the herml t ian  conjugated $ ( r )  and $ + ( r ) ,  
-+ + 

E (x,p), def ined on phase space and charac ter ized by the commu t a  t i o n  

r u  1 es 

where 

-+ + -+ -+ 
6 ( r  - T I )  = 6 (x  - x') 6(p - p ' )  

Signs + and - correspond t o  two d i f f e r e n t  forms o f  t h e  second  quan- 

t i z a t i o n .  I n  o rd ina ry  second quant iza t ion  they r e f e r  t o  bosons (-) and 

fermions (+). The choice o f  s ign  i n  the  ru les  (2) determines the s t a t -  

i s t i c s  o f  the p a r t i c l e s ,  considered here i nd i s t i ngu i shab le .  The theory 

considers the operator  

and the  func t  iona l  x d e f  i ned by 

a i - X = K X  a t 
There i s  an operator  N f o r  the number o f  p a r t i c l e s ,  

OP 

f o r  which the eigenvalues 0, 1, 2, 3,  ... (m) are  assigned. 



The general s o l u t i o n  o f  (3) i s  g iven by a ser ies  which has the  

form 

x0 being the eigenfunct  ional  o f  N correspondlng t o  the  elgenvalue 0, 
OP 

w i t h  a s u i t e b l e  normal izat ion,  i .e.  

%(-cl ... .c ) a re  a l so  e igenfunct iona ls  o f  N n OP 

( n  = a p o s i t i v e  i n t e g e r )  , 

t t and a r e  def i ned by x n ( ~  . . . T ~ )  = J, ( T ~ )  . . . * ( T ~ )  X, . So each tem i n 

theexpans ion (4) i s a n e i g e n f u n c t i o n a l  o f  N t hee igenva lue  be ing the  
OP' 

corresponding value o f  n.. On(t;.r . , .Tn) a re  func t ions  o f  the va r i ab les  
1 

T and t, given by 2 

Whenever X s a t i s f i e s  the cond l t i on  

there  i s  o n l y  one term l e f t  I n  the r l g h t  hand s ide  o f  eq. (41, i .e. 

I n  general ~ ( t )  does not  s a t i s f y  condi t i o n s  o f  the type (6), and the 

number o f  p a r t i c l e s  w l l l  no t  be determined, so t h a t  the  s o l u t i o n  o f  eq. 

(3) descr i  bes grand ensembles. The r u l  es t o  the phys i c a l  i n t e r p r e t a t  ion 

o f  the formal ism based on X a re  analogkus t o  those o f  quantum theory, 

but  they lead t o  the  same r e s u l t s  g iven by c l a s s i c a l  s t a t i s t i c a l  mech- 

an ics  whenever the number o f  p a r t i c l e s  i s  determined. 



I n  f a c t ,  I n  the case o f  a s o l u t i o n  ~ ( t )  t o  eci. ( 3 )  On s a t i s -  

f i e s Z 8  the equat ton 

Hence, i f we put  

the s o l u t i o n  f o r  the L i o u v i l  l e  equat ion ( I )  f o r  fn f o l  lows f r o ~  t h a t  

f o r  0, ( i  . e . ,  eq. (8 ) ) ,  s ince the square o f  the  absolute v a l  u e  o f  any 

s o i u t i o n  o f  the L i o u v i l l e  equat lon I s  another o f  i t s  so lu t ions .  Tkus, 

the func t ions  

g i ve  the p r o b a b i l i t y  o f  f i nd ing ,  a t  a g iven t ime t, o n l y  n p a r t i c i e s  

a t  the po in t s  r R  o f  the  phase space R i n  the i n t e r v a l  (T,, T ,,..., T,), 

(-r, + d ~ ~ .  . . r,  t. a?,). Therefore, %( r , .  . . rn) descr i  bes the n-par- 

t i c l e  s ta te ,  f o r  which the p a r t i c l e s  are  a t  po in t s  T~ o f  R, and ~ ( t )  

i s  a non-stat ionary grand ensemble. 0, i s  e i t h e r  syrnmetrical o r  a n t i -  

syrnmetrical, according t o  the s ign  rhosen i n  the cornmutation ru les  (2), 

and we are  thus l ed  t o  a k ind  o f  wave func t i on  i n  c l a s s i c a l  s t a t i s t i -  

ca l  mechanics. Equation (8) may be considered as the c l a s s  i c a  1 wave 

equatlon, the hermitean operator  Kn p lay ing  the  r o l e  o f  thehami l ton ian 

operator .  

These l a s t  considerat ions show t h a t  both the wave func t ions  On 
i n  the  phase space and the wave Funct ional  x can be used as appropr i -  

a te  t o o l s  o f  s t a t i s t i c a l  mechanics. I n  f a c t ,  ehe O-descr ipt ion and the 

X-descr ip t fon  o f  s t a t i s t l c a l  rnechanics can be regarded as two p i c t u r e s  

o f  theequat ion 

def ined on an abs t rac t  v e c t o r ? a l  space IH. (This space i s  the H i l b e r t  

space introduced by ~ o o ~ m a n ~ ' ,  ând we s h a l l  ca l  1 i t  the H i l b e r t  - X 

space t o  i nd i ca te  t ha t  O i s  def ined on phase space). n 
The above considerat ions a l l o w  us t o  int roduce the  f o l l o w i n g  

se t  o f  i n t e r p r e t a t i o n  ru les  i n  the H i l b e r t  - K spaceZ8: 



i )  The s ta tes  o f  a s t a t i s t i c a l  ensemble a re  d e s c r i  bed by 

vec tors  I@(t..)> E IH, s a t i s f y i n g  eq. ( I ! ) ;  

i i )  Physical q u a n t i t i e s  a re  represented by l i n e a r  h e r m i t e a n  

operators A, def ined by t h e i r  a c t i o n  on the vectors I ~ ( t ) > . ~ h e  poss ib le  

numerical values of a physical  quan t i t y  represented by an o p e r a  t o r  A 

a re  the etgenvalues a ' ;  

i l i )  The p r o b a b i l i t y  of f i nd ing  the values (a&) o f  a se t  o f  

commuting operators {.AR) i s  g iven by 

2 8 
wheren, i s  t h e p r o j e c t i o n o p e r a t o r  on the  l i n e a r m a n i f o l d  o f  the 

'R 
eigenvectors o f  A& corresponding t o  the  eigenvalues a '& .  

The desc r i p t i on  o f  s t a t i s t i c a l  mechanics i n  terms o f  the v e c -  

t o r i a l  space IH above summarized can be considered a general i z a t i o n  

o f  the framework introduced by Pr igogine and coworkers '-' once t h a t  

i) The d y n a ~ i c a l  va r i ab les  o f  a system a re  operators def ined 

on 1H. This a l lows a genera l íza t ion  o f  the concept o f  c l a s s i c a l  observ- 

ables, by i r i r rodi ic ing new physical  q u a n t i t l e s  as, f o r  i ns tance;  the 

L iouv i  1 l e  operator  K and another general ized operators (see sec t ion  2) ; 

i i) W i  t h  the use o f  Fock space IF = Z IF'~), where IF(~) i s  n=O 
the space o:' n - p a r t i c l e  systems, we can introduce i n  a na tu ra l  way the  

concept o f  grand e n s a b t e s ;  
S . .  

I I I )  The use o f  symmetric o r  antisyrnmetric Fock space a1 lows us 

t o  int roduce the i n d i s t i n g u i s h a b i l i t y  of p a r t i c l e s  w i t h i n  the c o n t e x t  

o f  c l açs i ca l  mechanics. 

1 . 1  - Classical  P ic tures  

As l n  quantum mechanics we can introduce th ree p i c t u r e s  f o r  

the s ta te  vsc tor  I > and the operators o f  the theory.  

The f i r s t  considers time-independent operators and a time-de- 

pendent wave func t i ona l .  I n  t h i s  case we have ( @ ( t ) >  = U(t,t,,) (@( to )> ,  

w i t h  U ( t o , t o )  = 1 and U( t , to )  = e  -iK(t-tO), i f K does no t  depend on t ime 

e x p l i c i t l y .  Since K i s  a hermitean operator ,  U ( t , t o )  i s  an u n i t a r y  op- 

e ra to r .  We niay r e f e r  t o  t h i s  p i c t u r e  as the C lass ica l  schr8dinger P i c -  

t u re  (CSP). 



Another representat lon,  which we s h a l l  ca l1  t h e  C l a s s i c a l  

Helsenberg P i c tu re  (CHP) i s  obtained from CSP by the  t ransformat ion 

i K t  4 K t  AH(t) = e  t i s e  (13) 

where the i n d e x s r e f e r  t o  CSP. For t h i s  p i c t u r e  we have 

Equation (15) can be solved by an i t e r a t i v e  method t o  g i ve  

A t h i r d  type, the C lass ica l  I n te rac t i on  P l c tu re  (CIP) can a l s o  

be def ined.  Assume t h a t  the L i o u v i l l e  operator  can be d i v i ded  i n t o  two 

par ts ,  say, Ko and K,. The appropr ia te  d i v l s i o n  f o r  a g iven problemmust 

be c l e a r  from the physical  s l t u a t i o n .  I n  t h i s  approach the s ta te  vec tor  

and operators a re  def ined by 

I t  fo l l ows  t h a t  

and 

As f o r  the CSP case, i t  1s def ined an evo lu t l on  t ime operator  UI(t,to) 

such t h a t  

and i t  can be obtalned t h a t  



(22) 

where T i s  the Wick chronological  o rder ing  o p e r a t ~ r ~ ~  def ined by 

where 

and 

u i s  element o f  the permutation group o f  n ob jec t s  

2. GENERALIZED OPERATORS 

For each a d d i t i v e  physical  q u a n t i t y  F( T, ... T ~ )  def ined on 

phase space and depending symmetrical and e s s e n t l a l l y  on N p a r t i c l e s ,  

there i s  a correspondent operator  F def ined on IF and given i n  X - fo r -  

mal ism byZ8  

It f o l l ows  t h a t  the average value o f  the  quan t i t y  F(rl ... rN) i s  

However, i n  t h i s  formallsm we may introduce more general operators than 

F ( T ~  ... T ~ ) .  One o f  them i s  the L i o u v i l l e  operator  

which reduces t o  

Kn = ~ ( H ( T ,  ... Tn), 
)n 

i n  the sub-space IF (n) 



Relat  lons (24)  and (25)  a l  lows one t o  de f i ne  o ther  general ized 

opei-ators. I n  f a c t  we can associate t o  each physlcal  q u a n t f t y ~ (  . r l . . .  .r ) 
n 

an operator  

i n  the X-formalism; the f a c t o r  i i s  employed t o  assure the h e r m i t i c i t y  

o f  F ( A ) .  I f  seems natura l  t o  assume t h a t  these more general o p e r a t o r s  

may a l so  correspond t o  physical  quan t i t l es ,  a l though no such c o r r e -  

spondence has ye t  been establ ished.  I n  p a r t i c u l a r ,  we w i l l  show t h a t  

they are  the natura i  ob jec t s  w i t h  which we can develop a l i n e a r  response 

theory, i n  the present fo rmula t ion  o f  c lass ica !  s ta . t i s t l ca1  mechanics. 

I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  i f  A  i s  a constant o f  motion, 

t h a t  i s  

[ A J I -  = 0 

then r ( ~ )  i s  a l so  a constant o f  motion. 

As examples o f  general ized operators we have 

wh i ch are  represented by 

respect 

the  i n f  

(n) i v e l y ,  i n  the sub-space IF . 
From the above r e s u l t s ,  i t  fo l l ows  t h a t  r(A) i s  e s s e n t  i a 1  1 y 

i n i t es lma l  contact  t ransformat ion determlned by A ( T ,  . . . T ~ ) .  



3. A LINEAR RESPONSE THEORY 

Let us consider a many-part ic le c l a s s i c a i  system w i t h  in terac-  

t ions ,  and i t s  time-independent Hamiltonian operator  ç iven by ( 2 3 ) .  

Suppose then t h a t  the system i s  d is turbed a t  t = t J  by tu rn iny  on an 

addi t ional  t ime-dependent Haml 1 ton ian t iex(*). Hence the t o t a l  Hami 1 ton ian 

I5 

H%) = H + f X ( t )  

w i t h  t he  cond i t i on  

trT(t) - H 
t -t t t e i  

Correspondently, s ince the L i o u v i l l e  operator  i s  e s s e n t i a l l y  the i n f i n i -  

teslmal contact  t ransformat ion determlned by H we have 

f o r  the  L l o u v i l l e  operator ,  w l t h  the  cond i t l on  t h a t  

i .e., 

equ l l  i 

descr i  

I@', t 

we suppose t h a t  

b r i m  s ta te .  So 

bed by a conven 

hat  1s 

KT ( t )  + K ( 2 8 )  
t .+ t '  5 to  

before t = to  the system i s  i n  a m a c r o s c o p i c  

1, i n  the formal ism o f  the H i l b e r t  - K space i t  i s  

i e n t  s ta t i onã ry  s t a t e  o f  K ;  we denote t h i s  s ta teby  

We can f l n d  ou t  how t h s  phys ica l  q u a n t i t i e s  a re  modi f ied  by the  I n t r o -  

duc t lon  o f  the pe r tu rba t i on  f x ( t ) .  l n  f ac t ,  !f we consider a q u a n t i t y  

A ( T ~  . . . T,) represented by the operator  A ,  i t s  average value i s  g iven 

by 

i n  CIP, wi t f l  I@I(t)h normal ized.  

Now, we observe t h a t  f o r  the L i o u v l l  l e  operator  ( 2 7 ) ,  the op- 

e r a t o r  l n  CUP co inc ide  w l t h  the CHPoperators d e f i n e d  by  K ,  t h e  

L iouv i  1 l e  operator  f o r  a non-perturbed system. Then, from eq. '(29) we 

have 



A ( T ~  ... T nJ t) = < ~ ~ ( t )  l~i(t)l@~(t)> (30)  

o 
where the superscript o i n  AE(t) denotes that  t h i s  operator i s  i n  CHP 

formal 1 sm def ined by K .  

Considering that  

we have 

Furthermore, we have 

where, using eq. (33) 

(35) 
o r  s i m p l y  



(36) 
T 

because the operators i n  the C I P  defined by K (t) coincide w l t h  the 

operators i n  the CHP def tned by K ,  

Then, w i th  the not ion o f  switching on the i n t e r a c t  i o n  a d i a -  

ba t i ca l l y ,  we have, from eq. (361, 

where we have used the Heavi side funct ion and the property of commu- 

If we define the (n+l) - time Green operator as 

where 

and 

we can wr i  t e  



being the average value o f  A (  ~ ~ . . . r ~ ; t )  giuen by 

But the average value o f  the  ( n + l ) - t i n e  Green operator ,  i f  I O >  i s  a 

s t a t  ionary s ta te ,  i s  correspondently the  (n+l) - t ime Green func t i on  Gnil, 

t h a t  i s  

I n  the  case o f  3 weak externa1 pe r tu rba t i on  i t  i s  s u f f i c i e n t  

t o  consider on l y  the f i r s t  term i n  ( 3 7 ) ,  A,A(t); i n  t h i s  case we on l y  

have t o  cãre o f  the c a l c u l a t i o n  o f  the 2- time retarded Green func t ion .  

3.1 - Retarded and Advanced Green Functionç 

As we saw above, the fo r inu le t ion  o f  C lass ica l  S t a t i s t i c a l  Mech- 

anics i n  terms o f  the  Hi l be r t -K  space a1 lows us t o  de f i ne  (n  + I ) - t i m e  

Green's func t ions  analogous t o  those o f  S t a t i s t i c a l  Quantum Theory, i .e, 

by using commutators and operators associated t o  c l a s s i c a l  funct ions. ln 

p a r t i c u l a r  we can de f i ne  2- time advanced (a) and retarded ( r )  Green's 

where  A ( t )  and B ( t )  a re  operators i n  the CHP and I @> i s  a sui  t a b l e  

s ta t i ona ry  s t a t e  o f  the  L i o u v i l l e  operator .  

We not  i c e  t h a t  the Green func t  ions Ga(t , t  ') and Gr(t, t l)  depend 

on t and t '  on l y  through ( t - t ' ) .  Let  us consi.der the  advanced f u n c t i o n  

G ( t , t f ) ,  f o r  instance:  a 



because I @ >  i s  a s ta t i ona ry  s t a t e  (so, K I@> = 

The equations o f  motion f o r  the Green 

f a c t  tha t ,  f o r  the  CHP 

then 

This equation i s  the  same f o r  both 
d 

@ ( - t )  

the r i g h  

0) 

func t ions  f o l l o w  from the 

< @ I  @ W ,  W)]-j@> 

; B ( t l )  >>a,p 

+ eP(t .1,  KT]-  , B ( t l ) > >  
a, r (38) 

Gp and Sa Green f u i i c t i o n s ,  s i n c e  
d = - O ( t ) .  We can see t h a t  the double- time Green func t ions  on 

t hand s ide  o f  eq. (38) are, general l y  speaking, o f  a h igher 

order than the i n l t i a l  one. We can then w r i t e  an equat ion o f  motion f o r  

t h i s  new Greenls func t ion ,  thus es tab l i sn ing  an i n f i n i  t e  cha i n  o f  

equations. 

As i n  s t a t i s t i c a l  quantum m e c h a n i c ~ ~ ~  we can introduce t i m e -  

- c o r r e l a t  ion func t  ions 

~ ( A , B )  = < @ I A ( t ) ! 3 ( t r )  I@> 

and study t h e i r  Four ie r  t ransform f 

I t  f o l l ows  t h a t  the  Four ie r  t ransform o f  the  retarded Green func t i on  i s  



Using the i n teg ra l  representat ions o f  Q ( t - t u )  and 6 ( t - t t ) ,  i .e. , 3 3  

eq. (40) can be wr i  t t e n  as 

r- 

and, cor respondentl y 

I f  a c u t  i s  made along the rea l  a x i s  V, the func t ion  

(41) 

can be considered as an a n a l y t i c a l  f unc t i on  cons i s t i ng  o f  two branches, 

one def ined on the  upper, and the  o ther  i n  the lower ha l f- p lane o f  com- 

p lex  values o f  w, such t h a t  

We can get  informat ion about the c o r r e l a t i o n  func t ions  f romthe 

s i n g u l a r i t i e s  o f  eq. (41) on the w-real ax i s ;  i n  e f f e c t ,  we have 



To conclude t h i s  sec t lon  we ob ta in  the equation o f  motion f o r  

<<AI%> . From (38) we have w 

-m 

But 

Then w i t h  the boundary cond i t i on  

I i m  « A ( t ) ;  ~ ( t ' ) > > ~ , ~  
I t - t f ( + m  

we ob ta in  from the r e l a t i o n  (43) 

which i s  the equatlon o f  motion f o r  <<A18>>u. 

I n  the precedlng sec t ion  the operators A and B were any two 

hermitean operptors i n  H i l b e r t  - K space. Now l e t  us consider Aas given 

by (23) and 8 r ( B )  def  i ned by (26) . I n t i s  case we have, f rom (39) 

Consider now a n- p a r t i c l e s  system. Hence we can r e s t r i c t  our-  
m 

selves t o  a sub-space 1~'")  o f  the space IF = $o I F ' ~ )  , and we ob ta in  

f o r  the bas is  set' C (-c1 . . . T" >) 



where the  p o i n t  ind ica tes  t h a t  r ( B )  ac ts  onl  y upon A ( T , .  . . ~ ~ ; t - t ' ) .  

Applying the Four ie r  t ransform operator  f t o  eq. (46) and using 

r q .  (42) we ob ta in  

?:f I T * T ~ .  T ~ B A T .  . t - t  . @ T ~ . . T ~  1 (47) J 
But f o r  our system the s ta t i ona ry  s t a t e  Q ( T , .  . .T ) i s  n 

!i' = Teniperature 
$(-r, ... T ) = exp 

w n [zl I( = Boltzman constant 

where F i s  the Helmhcltz f r e e  energy and fi i s  the hami l tonian of the 

system, and then we get  a f t e r  some in teg ra t i ons  by pa r t s  

And, once tha t  



1 a 
= f {E-- J ( ~ T ) o * ( T ~ .  . . T ~ ) B ( T ~ .  . . 

a ( t -  t ' )  
Tn) 

i w  = - h(8,A;w) 

where we have used the condi t ions 

1 im < @  I 
I t - t '  1- 
Equa t i on (49) 

ca l  s t a t i s t i c a l  mechan 

f o r  two physical  quant 

shows t h a t  i n  the present formulat ion o f  c l a s s i -  

cs we can ob ta in  the t ime- cor re la t ion  f u n c t i o n  

t i e s  A and B, from the Green func t i on  d e f  i ned 

i n  terms o f  the operator B and the general ized operator r (B) associated 

t o  B .  

I n  order t o  c l a r i f y  how the general rnethods h i t h e r t o  developed 

should be appl ied,  we consider a very simple example: we w i l l  determine 

the c o r r e l a t i o n  func t i on  h(x,x;w) f o r  a systern whose 
2 

H = % + V(,), where V(X) i s  a posi  t ion-dependent po 

the resul  t expressed by (49) i t i s  necessary t o  obta 

t i o n  < < x ( r ( ; ~ ) > > ~ .  From r e l a t l o n  (44) we have 

Then, using .that [x,I(1-= ip and [x, r (x ) ] -  = O, we have 

w < < x } ~ ( x ) > > ~  = i < < p l r ( ~ ) > > ~  

Ham 

en t la  

n the 

i l t o n l a n  i s  

1. Because o f  

Green func- 



To c a l c u l a t e  i << pl r (x)>> we must cansider the equat ion 
W 

But we have 

and then 

w << pl r (x)  >>w = - i  ( 1  +<< VIIr(x)>>,) (52) 

One rnay c o n t i n u e  on w r  i t i n g  e q u a t  i o n s  o f  mot i o n  f o r  

< < V ' I ~ ( X ) > > ~  and o ther  Green func t ions  which appear subsequently, thus 

establ i sh ing  an i n f  i n i t e  ser ies  o f  coupled equations o f  motions. To de- 

termine a s o l u t i o n  t o  t h i s  It i s  na tu ra l  t o  seek f o r  some a p p r o x i r n a t e  

means o f  i n t e r r u p t i n g  and uncoupling i t  a t  an e a r l i e r  stage. I n  o r d e r  

t o  proceed t o  t h i s  we suppose t h a t  

and then, once t h a t  

we have 

o r  e l s e  

1 1 < < ~ l r ( ~ )  >>v = - - - 1 
(54) 

w2 - ,E 2Qc 

where R: = <@I~"(z)l@> I s  the e f f e c t i v e  angular frequency. In t roduc ing 

the resu l  t (54) i n t o  eq, (49) we ob ta in  

and correspondentl y 



I f  t '  = t we: ob ta in  

or ,  by the c l e f i n i t i o n  o f  the func t i on  h ,  

whlch i s  a r e s u l t  known o f  the e q u i p a r t i t i o n  o f  energy theorem. I t  i s  

c l ea r  t h a t  the p o t e n t i a l  V(x), i n  the approximation we ysed (eq. (5311, 
52, x2 

i s  replaced by an e f f e c t i v e  p o t e n t i a l  g iven by V(x) = - 
2 

We have presented a l i n e a r  response theory and def ined Green's 

funct ions by us ing  the  fo rmula t ion  o f  c l a s s i c a l  s t a t i s t i c a l  m e c h a n i c s  

w i t h  second quant iza t ion  methods. I t  i; introduced i n  t h i s  fo rmula t ion  
-+ -+ 

the f i e l d  operators $(-c), T 5 (x,p), de f  ined on phase space, and the 

L i o u v i l l e  equation i s  w r i t t g n  as 

where I @ ( t ) >  i s  an element o f  the H i l be r t -K  space and K i s  g iven by 

The retarded and advanced Green's func t ions  a re  introduced by the  re -  

l a t i o n s  

<<A(t)  ; B(t ' )>>r = -ZO( t - t ' )<  C A ( ~ )  ,B(t l) ]- > 

- 
where the no ta t  ion < > denotes average va l  ue o f  the  contents and 1- , ] - 
ind ica tes  a comutator. A ( t )  and B ( t )  a re  hermi tean operators constructed 

from the c l a s s i c a l  func t ions  A(q,p) and B ( q , p )  respec t i ve l y .  I n  t h i s  

sense our d e f i n i t i o n s  a re  d i f f e r e n t  from those o f  Bogo l  yubov and 

~ a d o v n i k o v ' ~ ,  f o r  they had used Poisson brackets and func t ions  o f  the 

dynamical s t e t e  o f  the system. 

We have determined the chain o f  equations and the spect ra l  rep- 

resenta t ions  f o r  the "new" c l a s s i c a l  Green's func t ions .  We have shown 

t h a t  the  t o r r e l a t i o n  func t ions  can be obtained from the Green's f u n c -  



t i o n s  def ined w i t h g e n e r a l i z e d o p e r a t o r s .  l n  f a c t ,  e x c e p t  f o r  t h e  

L i o u v i l l e  operator ,  these general ized operators do n o t  s t i  1 l p l a y  an 

e f f e c t i v e  r o l e  i n  t h i s  forrnulat ion o f  c l a s s i c a l  s t a t i s t i c a l  mechanics. 

I n  the  present paper we have shown t h a t  i t  i s  poss ib le  t o  associate,  t o  

each c l a s s i c a l  observable A, a general ized operator  r ( ~ )  a c t i n g  o n  

H i l be r t - K  space; by t h i s  rneans we can determine the  c o r r e l a t i o n  f u n c -  

t i o n s  h ( A , A ; w )  and h(E,A;w), being B another observable o f  the system. 

The example i l l u s t r a t e s  the  a p p l i c a t i o n  o f  the  methods here developed. 

One of the  advantages o f  t h i s  formulat lon l i e s  i n  the  f a c t  t h a t  t h e  

l l n e a r  response theory f o r  c l a s s i c a l  systems i s  presented i n  terms o f  

mathematical e n t i t t e s  usual l y  associated t o  quantum systems(e.g., s t a t e  

vectors,  commutators, hermi tean operators,  e t c )  . Thus the  method makes 

i t  poss ib le  t o  describe, i n  a simpler and u n i f i e d  way, a numberofcases 

o f  processes t h a t  happen t o  c l a s s l c a l  and quantum systems. 

We should s t i  11 note t h a t  s ince the  method c o n s  i d e r e d  h e r e  

a l lows the use o f  f i e l d  operators + ( ~ , t ) ,  i t  i s  i n  p r i n c i p l e  poss ib le to  

de f i ne  causal Green's func t ions  i n  terms o f  those operators and t o  de- 

velop a diagramat ic approach t o  c a l c u l a t e  these func t i ons .Th i s  approach 

and some o f  í t s  specia l  problems w i l l  be f u r t h e r  discussed i n  a f o r t h -  

corning paper. 

REFERENCES 

1 . I . Pr i gog i ne , Non-EquiZibdwn J t a t i s t i c a Z  M e c h n i c s  ( I n t e  r s c i e n c e 

Publ ishers,  Inc, New York, 1962). 

2. 1 .  Pr igogine and R. Balescu, Physica 25, 281, 302 (1959). 

3.  1 .  Pr igogine a i d  F. Henin, J. Math. Phys. 1 ,  349 (1961). 

4. 1 .  Pr igogine and R. Balescu, Physica 26, 145 (1960). 

5. F. Henin, P. Resibois and F. Andrews, J.Math.Phys. 2, 68 (1961). 

6.  D.N. Zubarev, Sov. Phys. Doklady 6, 776 (1962). 

7 .  D.N. Zubarev, Sov. Phys. Doklady 1 0 ,  526, 850 (1966). 

8. .D .N. Zubarev, N o n e p i Z i b m h n  S t a t i s t i c a Z  Themodynamics (Consul t a n t s  

Bur,eau Plenum Publ i s h  Corp., New York, 1974). 

9. H.B. Cal len and T.A. Welton, Phys. Rev. 83, 34 (1951). 

10. N.N. Bogol iubov, J r .  and B. I .  Sadovnikov, Sov. Phys. JETP 16 ,  482 

(1963). 

11. R.  Aronson, J. Math. Phys. 4, 589 (1966). 



12. Yu. L. Kl imontovich, Sov. Phys. JETP 6, 753 (1958). 

13. R. Kubo, J. Phys. Soc. Japan 1 2 ,  570 (1957). 

14. R. Balescu, Physica 27, 693 (1961). 

15. 1 .  Prigogine et a l ,  Proc. Na t l .  Acad. Sci USA 74,4152 (1977). 

16. R. Bal escu , StatisticaZ Mechanics of C b g e d  ParticZes ( In tersc ience 

Publ ishers,  Inc, New York, 1963). 

17. T. Matsubara, Prog. Theor. Phys.14, 351 (1955). 

18. J.C. Herzel, J. Math. Phys. 8, 1650 (1967). 

19. J.C. Herzel, J .  Math. Phys.11, 741 (1970). 

20. C.L. Mehta, J.  Math. Phys. 5, 66 (1966). 

21. C.L. Mehta and E.C.G. Sudarsham, Phys. Rev. 138, ~ 2 7 4  (1965).. 

22. J.C.T. Pool, J. Math. Phys. 7, 66 (1966). 

23. G.S. Agarwal and E. Wolf, Phys. Rev. D2, 2161, 2187, 2206 (1970). 

24. M.D. Sr in ivas  and E. Wolf, Phys. Rev. DIZ, 1477 (1975). 

25. R.F. O'Connell and E. Wigner, Phys. L e t t .  83A, 145 (1981). 

26. R.F. O'Connell and E. Wigner, Phys. L e t t .  85A, 121 (1981). 

27. W. Guz, I n t .  J. Theor. Phys. 23, 157 (1984). 

28. M. sch8nberg, I1  N. Cimento 9, 1139 (1952). 

29. M. Schcnberg, I1 N. Cimento 10, 419 (1953). 

30. M. Sch&berg, I 1  N. Cimento 1 0 ,  697 (1953). 

31. B.O. Koapman, Proe. Nat1,Acad. USA 17, 315 (1931). 

32. G.C .  Wick, Phys. Rev. 80, 268 (1950). 

33. D.N. Zubarev, Sov. Phys. Uspekhi 3, 320 (1960). 

Resumo 

Discute-se um método para expressar resul tados e s t a  t i s  t i c o s  
c lãss lcos  em termos de entes usualmente associados à abordagem t e ó r i c a  
de sistemas de muitas pa r t í cu las  com tratamento da t e o r i a  q u â n t  i c a  de 
campos (espaço de Fock, comutadores, operadores de campo, ve to r  de es- 
tado).  A segui r desenvolve-se uma teo r  I a  de-resposta 1 inear,  u t  i 1 izando 
a equação de L iouv i  1 l e  em segunda-quant i zaçao i n t roduz i  da por Sch8nberg. 
Faz-se uma breve anã1 ?se da re laçao en t re  es te  mêtodo e o de Pr igogine 
et aZ. Apresenta-se a cadela de equaçoes e as representações espect ra is  
para as novas funções de Green c lãss icas  obt idas  no método; mostra-se 
que destas funções de Green de f i n idas  com operadores general izados po- 
de-se obter  funções de correlação.  Discute-se operadores general izados 
def 1 n idos no espaço de Fock. 


